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Abstract. The main aim of this paper is to investigate generalized almost automorphy and gen-
eralized asymptotical almost automorphy of solutions for certain classes of abstract Volterra
integro-differential inclusions and abstract (semilinear) fractional differential inclusions in Ba-
nach spaces. We illustrate our abstract results with several examples and possible applications.

1. Introduction and preliminaries

Almost periodic and asymptotically almost periodic solutions of differential equa-
tions in Banach spaces have been considered by many authors so far (for the basic
information on the subject, we refer the reader to the monographs [3], [5], [8], [13],
[171, [29], [31], [38], [42] and [58]).

S. Bochner has introduced the notion of a scalar-valued almost automorphic func-
tion in [10], generalizing so the notion of an almost periodic function. The first exten-
sive study of almost automorphic functions on topological groups has been conducted
by W. A. Veech [52]-[53]. For the basic information about almost automorphic func-
tions, asymptotically almost automorphic functions, their generalizations and various
applications to differential and functional differential equations in Banach spaces, we
refer the reader to [1]-[2], [9]-[11], [14], [16]-[26], [28]-[29], [38], [41], [43], [45],
[48], [51]-[53], [56]-[57] and [59].

Just a few words about some applications contained in the above-mentioned re-
search papers. Almost automorphic solutions to a class of semilinear fractional differ-
ential equations of the form

D%u(t) = Au(t) + D> f(t,u(r)), 1€R,

where 1 < @ <2, A is a sectorial operator with domain and range in a Banach space
X, of negative sectorial type @ < 0, f:R x X — X is an almost automorphic func-
tion in time for any fixed element x € X, satisfying certain Lipschitz conditions, and
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DPu(t) denotes a fractional derivative of the Riemann-Liouville type, have been exam-
ined by C. Cuevas and C. Lizama in [16] (for almost automorphic solutions of semi-
linear Cauchy problems, we also refer to T. Diagana, G. M. N’Guérékata [19] and J.
A. Goldstein, G. M. N’Guérékata [28]; the nonautonomous case has been analyzed by
H.-S. Ding, J. Liang and T.-J. Xiao [22]).

Concerning Stepanov class of almost automorphic functions, mention should be
made of the paper [23] by H.-S. Ding, J. Liang and T.-J. Xiao as well as the paper [2],
where S. Abbas, V. Kavitha and R. Murugesu have examined Stepanov-like weighted
pseudo almost automorphic solutions to the following fractional order abstract integro-
differential equation:

D%u(r) = Au(t) + DO ' f(t,u(r),Ku(t)), t€R,

where Ku(t) = " k(t —s)h(s,u(s))ds, t € R, 1 < o <2, A is a sectorial operator
with domain and range in X, of negative sectorial type ® < 0, the function k(r) is
exponentially decaying, the functions f: Rx X xX — X and h: Rx X — X are
Stepanov-like weighted pseudo almost automorphic in time for each fixed elements
of X xX and X, respectively, satisfying some extra conditions (cf. also T. Diagana
[20] for similar results in this direction). It is worth noting that the class of weighted
Stepanov-like pseudo almost automorphic functions has been introduced by Z. Xia and
M. Fan in [56], where the authors have analyzed the existence and uniqueness of such
solutions for the following abstract semilinear integro-differential equation:

u(t) =g(t)—l—/_;a(t—s)f(s,u(s))ds, (R,

under certain conditions. Finally, we want to observe that T. Diagana, V. Nelson and G.
M. N’Guérékata have introduced the notion of an SE,") -almost automorphic function in

[21], providing also some results about C"+V) _pseudo almost automorphic solutions
to the higher-order abstract differential equation

u™ (1) +r§ai(t)u(i) (t)=f(t), teR
i=1

where a; : R — R satisfy certain conditions (i € Ngfl) and the function f: R — R is
Stepanov-like C") -pseudo almost automorphic. Their method is based on the convert-
ing of above equation into an equivalent first order matricial system and therefore is
not applicable to abstract multi-term fractional differential equations (cf. [30] for some
results in this direction).

In [14], V. Casarino has introduced the notions of a (Stepanov) almost automor-
phic Cy-group and a (Stepanov) asymptotically almost automorphic Cy-group on Ba-
nach space, where some equivalence relations between almost periodicity and almost
automorphy for orbits of a Cy-group have been proved. We would like to observe that
the extensions of her results to (degenerate) C-regularized groups of operators can be
proved almost immediately (see [38, Section 2.4] for almost periodic case). The as-
sertion of [38, Proposition 2.5.1] can be also straightforwardly formulated for various
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classes of (asymptotically) almost automorphic (a,k)-regularized C-resolvent families
in Banach spaces. On the other hand, numerous very non-trivial and unpleasant prob-
lems occur if we try to reconsider some known assertions on the (asymptotical) almost
periodicity of (a,k)-regularized C-resolvent families in Banach spaces, provided that
the results from the Bohr-Fourier analysis of almost periodic functions are needed for
their proofs (see e.g. [38, Section 2.5, Section 2.6] for more details). Furthermore,
asymptotical almost periodicity is the property stable under the action of subordination
principle discovered by E. Bazhlekova [6, Theorem 3.1], and it seems very complicated
to say anything relevant about the inheritance of asymptotical almost automorphy un-
der the action of this subordination principle; Stepanov and Weyl generalizations are
much more delicate to deal with here, even in the case of consideration of asymptotical
almost periodicity.

We use the standard notation throughout the paper. By (X,]|-||) we denote a
complex Banach space. If (Y,]| - ||y) is also such a space, then by L(X,Y) we denote
the space of all continuous linear mappings from X into V; L(X) = L(X,X). If A is
a linear operator acting on X, then the domain, kernel space and range of A will be
denoted by D(A), N(A) and R(A), respectively. The symbol I denotes the identity
operatoron X . If I = [0,) or I =R, then by C,(I : X) we denote the space consisted
of all bounded continuous functions from 7 into X; the symbol Cy([0,<°) : X) denotes
the closed subspace of C,([0,0) : X) consisting of functions vanishing at infinity. The
space Cp(I : X) becomes one of Banach’s when equipped with the sup-norm. If > 0,
then we put g¢ (1) := 1571/T(&), t > 0, where T(-) denotes the Gamma function.

Fractional calculus started more than three centuries ago, probably with some
works of Leibnitz, and developed later by several mathematicians as Euler, Fourier,
Liouville, Grunwald, Letnikov and Riemann, among many others. The first confer-
ence on fractional calculus and fractional differential equations was held in New Haven
(1974) and, from then on, fractional calculus has gained more and more attention due
to its wide and invaluable applications in various fields of science, such as mathemat-
ical physics, engineering, biology, chemistry, economics etc. For basic information
on fractional calculus and fractional differential equations, the reader may consult [6],
[32]-[33], [47], [49] and references cited therein.

The Mittag-Leffler functions and Wright functions naturally occur as solutions
of fractional integro-differential equations. Assume that @ >0 and 8 € R. Then the
Mittag-Leffler function E, g(z) is defined by

n

- z
Eml}(Z) ::%m, zeC.

Set, for short,
Eu(z):=Eqi1(z), zeC.

Let y € (0,1). The Wright function @,(-) is defined by
Oy (t) =L H(Ey(—L))(1), t>0,

where .Z~! denotes the inverse Laplace transform. It is well known that the Wright
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function @,(-) can be entirely extended to the whole complex plane by the formula

Pylz) = i T S

—  zeC
n—0 (1—y—yn)

In this paper, we use the Caputo fractional derivatives [6] and the Weyl-Liouville
fractional derivatives [45]. Let y € (0,1). The Caputo fractional derivative D}u(t) of
order y is defined for those functions u € C([0,0) : X) for which gj_y* (u—u(0)) €
Cl([07°°) :X), by

D/u(t) := %[gl,y* (u— u(O))]

The Weyl-Liouville fractional derivative DZ 4 u(t) of order y is defined for those contin-

uous functions u : R — X such that  — [* _g1_(t —s)u(s)ds, t € R is a well-defined
continuously differentiable mapping, by

d !
DZ+u(t) = E/ﬂx’gl,y(t—s)u(s)ds7 teR.

Set D} u(t) := (d/dt)u(t) and D} ,u(r) := —(d/dr)u(t).

Before explaining the organization and main ideas of this paper, the author wishes
to express his heartfelt sense of gratitude and sincere thanks to Prof. G. M. N’ Guérékata,
who initiated the genesis of this paper, and Prof. T. Diagana, for many useful sugges-
tions which have improved the quality of the paper.

In Section 2, we present a short retrospective of definitions and results about mul-
tivalued linear operators in Banach spaces. Section 3, containing two separate subsec-
tions, is devoted to the recapitulation of some known results on almost automorphic
functions, asymptotically almost automorphic functions and their generalizations (in
this section, essentially, the only new results are Proposition 1-Proposition 3). Our
main results are stated in Section 4, where we investigate the generalized (asymptoti-
cally) almost automorphic properties of various types of convolution products. Let .o/
be an MLO in X; cf. Section 2 for the notion. Of concern is the following abstract
Cauchy inclusion of first order

u(t) e dult)+f(t), t €R, (1)
and its fractional relaxation analogue
D] u(t) € —u(t)+f(1), 1 €R, ()

where DZ  denotes the Riemann-Liouville fractional derivative of order y € (0,1), and
f:R — X is a generalized almost automorphic function, as well as their semilinear
analogues

u'(t) € Jut)+ f(t,u(t)), t €R, (3)
and

D] u(t) € —a/u(t)+ f(t,u(r)), t € R, 4)



GENERALIZED AND ASYMPTOTICALLY ALMOST AUTOMORPHIC... 259

where f: R x X — X is a generalized almost automorphic function. Moreover, of
concern is the following fractional relaxation inclusion

D/u(t) € fu(t)+ f(t),t >0,

u(0) = xo,

(DFP),, : {

and its semilinear analogue

D/u(t) € u(t)+ f(t,u(t)), t >0,

DFP :
P { u(0) =0,
where D] denotes the Caputo fractional derivative of order y € (0,1], xop € X and
f:]0,00) — X, resp. f:[0,00) x X — X, is a generalized asymptotically almost auto-
morphic function (cf. [38] for more details). The main goal of Section 5 is to prove
several assertions on the existence and uniqueness of generalized almost automorphic
solutions of the semilinear Cauchy inclusions (3)—(4) and (DFP)  , ;. This section is
written in expository manner, without giving the proofs of our abstract results. The
main reason for this lies in the fact that our results given in Section 4 and composition
theorems for generalized almost automorphic functions given in Subsection 3.2 enable
one to simply deduce the proofs of our results in Section 5 by using an almost verba-
tim repeating of the argumentation used in almost periodic case. Section 6 is reserved
for examples and applications of our abstract theoretical results, which seem to be new
even for a class of almost sectorial operators [46], as well. Therefore, besides examples
presented in Section 6, we are in a position to analyze the existence and uniqueness of
generalized (asymptotically) almost automorphic solutions for certain classes of higher
order (semilinear) elliptic differential equations in Holder spaces; see e.g. W. von Wahl
[54].

2. Multivalued linear operators in Banach spaces

The main aim of this section is to present a brief recollection of elementary def-
initions and results from the theory of multivalued linear operators. For more details
about this intriguing topic, we refer the reader to the monographs by R. Cross [15], A.
Favini-A. Yagi [27] and M. Kosti¢ [33].

Let X and Y be two Banach spaces over the field of complex numbers. A mul-
tivalued map o7 : X — P(Y) is said to be a multivalued linear operator (MLO) iff the
following two conditions hold:

(i) D(«):={x€ X :o/x+#0} is alinear subspace of X ;
(i) dx+AyCd(x+y), x,yeD() and AoZx C o/ (Ax), L € C, x € D().

If X =Y, thenitis said that .« is an MLO in X. We know that A &/x+no/y = &/ (Ax+
ny) holds for every x, y € D(«7) and forevery A, 1 € C with [A|+|n|#£0. If < is
an MLO, then <70 is a linear submanifold of ¥ and «/x = f + 70 for any x € D(«)
and f € o/x. Set R(«/) := {/x:x € D(/)}. Then the set N(«/) := o/ 10 = {x ¢
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D(<7): 0 € o/x} is called the kernel space of 7. The inverse /! of an MLO is
defined through D(&/~!) := R(<7) and &7 'y := {x € D(&/) : y € o/x}. Itis checked
at once that &7 ~! is an MLOin X, as well as that N(&/~!) = /0 and (&)~ = o7.
In the case that N(&/) = {0}, i.e., if &/~ is single-valued, then </ is said to be
injective. If &/, #:X — P(Y) are two MLOs, then we define its sum </ + % by
D(o +PB):=D(L)ND(AB) and (o + B)x := o/ x+ PBx, x € D(/ + B). Itis clear
that <7 + Z is likewise an MLO. We write &/ C Z iff D(</) C D(#) and «/x C %x
for all x € D(«7). Products, integer powers and multiplication with scalar constants are
well-known operations for MLOs ([27]).

Itis said that an MLO &7 : X — P(Y) is closed if for any sequences (x) in D(%)
and (y,) in Y such that y, € &/x, for all n € N we have that lim,_..x, = x and
lim;, ey, =y imply x € D(/) and y € &/x.

Suppose now that .« is an MLO in X, as well as that C € L(X) is injective and
Co/ C o/C. The C-resolvent set of <7, pc(/) for short, is defined as the union of
those complex numbers A € C for which

(i) R(C) C R(A—o7);
(i) (A —«)~!C is a single-valued linear continuous operator on X.

The operator A +— (A —.a7)~'C is said to be the C-resolvent of &7 (A € pc());
the resolvent set of <7 is defined by p(«/) := p;(/), R(A: )= (A —/)"' (A €
p(<7)). Any MLO with non-empty resolvent set is closed and the Hilbert resolvent
equation holds in our framework.

Assume now that & is an MLO in X, as well as that (—eo,0] C p(«/) and there
exist finite numbers M > 1 and 8 € (0,1] such that

IR : )| <M(1+12) P, A <o,
Then there exist two positive real numbers ¢ > 0 and M; > 0 such that p(</) contains
an open region Q = {4 € C: 34| < (2M;) ' (c — RA)P, RA < ¢} surrounding the
half-line (—eo,0], where we have the estimate ||[R(A : .«7)|| = O((1+|A])7P), A € Q.
Let I be the upwards oriented curve {& +i(2M;) ! (c—&)P : —oo < € < ). We define
the fractional power

o0 = %/ﬁr"(x ) lan e LX)

for 6 >1—B. Set &% := (&#=9)~! (8 >1—B). Then the semigroup properties
A Oy =0 = o7~ (0110) and 7% 7% = 70110 hold for 6;, 6, > 1 —f (let us
recall that the fractional power 7% need not be injective and that the meaning of .7'¢
is understood in the MLO sense).

The vector space D(</ ) equipped with the norm || - || p()] :=infye . [|y|| becomes
a Banach space. It is well known that 0 € p(/?) and that (D(7®), |- [[|p(ey) is
likewise a Banach space (6 > 1— f3).

For more details about multivalued linear operators and abstract degenerate integro-
differential equations, the reader may consult the monographs [12], [15], [27], [33], [44]
and [50].
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3. Almost automorphic functions, asymptotically almost automorphic functions
and their generalizations

The concept of almost periodicity was introduced by Danish mathematician H.
Bohr around 1924-1926 and later generalized by many other authors (cf. [17], [29],
[38], [42] and [58] for more details on the subject). Let I =R or I = [0,), and
let f:1— X be continuous. Given € >0, we call T > 0 an &-period for f(-) iff
|l f(t+7)— f(t)]| <&, re€l. The set constituted of all €-periods for f(-) is denoted
by ¥(f,¢€). Itis said that f(-) is almost periodic, a.p. for short, iff for each € > 0 the
set ¥(f,€) is relatively dense in I, which means that there exists / > 0 such that any
subinterval of I of length [ meets ¥(f,¢€).

Let f: R — X be continuous. As it is well known, f(-) is called almost automor-
phic, a.a. for short, iff for every real sequence (b,) there exist a subsequence (a,) of
(by) and amap g : R — X such that

r}ilrolof(t'i'an) :g(t) and r}ijrgog(t—an) :f(t)a )

pointwise for # € R. If this is the case, then it is well known that f € C»(R : X) and
that the limit function g(-) must be bounded on R but not necessarily continuous on
R. Furthermore, it is clear that the uniform convergence of one of the limits appearing
in (5) implies the convergenece of the second one in this equation and that, in this case,
the function f(-) has to be almost periodic and the function g(-) has to be continuous.
If the convergence of limits appearing in (5) is uniform on compact subsets of R, then
we say that f(-) is compactly almost automorphic, c.a.a. for short. The vector space
consisting of all almost automorphic, resp., compactly almost automorphic functions,
is denoted by AA(R : X), resp., AA.(R : X). By Bochner’s criterion [17], any almost
periodic function has to be compactly almost automorphic. The converse statement is
not true, however [17].

It is well-known that the reflexion at zero keeps the spaces AA(R : X) and AA (R :
X) unchanged, as well as that the function g(-) from (5) satisfies ||f|l. = ||g|| and
R(g) C R(f), later needed to be a compact subset of X.

A continuous function f: R — X is called asymptotically (compact) almost auto-
morphic, a.(c.)a.a. for short, iff there exist a function & € Cy([0,0) : X) and a (compact)
almost automorphic function ¢ : R — X such that f(¢) = h(r) +q(t), t > 0. Using
Bochner’s criterion again, it readily follows that any asymptotically almost periodic
function [0,0) — X is asymptotically (compact) almost automorphic. It is well known
that the spaces of almost periodic, almost automorphic, compactly almost automorphic
functions, and asymptotically (compact) almost automorphic functions are closed sub-
spaces of C,(R : X) when equipped with the sup-norm.

3.1. Stepanov and Weyl generalizations

Assume 1 < p <eo, [ >0 and f, g€ L (I:X), where I =R or I = [0,).
Define the Stepanov ‘metric’ by

1 px+ e
ot e = 1 [ o]
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Then there exists (see e.g. [8, pp. 72—73] for scalar-valued case)
Dy [£(-),8()] := lim DG [£(),(")] (©)

in [0,e0]. The distance appearing in (6) is called the Weyl distance of f(-) and g(-).
The Stepanov and Weyl ‘norm’ of f(-) are defined by

£llsp = D5, [£(),0] and |[£]ly, := Dfy [£(),0],

respectively.
A function f € Lﬁm_(l : X) is said to be Stepanov p-bounded, S” -bounded shortly,
iff

41 1/p
Ifllsv := sup / Lf)Pds) < oo
tel t

The above norm turns the space L{ (I : X) consisting of all S”-bounded functions into
a Banach space. We say that a function f € Lg(l : X) is Stepanov p-almost periodic,
SP -almost periodic or SP-a.p. shortly, iff the function £ : 1 — LP([0,1] : X), defined by
F@)(s):= f(t+s), t €1, s €[0,1] is almost periodic. It is said that f € L{([0,) : X)
is asymptotically Stepanov p-almost periodic, asymptotically S”-a.p. shortly, iff f :
[0,00) — LP([0,1] : X) is asymptotically almost periodic.

In [14], V. Casarino has introduced the notions of a Stepanov almost automorphic
function and a Stepanov asymptotically almost automorphic function. In this paper,
we will use the following notions (see e.g. [26]): A function f € L], (R:X) is called
Stepanov p-almost automorphic, S?-almost automorphic or S”-a.a. shortly, iff for
every real sequence (a,), there exists a subsequence (a,,) and a function g € L) (R:
X) such that

]{15130 ttHHf(ank—l-s)—g(s)des:O (7
and
tim [ le(s @)~ 1(0)|"as =0 (®)

for each ¢ € R; a function f € L ([0,0) : X) is called asymptotically Stepanov p-
almost automorphic, asymptotically S”-almost automorphic or asymptotically S?-a.a.
shortly, iff there exists an S?-almost automorphic function g(-) and a function g €
LZ([0,00) : X) such that f(r) = g(t) +q(r), t =0 and § € Cy([0,°0) : LP([0,1] : X)).
It can be easily verified that the S”-almost automorphy of f(-) implies the compact
almost automorphy of the mapping f : I — LP([0,1] : X) defined above, with the limit
function being g(-)(s) :=g(s+-) fora.e. s € [0, 1], so that any S” -almost automorphic
function f(-) has to be SP-bounded (1 < p < o). The vector space consisting of all
SP -almost automorphic functions is closed under translations and reflexions at zero of
argument, and any limit of S”-almost automorphic functions (f}) converging to some
p-locally integrable X -valued function f(-) in S”-norm has the property that f(-) is
SP -almost automorphic. The vector space consisting of all S”-almost automorphic
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functions, resp., asymptotically S?-almost automorphic functions, will be denoted by
AASP(R: X), resp., AAASP([0,0) : X).

If 1 <p<gq<eoo and f() is Stepanov g-almost automorphic, resp., Stepanov
q-almost periodic, then f(-) is Stepanov p-almost automorphic, resp., Stepanov p-
almost periodic (see e.g. [20, Remark 2.15]). Furthermore, the (asymptotical) Stepanov
p-almost periodicity of f(-) for some p € [1,0) implies the (asymptotical) Stepanov
p-almost automorphy of f(-). It is a well-known fact that if f(-) is an almost periodic
(respectively, a.a.p., a.a., a.a.a.) function then f(-) is also S”-almost periodic (resp.,
asymptotically S?-a.p., S”-a.a., asymptotically S”-a.a.) for 1 < p < eo. The converse
statement is false, however.

The notion of an (equi-)Weyl almost periodic function is given as follows (cf. [4]
for scalar-valued case):

DEFINITION 1. Let 1 < p <eoand f e L) (I:X).

(i) We say that the function f(-) is equi-Weyl- p-almost periodic, f € e — W/, (I: X)
for short, iff for each € > 0 we can find two real numbers [ > 0 and L > 0 such
that any interval I’ C I of length L contains a point 7 € I’ such that

| 1/p
sup[;/ | f(t+71)— det] <&,

xel
e D [7(+1)./0)] <
(i) We say that the function f(-) is Weyl-p-almost periodic, f € W/,(I : X) for

short, iff for each € > 0 we can find a real number L > 0 such that any interval
I' C I of length L contains a point 7 € I’ such that

| 1/p
11msupll/ ||ft+1: ||pdt] <eg,
X

[—eo yeg

ie., }Lr?ng’] [f(+71).f0)] <e.

Let us recall that APSP (I : X) C e—W/,(I1:X) C W/,(I1:X) in the set theoretical
sense and that any of these two inclusions can be strict ([4]).
For the sequel, we need the following notion from [39].

DEFINITION 2. We say that g € L] ([0,e0) : X) is Weyl- p-vanishing iff

1 [x+ Yp
lim lim sup[l / Hq(l+s)des1 =0. )

[—00 [ oo >0

It is clear that for any function ¢ € LZOC([O o) : X) we can replace the limits in (9).
It is said that g € L} ([0,e0) : X) is equi-Weyl- p-vanishing iff

| —o0 t—00 >0

1 [x+ Up
lim lim sup / llq(t+s)||” ds =0.
> X
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Denote by W} ([0,0) : X) and e — W/ ([0,0) : X) the sets consisting of all Weyl-p-
vanishing functions and equi-Weyl- p -vanishing functions, respectively.

The concepts of Weyl almost automorphy and Weyl pseudo almost automorphy,
more general than those of Stepanov almost automorphy and Stepanov pseudo almost
automorphy, were introduced by S. Abass [1] in 2012:

DEFINITION 3. Let p > 1. Then we say that a function f € L (R:X) is Weyl
p-almost automorphic iff for every real sequence (s, ), there exist a subsequence (s, )
and a function f* € L (R : X) such that

loc

P
J— * —
khmlhm 21 Hf t+snk+x) f (t+x)H dx=0 (10)

and

P
%ﬂizfﬂzz/ (1= s +2) = flt+x)| ax =0 (11)

for each 7 € R. The set of all such functions are denoted by WZAA(R : X).

The set WPAA(R : X), equipped with the usual operations of pointwise addition
of functions and multiplication of functions with scalars, has a linear vector structure.
We can simply prove this fact in the following way. Let (s,) be an arbitrary real se-
quence. Then there exist a subsequence (s, ) and a function f* € L] (R:X) such that

(10)—(11) holds. By the Weyl p-almost automorphy of g(-), we get the existence of
subsequence (s, ) of (s,) and a function g* € Lj) (R : X) such that

lim lim l/ Hgt—i—snkm—i-x) g (t+x)dex:O (12)

M—00 |5 too 2

and

1 1
lim Lm — ’g*( Sy, ) — t—l—x)dex:O. (13)
[

m—oo[— o0 2] J_
Since (12)—(13) holds with g and g* replaced therein with f and f*, we get that, for a
linear combination o f + Bg, we can choose a subsequence (sy,, ) of (s,) and a limit
function o f* + Bg* satisfying all the requirements from Definition 3 (¢, € C). As
stated by S. Abass [1, p. 5, 1. 2-3], without a corresponding proof, Weyl- p -almost
periodic functions forms a linear submanifold of WPAA(R : X).
We continue by providing the following illustrative example.

EXAMPLE 1. Let f(x) := x(0,1/2)(x), x € R, where (g 1/2)(-) denotes the char-
acteristic function of (0,1/2). Then we already know that this function is equi-Weyl-
1 -almost periodic and not Stepanov p-almost periodic for 1 < p < oo; see [4] and
[38]. A very simple analysis shows that f(-) is not Stepanov p-almost automorphic
for 1 < p < e as well as that f(-) is Weyl 1-almost automorphic. We will prove here
only that f(-) cannot be Stepanov p-almost automorphic for 1 < p < oo. If this is the
case, then there exist a subsequence of (a, :=n*) and a function g € L (R :X) such
that (7)—(8) holds good, pointwise for each # € R. But, forany 7 € R and for any ko € N
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sufficiently large we have that [*"||f(an, +5) — g(s)||Pds = [/*"|lg(s)]|P ds. Due to
(7), we get that g(s) =0 for a.e. s € R. Coming back to (8), we get that f(s) =0 for
a.e. s € R, which is a contradiction.

Furthermore, we have the following:

EXAMPLE 2. Define
R:={feL”(R:X):supp(f) is compact}.

Then the computation used in [38, Example 2.11.8] shows that R C e — W, (R : X).
Any non-trivial function f(-) from R cannot be Stepanov p-almost automorphic for
1 < p < o and we can prove this fact as follows. If we suppose the contrary, then
supremum formula for almost automorphic functions (g € AA(R : X) and 7o € R imply
gl = sup,>y, llg(#)]]; see [38] for more details) yields that

1+1 p t+1 1/p
sup| [ 7(@)las|  =sup| [ IF)ds| . weR p>1:
teR [ J1 >ty |/t

by choosing o arbitrarily large, the above would imply sup,cp[ "' | f(s)||ds]"/? = 0
forall r € R, p > 1 and therefore f(s) =0 a.e. s € R.

The class of Besicovitch almost automorphic functions has been analyzed by F
Bedouhene, N. Challali, O. Mellah, P. Raynaud de Fitte and M. Smaali in [7]. This
class extends the class of Weyl almost automorphic functions and its full importance
lies in the fact that we do allow now the possible non-existence of limit

ZETOQ%/_IZHJC(HS""”) — fH(e+)||

. 1 /!
Jim 5 [ e

in (10), resp., (11). As it is well-known, the limit superiors of these functions always
exist and this will be very important for the proofs of Proposition 1 and Proposition 7
below to work:

resp.,

— Spy + ) —f(t+x)dex

DEFINITION 4. Let p > 1. Then we say that a function f € L] (R:X) is Besi-
covitch p-almost automorphic iff for every real sequence (s,), there exist a subse-
quence (s,,) and a function f* € L (R:X) such that

loc

I 1 y p
hmhmsupZ/le(t—ksnk—i—x)—f (t—i—x)H dx=0 (14)

=% | ileo

and

— S, +X) — (t—f—x)dexzo (15)

k—oo J—sdoo

for each 7 € R. The set of all such functions are denoted by B’AA(R : X).
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As in the case of Weyl almost automorphic functions, we can prove that the set
BPAA(R : X), equipped with the usual operations, has a linear vector structure. In the
present situation, the author does not know whether a Besicovitch p-almost periodic
function is necessarily Besicovitch p-almost automorphic.

For the sequel, let us recall that, if f € AA(R:X) and g € L'(R), then the infinite
convolution product z — (g f)(r) :== [~_g(t—s)f(s)ds, t €R is almost automorphic,
as well ([17]). As [26, Theorem 3.1] shows, a similar statement holds for the spaces
of compactly almost automorphic functions and Stepanov p-almost automorphic func-
tions (1 < p < o). Now we will prove the following simple assertion concerning the
invariance of infinite convolution product for the class of Besicovitch 1-almost auto-
morphic functions:

PROPOSITION 1. Let f € B'AA(R : X) and let g € L'(R) be a scalar-valued
Sunction with compact support. Then the function F(-) := (g* f)(-) belongs to the
class B'AA(R : X), as well.

Proof. Let —eo < a < b <o, and let supp(g) C [a,b]. Let [—] —r,{ —r] C[-21,2]]
for all r € [a,b] and [ > ly. Our assumptions on g(-) imply that (g h)(-) is a well-
defined X -valued locally integrable function for any function i € L}, (R : X). Let (s,)
be a given sequence. Then we can extract a subsequence (s,,) of (s,) and a function
feLl (R:X) such that (14)~(15) hold with p = 1. Set F*(-) := (g* f*)(-). Then
(14) for F(-) and F*(-) follows from its validity for f(-) and f*(-), and the following
simple integral calculation with Fubini theorem (I > Iy, k € N, t € R):

I
<3 /Ht /_NHf(Snk—Fx—r)—f*(x—r)

= [ st [Zl [ o) - f*<x_r>|\dx]dr
LA
= [l [5 I

< ["1st” [Zl [ 7m0 = e ar

The proof of (15) for F(-) and F*(-) is similar and therefore omitted, finishing the
proof of proposition. [

F(sy, +x) — *(x)de

(r)||drdx

I (sn +x) —f*(x)de] dr

F s +x+1) —f*(x—l—t)de] dr

In the present situation, we do not know whether the assumption that g(-) has a
compact support can be relaxed and whether we can consider the case p > 1 here.
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3.2. Generalized two-parameter almost automorphic functions

For our later purposes, we need to introduce another pivot space over the field
of complex numbers, say (Y,]-||y). By Co([0,00) X ¥ : X) we designate the space of
all continuous functions 4 : [0,00) x ¥ — X such that lim;_... 4(z,y) = 0 uniformly for
y in any compact subset of Y. A jointly continuous function F : R XY — X is said
to be almost automorphic iff for every sequence of real numbers (s},) there exists a
subsequence (s,) such that

G(t,y) := lim F (¢ + s4,y)
is well defined foreach r € R and y €Y, and
lim G(t —sn,y) = F(t,y)

foreach t € R and y € Y. The vector space consisting of such functions will be denoted
by AAR XY :X).

The notion of a pseudo almost-automorphic function was introduced by T.-J. Xiao,
J. Liang and J. Zhang in [57] (2008). Let us recall that the space of pseudo-almost
automorphic functions, denoted shortly by PAA(R : X), is defined as the direct sum of
spaces AA(R : X) and PAPy(R : X), where PAPy)(R : X) denotes the space consisting
of all bounded continuous functions @ : R — X such that

N
fim >~ [ [@(s)ds =0

Equipped with the sup-norm, the space PAA(R : X) becomes one of Banach’s. A
bounded continuous function f: R xY — X is said to be pseudo-almost automor-
phic iff F = G+ ®, where G € AA(RxY : X) and ® € PAPy(R X Y : X); here,
PAPy(R x Y : X) denotes the space consisting of all continuous functions @ : R x Y — X
such that {®(¢,y) : 7 € R} is bounded for all y € ¥, and

uniformly in y € Y. The collection of such functions will be denoted henceforth by
PAA(R XY : X).

The notion of a Stepanov two-parameter p-almost automorphic function has been
already introduced in the existing literature. Definition goes as follows:

DEFINITION 5. Let 1 < p <eo, andlet f: R xY — X satisfy that foreach y € Y
we have f(-,y) € L}, (R:X). Thenitis said that f(-,-) is Stepanov p-almost automor-
phic iff for every y € Y the mapping f(-,y) is S”-almost automorphic; that is, for any
real sequence (a,) there exist a subsequence (a,,) of (a,) andamap g: RxY — X
such that g(-,y) € LI (R:X) forall y €Y as well as that:

loc

1 p
klim/o Hf(t—l—ank—I—s,y)—g(t—i—s,y)H ds =
and
1 p
lim/ Hg(t—l—s—ank,y)—f(t—i—s,y)H ds =

k—o0 )0
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for each 7 € R and for each y € Y. We denote by AASP(R x Y : X) the vector space
consisting of all such functions.

We start our work by observing that the well-known results of Fan et al. [25] and
Ding et al. [22] (see e.g. [17, pp. 134—138]) continue to hold in the case that the pivot
spaces X and Y are mutually different:

THEOREM 1. Assume that 1 < p < oo, and f € AASP(R XY : X). If there exists
a constant L > 0 such that for all x, y e LI (R:Y)

loc

[ ra+ssn-sersaen|[as<t [ -s@las,  ae)

then for each x € AASP (R : Y') with relatively compact range in Y one has that f(-,x(-))
€ AASP(R: X).
THEOREM 2. Suppose that the following conditions hold:

(i) feAASP(R XY :X) with p > 1, and there exist a number r > max(p,p/p—1)
and a function Ly € Lg(R) such that

1F () = fEI < Le@)lx=ylly, 1R, x, yeY; (17)

(ii) x € AASP(R :Y), and there exists a set E C R with m(E) =0 such that K :=
{x(t) :t € R\ E} is relatively compact in Y.

Then q:=pr/p+re[l,p) and f(-,x(-)) € AASI(R: X).

The following composition principle is basically due to Liang et al [43]. Its validity
for class PAA(R x Y : X), where Y # X, can be proved similarly.

THEOREM 3. Supposethat [ =g+ ¢ € PAA(RXY : X) with g € AA(RXY : X),
¢ € PAPy(R x Y : X) and the following holds:

(i) the mapping (t,y) — g(t,y) is uniformly continuous in any bounded subset K C
Y uniformly for t € R;

(ii) the mapping (t,y) — @(t,y) is uniformly continuous in any bounded subset K C
Y uniformly for t € R;

Then for each 'y € PAA(R :Y) one has f(-,y(-)) € PAA(R: X).

We continue by stating two composition principle for asymptotically Stepanov al-
most automorphic functions. Keeping in mind Theorem 2 and the proof of [38, Propo-
sition 2.7.3], where we have examined almost periodic case, we can immediately state
the following result:

PROPOSITION 2. Let I = [0,0). Suppose that the following conditions hold:
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(i) g € AASP(R XY : X) with p > 1, and there exist a number r > max(p,p/p—1)
and a function Ly € Ls(I) such that (17) holds with the function f(-,-) replaced
by the function g(-,-) therein.

(ii) y € AASP(R : Y), and there exists a set E C R with m(E) = 0 such that K =
{y(t) :t € R\ E} is relatively compactin Y .

(iii) f(t,y) = g(t,y)+q(t,y) for all t >0 and y € Y, where G € Cp([0,00) X Y :
L9([0,1]: X)) and g := pr/p+r.

(iv) x(t) =y(t)+z(t) forall t =0, where z € Cy([0,0) : LP([0,1] : ¥)).

(v) There exists a set E' C 1 with m(E') =0 such that K' = {x(¢) :t € I\E'} is
relatively compactin Y.

Then g € [1,p) and f(-,x(-)) € AAASI(I : X).
Appealing to Theorem 1 in place of Theorem 2, we can similarly prove the fol-

lowing result:

PROPOSITION 3. Let I = [0,0). Suppose that the following conditions hold:

(i) g€ AASP(R x Y :X) with p > 1, and there exist a constant L > 0 such that for
all x, ye L (R:Y) we have that (16) holds.

loc

(ii) y € AASP(R:Y), and there exists a set E C R with m(E) =0 such that K =
{y(t):t e R\ E} is relatively compact in Y .

(iii) f(t, ) =gty
L7([0,1] : X))

(iv) x(t) =y(t) +z(t) forall t = 0, where z € Cy([0,°0) : LP([0,1] : Y)).

)+ q(t,y) forall t >0 and y € Y, where § € Cy([0,00) X Y :
and q:=pr/p+r.

(v) There exists a set E' C 1 with m(E') =0 such that K' = {x(¢) :t € I\ E'} is
relatively compactin Y.

Then f(-,x(+)) € AAASP(I : X).

Various classes of weighted pseudo-almost automorphic solutions, as well as C") -
Stepanov and C -Weyl almost automorphic solutions of abstract Volterra integro-
differential inclusions will be considered somewhere else (cf. [21] and references cited
therein for further information in this direction). Our main results, providing a stable
base for applications and further study of semilinear Cauchy inclusions, will be clarified
in the following section.
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4. Generalized (asymptotically) almost autmorphic properties of convolution
products

In this section, we investigate the generalized (asymptotically) almost automor-
phic properties of various types of convolution products. We start by observing that
the assertion of [16, Lemma 3.1] can be formulated for strongly continuous operator
families which do have integrable singularities at zero (see also [11, Theorem 2.1]):

PROPOSITION 4. Suppose that (R(t)),~0 C€ L(X) is a strongly continuous opera-
tor family satisfying that [y ||R(t)||dt < eo. If f:R — X is almost automorphic, then
the function F(-), given by

1
Ft) ::/ R(t—s)f(s)ds, 130, (18)
is well-defined and almost automorphic.

REMARK 1. In[24, Lemma 2.2], H.-S. Ding, J. Liang and T.-J. Xiao have proved,
under the assumption on strong continuity of (R(f));>o and the existence of nonin-
creasing continuous function ¢ € L!([0,)) satistying ||R(¢)|| < ¢(¢), t > O that the
function F () is almost automorphic provided only the Stepanov 1-almost automorphy
of f:R — X. Here we would like to observe that their result holds provided that the
strong continuity of (R(f)),>o is replaced by the strong continuity of (R(¢)),;~0 and the
boundedness of sup;c () [|R(#)||. Possible applications can be made, e.g., in the qual-
itative analysis of the Poisson heat equation in the space H~!(Q), where 0 # Q C R”
is an open bounded domain with smooth boundary (see [27, Theorem 3.1, Proposition
3.2, p. 48; Remark, p. 52; Example 3.3, pp. 74-75] with § = 1, and Example 3 for
further information in this direction).

Our first original contribution in this section reads as follows (see [37, Proposition
2.11] for almost periodic case).

PROPOSITION 5. Suppose that 1 < p <eo, 1/p+1/g=1 and (R(t))>0 C L(X)
is a strongly continuous operator family satisfying that M := Y7 o |R(-)| g i41) < o°-
If f:R — X is SP-almost automorphic, then the function F(-), given by (18), is well-
defined and almost automorphic.

Proof. It is clear that, for every ¢t > 0, we have F(r) = [;"R(s)f(r —s)ds. The
measurability of integrand is a consequence of the proof of [5, Proposition 1.3.4], while
the absolute convergence of integral follows from the Holder inequality and
SP -boundedness of function f(-) :

o o k41
Jy IR =9llds= 3, [ IRGILFe=)lds

< Y RO syl flsr = M fllso, 2>0.
k=0
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Define Fi(r) := kkHR(s)f(t —s)ds, t € R (k€ Ny). We claim that Fi(-) is continu-
ous. Let numbers € > 0 and ¢ € R be given in advance, and let (z,) be a real sequence
converging to 7. Then the Holder inequality yields that:

k+1
|| Fic(t) — F(0) </k IR(S)I[|.f (tn — 0) = f(t — )| do

k+1 1/p
SUIRC)zsfeas ( | lrt—0) - a>uf’d6>

—k I/p
:||R(')||Lq[k,k+1]</tkl}lf(tn—f‘FG)—f(G)}’pdG) , keNo. (19)

Since f € L] (R:X), the last term in brackets tends to zero as n — oo; see [38] for
a direct proof of this fact. Since we have assumed that 3;° ¢ [|R(-) || Lo xs1) < oo, the
Weierstrass criterion implies that Y;°  F(r) = F(¢) uniformly in # € R, so that F(-) is
continuous on R, as well. Since AA(R : X) is closed in C,(R : X), it suffices to show
that F, € AA(R: X) forall k € Ny. Fix an integer k € Ny. Then, for every real sequence
(b,) there exist a subsequence (a,) of (b,) and a map g: R — X such that (7) and
(8) hold pointwise for # € R. Define gz : R — X by g (¢) == kk+1R(G)g(t —o0)do,
t € R. Due to the Holder inequality, we have

k+1
[+t =src0| < [ |R(@)[1t+1-0) gl1=0)] | do

k-1 1/p
IR Nzapes+1y (/k £t +t0—0) — gt — o)H”do>

1—k 1/p
:R(')L‘l[k,k+1]</tkllyf(c‘f'tn)_g(g)”pd@) , teR.

This in combination with (7) implies lim, .. ||[F¢(f +1,) — gk.c(?)|| = O pointwise in
t € R. We can similarly prove that lim,, .. ||gk .(f —1,) — Fx(¢)|| = 0 pointwise in 7 € R,
finishing the proof of theorem. [

Keeping in mind Proposition 5 and the proof of [37, Proposition 2.13], we can
immediately state the following assertion:

PROPOSITION 6. Supposethat 1 < p <eo, 1/p+1/qg=1 and (R(t));~0 C L(X)
is a strongly continuous operator family satisfying that, for every s > 0, we have that
my = 370 |RC)| stk s+k+1) < oo Suppose, further, that g : R — X is SP-almost
automorphic, as well as that the locally p-integrable function q: [0,00) — X satisfy
G € C([0,00) : LP([0,1] : X)) and f(t) = g(t) +q(t), t = 0. Let there exist a finite
number M > 0 such that the following holds:

(i) limy e [T [ IR (s = )] @r] ds = 0.

(i) limy_ oo [ mlds = 0.
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Then the function H(-), given by

1
H(t) = / R(t—s)f(s)ds, >0, 20)
0
is well-defined, bounded and asymptotically SP -almost automorphic.

Conditions X" [|R(-) || o r+1) < oo and X [IRC) | zafssk sar1) < o (s = 0)
have been examined in [37, Remark 2.12, Remark 2.14(ii)]. Briefly speaking, these
conditions always hold in the case that R(-) is exponentially decaying or that p = 1
and R(-) is polynomially decaying at infinity, having the integrable singularity there.

Concerning the class of Besicovitch p-almost automorphic functions, the follow-
ing result seems to be satisfactory only for the abstract differential equations with inte-
ger order derivatives and nonautonomous differential equations (for fractional resolvent
families, the condition (21) stated below does not hold in practical situations; as already
mentioned, the case p > 1 is much more difficult to deal with):

PROPOSITION 7. Suppose that (R(t)),~0 C L(X) is a strongly continuous opera-
tor family satisfying that

/0°°(1+z)||R(z)||dz<oo. @1

Let f € B'AA(R : X), and let f(-) be essentially bounded. Then the function F(-),
given by (18), is bounded and belongs to the class B'AA(R : X).

Proof. The fact that the function F(-) is bounded and well-defined follows from
the proofs of Proposition 5 and [39, Proposition 5.1]. It remains to be proved that
F € B'AA(R : X). Towards this end, let (s,) be an arbitrary real sequence. By definition
and elementary changes of variables, we know that there exist a subsequence (s,,) and
a function f* € L' (R:X) such that

loc

I+t
lim limsup — / f (s +x) = f5(x) H dx =0 (22)
k—eo i 20144
and
I+t
hm limsup — / X —Sn) —f(x)H dx=0
k= | 4eo 2] [+t

for each 1 € R. Set F*(x) := [*_R(x—s)f*(s)ds, x€R. Then F* € L} (R:X). To
see this, it suffices to observe that, for —eo < a < b < o, we have

’ /_);R(x—s)f*(s)ds

b rx

<[] IRG=9)[r(s)asax
b oo

:/a /0 [R)[[]]f* (x = s)|| dsdx

dx
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o b
= [ IR =9)]| dxas
:/:(1+s)l|R(s);| lerl/al:Sl|f*(’)||d’] "

as well as that the continuous mapping s+ (s+ 1)~ H i H dr, s >0 is bounded
since the condition (22) with t = 0 and the essentlal boundedness of function f(-)
shows that there exists a number sy such that [a —s,b —s] C [—2s,2s], s > 50 and
571 ff‘zs I/ (r)||dr < 4||f|l~+4, s> so; here we also use (21). Therefore, we need to
prove that

I+t
hmhmsupZZ/ F (s, +x) —F*(x de_

k—oo J—sdoo

and

lim 1 —s))—F Hd ~0 23
mtimsup [ () = P s @

pointwise for ¢+ € R. The first of these equalities follows from the next computation
involving the Fubini heorem:

[+t
il
1+t XSy,
2l/l+t /_w R(x—s—!—s,,k ds—/ R(x—s)f"(s)ds
1+t X
2l/l+t /_wR(x—s) s—|—s,,k /R x—38)f*(s)ds

=37 /Ht /OOOR(r) [f(x—r—!—snk) —f*(x—r)] dr

I+t

F(sp, +x) — *(x)de

dx

dx

dx

1 g+t pe )
< Z~/—l+t~/0 IR f(x—r+su) = f*(x—r)||drdx
o 1 pl+t—r .
_ /0 IRO5; [, 17t sn) = £ @) dxar

= [ a+nire))|
0

L 2(l+r) 1 I+t+r )
I+r 20 20+7) /@m)ﬂ”f (xtsm) =1 <x>de] dr.

For any € > 0 given in advance, we can find ko(g) > O such that for every k > ko(€)
we can find yo(€,k) > 0 such that, for every r > 0 and [ > y(€,k), we have

1 I+t+r .
] /(71+r)+sz(x+s"") - <e.

Since (21) is assumed, this proves the claimed. The proof of (23) is similar and therefore
omitted. [l
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REMARK 2. Let the requirements of the previous proposition hold, and let the
function g € L}, ([0,) : X) be Weyl- 1 -vanishing, resp., equi-Weyl- 1 -vanishing. Set
formally

x+t | 1 pxtt—r+l
s =supd [ 5 [ RO av g b, o> 0,150,
x=0 0 l xX+t—r

Assume that the condition

lim lim J(z,1) = 0,

f—00 [—o0
holds provided that g(-) is Weyl- 1 -vanishing, resp., that the condition
lim im J(7,1) =0

[—oot—r00

holds provided that ¢(-) is equi-Weyl-1-vanishing (see [39, Example 5.4-Example
5.6] for some concrete situations ensuring the validity of above conditions). By the
proof of [39, Proposition 5.1], we have that lim; ... [;”"R(s)g(r —s)ds = 0 as well as
that the function 7 — [ R(t —s)q(s)ds, t > 0 is Weyl- 1 -vanishing, resp., equi-Weyl-
1-vanishing. Hence, the function # — [jR(t —s)[f(s) + q(s)]ds, ¢ > 0 belongs to
the class B'AA(R : X) + W, ([0,%) : X), B'AA(R : X) +e— W ([0,) : X), with the
meaning clear. Here we would like to note only that the condition (21) enables one to
estimate the term appearing in definition of J(¢,1) for x > 0 in the following way:

X+t | ] X+t —r+1
[l [ IRoav| g ar
0 X+t—r

X1
g /
0

<[/0°°(1+t>||R<t>||dt] [ s lawllan =010

1 X+t—r+l
T L =R | ()] ar

5. Semilinear Cauchy inclusions

Our aim here is to explain how the already proven statements on almost periodic
and pseudo almost-periodic solutions of semilinear (fractional) Cauchy inclusions (see
[38]) can be formulated for almost automorphy and pseudo almost-automorphy. We
will also provide some results for the abstract Cauchy inclusion (DFP) 7 ;.

Suppose that the multivalued linear operator <7 satisfies the condition [27, (P), p.
47] introduced by A. Favini and A. Yagi:

(P) There exist finite constants ¢, M > 0 and f3 € (0, 1] such that
Y=Y, = {JL €C:RL> —c(\SM—i—l)} Cp()

and
IRG: )| <M(1+[2)7F, Aew:
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then we can define the fractional power (—.7)% for any 6 > 8 — 1 (see Section 2 for

more details). Put ¥ := [D((—27)%)] and |||y := | - [{p((—er)0y; then Y is a Banach
space that is continuously embedded in X. Set
1 -
T, (1)x = %/(—A)Veh (A—a) 'xdd, xeX,1>0(v>0),
r

where T is the upwards oriented curve A = —¢(|n|+ 1) +in (n € R). Then there
exists a finite constant M > 0 such that:

(A) | Tv(0)|| < Me tP=v=1 >0, v>0.

Let Ly(-) be a locally bounded non-negative function, and let M denote the constant
from (A), with v = 6. Set, for every n € N,

Mn ::M}’l Sup/ / / l xn) xn)ﬁfefl
teR

X He_c(x"_""*l) (x,- — xi_l)ﬁ_e_l HLf(x,-) dxydxy -+ - dx,. (24)
= i=1

Set
Tyy(t)x =17 /ONSVCD),(S)TO (sty)xds, t>0,xeX,v>-—p4,
and following E. Bazhlekova [6], R.-N. Wang, D.-H. Chen, T.-J. Xiao [55],
Sy(t) :=Tyo(t) and Py(t) := YTy (1) /17, t>0.
Define also
Ry(t) :=t"'P/(t), t > 0 and
R? (t) =y’ ! /Ooosq)y(s)Tg (st¥)xds, >0, x€X.

Suppose that (17) holds for a.e. # > 0, with locally bounded non-negative function
Ly(-). Define finally, for every n € N,

n.:sup/ / / HR6 t—xn
>0
X HHR?(xi—x,-,l)H HLf(x,-)dxl dxy -+ - dxy,. (25)
i=2 i=1

Let (Z,| - ||z) be a complex Banach space, and let Z be continuously embedded
in X. We will use the following notion of a mild solution of (3), see [34]:

DEFINITION 6. Let f:1x Z — X. By a mild solution of (3), we mean any Z-
continuous function u(-) such that u(r) = (Au)(¢), t € R, where

o (Au)(t / T(t — ) f(s,u(s))ds, 1 € R.
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Concerning the abstract semilinear Cauchy inclusion (4), we will use the following
notion [34]:

DEFINITION 7. Let f:1x Z — X. By a mild solution of (4), we mean any Z-
continuous function u(-) such that u(r) = (Ayu)(t), t € R, where

f o (Agu)(e) = [ (=) By ) f s uls)) ds, 1 € R

Let M > 0 denote the constant from (A), and let the sequence (M,) be defined
through (24). Keeping in mind Proposition 5 and Theorem 1-Theorem 2, it is straight-
forward to prove the following automorphic versions of [38, Theorem 2.10.3-Theorem
2.10.4] and [38, Theorem 2.10.9-Theorem 2.10.10] (see also [34]-[35]):

THEOREM 4. Suppose that (P) holds, B > 0 > 1 — B and the following conditions
hold:

(i) f€AASP(RXY :X) with p> 1, and there exist a number r > max(p,p/p—1)
as well as a locally bounded non-negative function Ly € Lg(R) such that r >
p/p—1 and (17) holds.

Set q:=pr/p+randq = prf;_r.

Assume also that:
(i) ¢(B—060—-1)>—1.
(iii) M, <1 for some n € N.

Then there exists an almost automorphic mild solution of inclusion (3). The uniqueness
of mild solutions holds in the case that <7 is single-valued.

THEOREM 5. Suppose that (P) holds, B > 0 > 1— B and the following conditions
hold:

(i) f€AASP(R XY :X) with p > 1, and there exists a constant L > 0 such that
(17) holds.

(i) 21(B—0-1)> 1.
(iii) M, <1 for some n € N.

Then there exists an almost automorphic mild solution of inclusion (3). The uniqueness
of mild solutions holds provided that, in addition to (1)-(iii), <7 is single-valued.

THEOREM 6. Suppose that (P) holds, B > 6 > 1 — B and the following conditions
hold:
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(i) feAASP(RxY :X) with p > 1, and there exist a number r > max(p,p/p—1)
as well as a locally bounded non-negative function Ly € Lg(R) such that r >

p/p— 1 and (17) holds.
Set q:=pr/p+rand ¢ = ;2.
Assume also that:

(ii) ¢ (y(B—6)—1)>—L.
(iii) B, <1 for some n € N.
Then there exists an almost automorphic mild solution of inclusion (4). The uniqueness

of mild solutions holds provided that, in addition to (1)-(iii), <7 is single-valued.

THEOREM 7. Suppose that (P) holds, B > 0 > 1— B and the following conditions
hold:

(i) feAASP(R XY :X) with p > 1, and there exists a constant L > 0 such that
(17) holds.

(ii) S5 ((B—0)—1)>—1.
(iii) B, <1 for some n € N.

Then there exists an almost automorphic mild solution of inclusion (4). The uniqueness
of mild solutions holds provided that, in addition to (1)-(iii), <7 is single-valued.

Using Theorem 3 and Proposition 5, we can simply clarify the following modifi-
cation of [38, Theorem 2.12.5], as well (cf. Definition 6 with Z = X):

THEOREM 8. Suppose that the following conditions hold:
(i) f€PAA(R XX :X) is pseudo-almost automorphic.

(ii) The inequality (17) holds with I =R, X =Y and some bounded non-negative
function Ly (-).

(iii) Yo M, < oo.
Then there exists a unique pseudo-almost automorphic solution of inclusion (3).

As already announced in [38], the existence and uniqueness of pseudo-almost au-
tomorphic solutions of semilinear Cauchy inclusion (4) can be analyzed similarly.

We refer the reader to [38, Definition 2.9.2] for the notion of a classical solution
of the abstract Cauchy inclusion (DFP) f ., and [38, Definition 2.9.9] for the notion of a
mild solution of the abstract semilinear inclusion (DFP) 7 ,, .. We first state the following
automorphic versions of [38, Lemma 2.9.3], formulated here as a proposition, and [38,
Theorem 2.9.5]; the proofs are similar and therefore omitted (cf. [27] and [33] for the
notion of interpolation space X(gz used below). It is also worth noting that [38, Theorem
2.9.7] can be formulated for asymptotical almost automorphy.
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PROPOSITION 8. Let f € AAASY([0,00) : X) with some q € (1,00), let 1/q+
1/q' =1, andlet ¢'(yB — 1) > —1. Define

H(t) = /(:Ry(t—s)f(s)ds, >0,

Then H € AAA([0,0) : X).

THEOREM 9. Suppose that 1 >0 > 1 — 8 and xo € D((—7)%), resp. 1> 60 >
1 —B and xo € X9, as well as there exists a constant ¢ > y(1 — B) such that, for every
T > 0, there exists a finite constant My > 0 such that f :[0,00) — X satisfies

1F@) = f()| <Mrle—s|, 0<t,s<T.

Let 120>1—f,resp. 1 >60>1—f, andlet

£ € Line ((0,9) : [D((=)°)] ), resp. f € L ((0,0) : X5).

Then there exists a unique classical solution u(-) of problem (DFP); ... If, additionally,
f € AAASY([0,0) : X) with some g € (1,), 1/q+1/q =1 and ¢'(yB —1) > —1,
then u € AAA([0,0) : X).

Keeping in mind Proposition 2-Proposition 3 and our results clarified in the previ-
ous section, we can repeat almost literally the proofs of our structural results given in
[38, Subsection 2.9.1, Subsection 2.9.2]. In such a way, we can simply state the auto-
morphic versions of [38, Theorem 2.9.10-Theorem 2.9.11, Corollary 2.9.12-Corollary
2.9.13] and [38, Theorem 2.9.15, Theorem 2.9.17-Theorem 2.9.18, Corollary 2.9.19-
Corollary 2.9.20], where we have also analyzed applications of C-regularized semi-
groups in the analysis of existence and uniqueness of generalized (asymptotically) au-
tomorphic solutions of abstract Cauchy inclusions (DFP) ;, and (DFP) ¢ . For the
sake of completeness, we will reformulate the above-mentioned Theorem 2.9.10 in our
new context, only:

THEOREM 10. Suppose that I = [0,e0) and the following conditions hold:

(i) g € AASP(R x X : X) with p > 1, and there exist a number r > max(p,p/p—1)
and a function Ly € Lg(I) such that (17) holds.

(ii) f(t,x)=g(t,x)+q(t,x) forall t >0 and x € X, where § € Co(I x X : L1([0,1] :
X)) and g=pr/p+r.
Set

pr

—————, providedr > p/p— 1.
,

q = oo, providedr=p/p—1and q =
pr—p-—

Assume also that:

(iii) ¢'(yB —1) > 1,
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(iv) (17) holds for a.e. t >0, with X =Y and a locally bounded positive function
L¢(-) satisfying A, <1 for some n € N; here,

t rxp XD
A, ::sup/ / / ||Ry(t—xn)||
=070 Jo 0

< [TI[Ry(xi = xit) || T T Ly (xi) dxy dxy - - - doxy, m € N
i=2 i=1

Then there exists a unique asymptotically almost automorphic solution of inclusion
(DFP), .

6. Examples and applications

The main aim of this section is to provide some applications of our abstract results
in the analysis of existence and uniqueness of various types of generalized (asymptot-
ically) almost automorphic solutions for certain classes of abstract (semilinear) frac-
tional integro-differential inclusions.

EXAMPLE 3. Itis well known that the unique solution of (1)—(2), resp. (DFP) ¢ ,,
is of the form (18), resp. (20), with a suitable operator family (R(¢)),~¢ locally inte-
grable at zero and having polynomially decaying integrable singularity at infinity (cf.
[38] for more details). Therefore, our results from Section 4 apply almost directly; con-
cerning Proposition 7, it is worth noting once more that it is susceptible to applications
only in the case that ¥ = 1, when (R(¢));~o decays exponentially at infinity. It is also
clear that our results from Section 5 can be applied in the analysis of semilinear Cauchy
inclusions (3)—(4) and (DFP) 7 .

Arguing so, we can analyze the existence and uniqueness of (asymptotically) al-
most automorphic solutions of the fractional Poisson heat equations

D;:+[m(x)v(t,x)} =—(A=D(t,x)+ f(t,x), t€R xeQ;
v(t,x) =0, (t,x) €[0,00) x IQ,

and
D/ [m(x)v(t,x)] = (A—b)v(t,x) + f(t,x), t>0,x€Q;
v(t,x) =0, (t,x) €[0,00) x IQ,
m(x)v(0,x) = up(x), x€Q,

in the space X := L”(Q), where Q is a bounded domain in R", b >0, m(x) >0 a.e.
xeQ, meL”(Q), ye(0,1) and 1 < p < oo, as well as their semilinear analogues

DZ+[m(x)v(t,x)} =—(A=Db)v(t,x)+ f(t,mx)v(t,x)), 1 e R, x € Q;
v(t,x) =0, (t,x) €[0,0) x 9Q,

and
D/ [m(x)v(t,x)] = (A—b)v(t,x) + f(t,m(x)v(t,x)), t =0, x € Q;

v(t,x) =0, (t,x) €[0,00) x IQ,
m(x)v(0,x) =up(x), x€Q,
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with (asymptotically) Stepanov almost automorphic coefficients (cf. [27] and [33] for
more details).

In the following example, we will reexamine some important results established
by A. Favini and A. Yagi in [27, Section VI], regarding certain types of abstract degen-
erate second order differential equations whose solutions can be sought by using the
usual matrix reduction to the system of two first order differential equations. Our main
aim here is to apply Proposition 6, considering only classical abstract inhomogeneous
Cauchy problems, not their semilinear analogues.

EXAMPLE 4. Assume that A, B and C are closed linear operators in X, D(B) C
D(A)ND(C), B~' € L(X) and the conditions [27, (6.4)—(6.5)] hold with certain num-
bers ¢ >0 and 0 < B < o = 1. In [27, Chapter VI], the following second order differ-
ential equation

%(Cu’(t)) B (1) + Au(t) = £(), 1> 05 u(0) = uo, Ci(0) = Cuy

has been considered by the usual converting into the first order matricial system

iMz(t) =Lz(t)+F(1), t >0; Mz(0)= Mz,

dt
where
|1 0 | o 1 ~uo |10
M=\|5 ol L=|_4 _B,zo—lu1 andF(t)—[f(t)] (r>0).

By the proof of [27, Theorem 6.1] (see also [27, Theorem 1.14]), we know that the mul-
tivalued linear operator (Lip(p)jxx — @M p(s))xx ) (M|p(B)| x)~! satisfies the condition
(P) for a sufficiently large number @ > 0, in the pivot space [D(B)] x X. Therefore, this
MLO generates a degenerate semigroup (7'(z));~0 in [D(B)] x X, having an integrable
singularity at zero and exponentially decaying growth rate at infinity. This enables one
to apply [27, Theorem 3.8, Theorem 3.9] in the analysis of existence and uniqueness of
solutions of the problem

%Mz(t) =(L—-oM)z(t)+F(), t >0; Mz(0)= Mz, (26)

cf. [27, Section 3.1] for more details, as well as [36, Theorem 4.3] in the analysis of
existence and uniqueness of solutions of the fractional problem

D/[Mz(t)] = (L— oM)z(t) + F(t), t >0; Mz(0) = Mz,

where the Caputo fractional derivative D/ is taken in a slightly weakened sense [36].
Consider first the case of the abstract Cauchy problem (26). Denoting the compo-
nents of z(z) by u(t) and v(z), from (26) we get that v(¢) = u/(¢) + ou(t), t > 0 and
(d/dr)(Cv(t)) = —Au(t) — (B+ oC)v(t) + f(t), t = 0, so that we are ready to solve
the following second order differential equation

d

5 (Cu' (1)) + 2wC+B)u (t) + (A + ©B+ 0*C)u(t) = f(t), t > 0;
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u(0) = uo, C[u'(0) + wug| = Cuy. (27)

Roughy speaking, if M[ug u;]” belongs to the domain of continuity of (7'(¢)),~0 and
f(+) is Holder continuous with an approporiate Holder index, then there exists a unique
solution z(#) of (26), continuous for ¢ > 0, and moreover,

o u(r)] ug ! 0
Mz(o) = | 0) | =T (M |1 +/0 T=9)| oy | 45 120
Therefore, if f(-) additionally satisfies the requirements of Proposition 6 (here we can
apply a great number of similar assertions known for asymptotical almost periodicity
or asymptotical almost automorphy), then the unique solution u(-) of (27) will satisfy
that Mz() = [u(:) C(«'(-)+ wu(-))]" is bounded and asymptotically S -almost auto-
morphic. We can simply apply this result in the analysis of existence and uniqueness
of asymptotically S”-almost automorphic solutions of the following damped Poisson-
wave type equation in the spaces X := H~!(Q) or X := LP(Q) :

% (m(x)%) + (Za)m(x) —A)% + (A(x;D) — WA+ w2m(x))u(x,t) = f(x,1),
120, x€Q ; u=09du/dt=0, (x,1) € IQx[0,0),
u(0,x) = ug(x), m(x)[(du/d1)(x,0) + ®up| = m(x)u; (x), x€Q.

Here, Q C R” is a bounded open domain with smooth boundary, 1 < p < e, m(x) €
L=(Q), m(x) >0 ae. x€ Q, A is the Dirichlet Laplacian in L?(Q), acting with
domain Hj(Q)NH?(Q), and A(x; D) is a second order linear differential operator on
Q with coefficients continuous on Q; see [27, Example 6.1] for more details. In the
fractional relaxation case, we can similarly consider the existence and uniqueness of
asymptotically S”-almost automorphic solutions of the following fractional damped
Poisson-wave type equation in the spaces X := H~(Q) or X := LP(Q) :

D/ (m(x)D/u) + (2om(x) — A)D/u+ (A(x;D) — @A+ @’m(x))u(x,t) = f(x,1),
120, x€Q ; u=D/=0, (x,1)€IQx[0,00),
u(0,x) = ug(x), m(x) [D/u(x,0) + wug| = m(x)u;(x), x€Q.
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