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Abstract. Using the approach of ¢ -fractional calculus a new estimate of Hermite-Hadamard
type inequality via h-preinvex functions is established. Two new ¢ -fractional integral identi-
ties are obtained. With the help of these identities some more integral inequalities of Hermite-
Hadamard type are derived via twice differentiable s-Breckner and s-Godunova-Levin-Dragomir
preinvex functions. Some special cases for the results obtained in the paper are also discussed.

1. Introduction and preliminaries

One cannot deny the significance of theory of convexity in modern analysis. Sev-
eral authors recently have shown their keen interest in studying theory of convexity
deeply. As a result the classical concept of convexity has been extended in different
directions using novel and innovative ideas, see [3, 4, 5, 6, 7, 10, 22]. During his study
on mathematical programming Hanson [11] introduced the notion of invex functions.
These functions played pivotal role in optimization theory. Weir et al. [24] introduced
the concept of the invex set and defined the notion of preinvex functions.

Let K be a nonempty closed set in R"”. Let f: K — R be a continuous function
and let n(.,.) : K x K — R" be a continuous bifunction.

DEFINITION 1. ([24]) A set K is said to be invex set with respect to n(.,.), if
ut+mvu) €K, Vuvek, re|0,1]. (1)
The invex set K is also called 1 -connected set.

The class of preinvex functions are defined as:

DEFINITION 2. ([24]) A function f is said to be preinvex with respect to arbitrary
bifunction n(.,.), if
Sflu+mu) <(1—1)f(u)+1f(v), Yu,veK, tel0,1]. (2)
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It is evident that Definition 2 recaptures the definition of classical convex functions
for n(vu) =v—u.

It has been noticed by them that differentiable preinvex functions imply invex
functions. Under certain suitable conditions, it has been shown that the classes of invex
functions and preinvex functions are equivalent. For more details, see [1, 9, 2, 11,
13] and the references therein. Noor et al. [19] introduced the notion of A-preinvex
functions as:

DEFINITION 3. ([19]) Let 4:J — R where (0,1) CJ be an interval in R, and let
K be an invex set with respect to 1(.,.). A function f: K — R is called h-preinvex
with respect to 1(.,.), if

flu+mu) <h(1—1)f(u)+h()f(v), Yu,vekK, te(0,1).

REMARK 1. Note that if h(t) =¢, t*, =5, t~' and h(t) = 1, then, we have the
definitions of preinvex, s-preinvex and s-Godunova-Levin preinvex, Godunova-Levin
preinvex and P-preinvex functions respectively. For more details, see [19].

It has been observed that theory of convexity has a close relationship with theory
of inequalities. Several inequalities have been obtained via convex functions and for
its variant forms. For useful information, interested readers are referred to [8, 14]. We
now recall some preliminaries of ¢ -fractional calculus which will be helpful in the
establishment of our main results.

Let f be piecewise continuous on I* = (0, o) and integrable on any finite subinter-
val of I = [0,e]. Then for r > 0, we consider ¢ -Riemann-Liouville fractional integrals
of f of order «,

o - 1 @_ 1
o S0 =gy [0 rw0a x>a 00

a

and

1
¢T(at)

b
o I fx) = /(t—x)%_lf(t)dt7 x<b, ¢ >0,

where o > 0 is a parameter.
o0 0
Note that T'y (x)= [ #~1e” 7 dr is the ¢ -Gamma function. Clearly l"(x):dl)im1 Ty (x)
0 e

and T'y(x+¢) = xI'y(x). For some more details, see [16, 17, 20]. Note that when
¢ — 1 ¢-Riemann-Liouville fractional integrals become classical Riemann-Liouville
fractional integral [12].

To prove some results in the paper, we need the well-known Condition C intro-
duced by Mohan and Neogy in [15].
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CONDITION C. Let K C R be an invex set with respect to bifunction 7n(.,.). Then
forany x,y € K and ¢ € [0,1],

77()’»)"*’”7(%)’)) = —””l()@y),
Ny +m(x,y)) = (L=1)n(x,y).

Note that for every x,y € K, t;, t € [0,1] and from Condition C, we have
ny+anlxy), y+any)) =t —u)n(x,y).

Using Condition C, Noor [18] obtained a new variant of Hermite-Hadamard type in-
equality via preinvex functions

THEOREM 1. ([18]) Ler f: K — R be preinvex function, such that n(b,a) >0
and 1(.,.) satisfies the Condition C, then

2a+n(b,a) i) ) (b)
f( 2 ) b a) / Sl )

The following result will be used in deriving some of our main results.

LEMMA 1. ([23]) Forany A > B >0 and g > 1, we have
(A—B)q gAq_

From now onwards I = [a,a+ 1 (b,a)] will be the interval and L(.,.) be the inte-
grable functions unless otherwise specified.

2. Auxiliary results
In this section, we derive two new ¢ -fractional identities.

LEMMA 2. Let f:1— R be adifferentiable function on I° such that f' € L[a,a+
n(b,a)], where a,a+n(b,a) € I with n(b,a) > 0, then

1

Q

Tr(a,b; o, 9;1) (1—1)2]f (a+tn(b,a))dt, (3)
0
where
Tr(a,b; o, ¢5m)
_ fl@)+fla+n(b,a))

2

r 1
—% [0 FE Pt NB.0) 0 F oy Flatnba))]. @)
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Proof. Tt suffices to show that

K= /M —(1—1) % 1f' (a+1tn(b,a))dt
=K+ K. 5)

Now integrating by parts yields:

fla+n(b,a))

1
/t%f’ a+tm(b,a))dr
0
1
2

C9Ty(atl) 1 1 Vox—a o o dr
0 n¥(ba) 0Tele) S 2oa) f”n&@]
fla+n(b,a Iy(a+1)
=(n£%>>7$fw 0 I nvay) F(@): (©)
Similarly
1
B a _ fla) _F¢(a+l) o ;
Kf—!u—o¢fau4nwﬂ»m—,ﬂh® T g 0 0.0)

(N

Combining (5), (6), (7) and multiplying both sides by n(l;u) completes the proof. [

REMARK 2. Note that if  — 1 in Lemma 2, then we have Lemma 2 [21]. Now
utilizing Lemma 2 we develop another new ¢ -fractional integral identity for twice dif-
ferentiable functions.

LEMMA 3. Let f:1— R be a twice differentiable function on I° such that f"
Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) >0, then

1
y(abiagin) = SECD [0 (-0 F ) @m0
0

where T¢(a,b; o, ¢;n) is given by (4).
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Proof. 1t is sufficient to verify that

Q

18 —(1=0)8)f (a+1n(b,a))de

O\_

1 o o
— [ £ armpapa” A0
/ o5

1
= [ arn.a)-r @) - 220 0/ 108 s,
- 410 0/ (1= = =% M at b))t | ®)

Utilizing (8) in (3) completes the proof. [

3. Results and discussions

In this section, we derive our main results.

THEOREM 2. Let f:1 — R be h-preinvex function where a,a+ 1 (b,a) € I with

n(b,a) > 0. If f € Lla,a+n(b,a)] and n(.,.) satisfies the Condition C, then, for
h(%) #0, we have

o (2a+n(b.a)|_ oTele) f _, .
ah(%)f< ! ><ng?ba){¢/(a+n(hm)f(a)+¢fu+f(a+n(b,a))}

1
/t%_l (1—1)+h(r))dr.
0

Proof. Since f is an h-preinvex function and 1(.,.) satisfies Condition C, we
have

f<2++(b)) <h<§) [f (a+(b,a)+ f (a+ (1—0)n(b,a))]
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Multiplying both sides of above inequality by 157 and integrating it with respect to ¢
on [0, 1], we have

¢f<2a+n(b7a)>

o

! 1
%) [/t%_lf(a—l-tn(b,a))dt—f—/t%_lf(a—I— (1 —z)n(bﬁ))dt]

0 0
| a+n(b.a) a+n(b.a) "
)= { [ waf @ [ <a+n<b,a>—x>r1f<x>dx}

- G) ﬁqm”(a) { 0 (arnwa)-f(@+ o L flat n(b,a))} .

<IR

This implies

o 2a+1’l(bva) ¢r¢(a)
Oﬂh(%)f< 2 ) s n%(lma)

{078 npa)- T @+ 6 FES @+ (b))}
9)

Now we prove the right hand side of the inequality. Since f is preinvex with respect to
n(b,a) and n(b,a) satisfies the Condition C, we have

fla+m(b,a)) <h(1—1)f(a) +h(t)f(b),
similarly
fla+(1=0)n(b,a)) <h(1)f(a) +h(1 —1)f(b).

Adding above two inequalities and multiplying both sides by 6! , we have

9 Flatmba)+19 " flat (1—0)m(b.a) <t¢ a1 —1)+h(@0)][f(a) + £(b)).

Integrating above inequality with respect to ¢ on [0, 1], we have

OTo(@) (0 .
o) {678 npa) T+ 6 72 flat (b)) }
1
<U@+f®) [ 157 (1 =)+ hie)a. (10
0

Summing inequalities (9) and (10) completes the proof. [J
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We now discuss some special cases of Theorem 2.
L If h(¢) =t in Theorem 2, then, we have following new result.

COROLLARY 1. Let f:1— R be preinvex function, where a,a+n(b,a) € I with
n(b,a) >0.If f € Lla,a+n(b,a)], and 1(.,.) satisfies the Condition C, then, we have

2a+1(b,a)
()
71":(05:1 {¢/<‘Zf+n(b,a> a)+ ¢ L5 fla+n(b a))} fi(a);rf(b)'

IL If A(¢) = ¢* in Theorem 2, then, we have following new result.

COROLLARY 2. Let f: I — R be Breckner type of s-preinvex function, where
a,a+n(b,a) € I with n(b,a) > 0. If f € Lla,a+n(b,a)] and n(.,.) satisfies the
Condition C, then, we have

2 <2a+n(b,a>> _ oTy(@)
o 2 0% (ba)

< 1r(a) +70)] (oBpl 06+ 1) - 50 ).

{ 0 (winvay)- @)+ o L5 flat Tl(b»a))}

IL If A(r) = ¢ in Theorem 2, then, we have following new result.

COROLLARY 3. Let f: I — R be Godunova-Levin type of s-preinvex function,
where a,a+n(b,a) € I with n(b,a) > 0. If f € Lla,a+ n(b,a)] and n(b,a) >0
satisfies Condition C, then, for oo > ¢s, we have

¢ f<2a+n(b7a)> < ¢£¢(O€)
250 2 na(b7a)

sqﬂw+fanmum¢u—w%— ¢ )

o— s

{6 /8 npa)- T+ 6 S fatn(b.a)) }

IV.If h(t) = 1 in Theorem 2, then, we have following new result.

COROLLARY 4. Let f:1— R be P-preinvex function, where a,a+1n(b,a) € I
with n(b,a) > 0. If f € Lla,a+n(b,a)] and n(.,.) satisfies Condition C, then, we
have

gf(zcﬂ—g(b,a))

) :F(zli a)) {¢f(g+n(b,a))*f(a) +o S flat n(lza))} S

261f(a) + £(5)]

o
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We now derive some new ¢ -analogues of fractional Hermite-Hadamard inequal-
ities via twice differentiable s-Breckner preinvex and s-Godunova-Levin-Dragomir
preinvex functions.

THEOREM 3. Let f:1 — R be a twice differentiable function on I° such that
f" € Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) >0. If |f"| is an s-
Breckner preinvex function, where s € (0, 1] then

ITr(a,biac,9:m)| < ¢?a(+¢)) vi(.0) [|f" (@] + 17" (B)].
where

1 ¢
s+1 o+ os+2¢

i (o, ) = —B(%+27s+1). (11)

Proof. Utilizing Lemma 3, property of modulus and the fact that |f”| is an s-
Breckner preinvex function, then we have

}Tfaboccpn)|

— (=08 @+ m(b,a))dr

1—1)5H | (a+n(b,a))|dt

1

N OH—¢ 0/
1

S a+¢0/
1

\ ¢na—l:¢fl)) / t)%+l] [(l _t).\"f//(a)| +t\‘f//(b)|j| dr

¢77 (ba)[ ¢
2000+0) |[s+1 a+os+2¢

o
-B($ +25+1)| [ @I+ @),
This completes the proof. [

THEOREM 4. Let f:1 — R be a twice differentiable function on I° such that
f" € Lla,a+n(b,a)], where a,a+n(b,a) €I with n(b,a) > 0. If |f"| is an s-
Godunova-Levin-Dragomir preinvex function, where s € (0,1), then

¢Tl ( ) /! 1!
| Tr(a,biecim)| < S vl o) 17 @)+ 17 ®)]

where

1 0

Valon ) =15~ o570

—B(%—l—Z,l—s). (12)
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Proof. The proof directly follows from the proof of Theorem 3. [J

THEOREM 5. Let f:1 — R be a twice differentiable function on I° such that
f" € Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) > 0. If |f"|7 is an s-
Breckner preinvex function, where s € [0,1] and l%—i—é =1, p>1, then

o _entba) (26 P @)+ P B)) N @
maseen] <505 (1= sargres) (Z )

Proof. Utilizing Lemma 3, property of modulus, Holders inequality, and the fact
that |f”|? is an s-Breckner preinvex function, then we have

Ty (a,bs o, ¢5m)|

2 a ! o o
=S [ B s b o)

1

1
/|f”(a+m(b,a))}’1dz
0

1
PELRGL) ”

1
2(a+0) /(1 S LA
0

P

0
1 1
L 9n’(b.a) {/<1—t”(§f+1>—(1—t)”(gﬂ)) de /If”(aﬂn(bﬂ))}qdf
0 0

1 2¢) +¢>Il’ <|f”(a)|:Ilf”(b)|’1> 7 |

on*(ba) (.
S 2(a+9) pla+¢

This completes the proof. [

THEOREM 6. Let f:1 — R be a twice differentiable function on I° such that
/" € Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) > 0. If |f"|P is an s-
Godunova-Levin-Dragomir preinvex function, where s € (0,1) and 11—7—1-5 =1, p>1,
then

9n’(b,a) (1—p( 2¢)+¢>% <|f"<a>q+f”<b>q>?

|Ty(a, by 0, 95m)] < 2(0+9) ato e

Proof. The proof directly follows from the proof of Theorem 5. [

THEOREM 7. Let f:1 — R be a twice differentiable function on I° such that
f" € Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) > 0. If |f"|7 is an s-
Breckner preinvex function, where s € [0,1] and q > 1, then

¢>n2(b,a>< o
2(a+¢) \o+¢
where Y (a, ) is given by (11).

-7 1 1
Ty b i) < ) Wi (@,0) (1 @17+ F B)7)
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Proof. Utilizing Lemma 3, property of modulus, power mean’s inequality, and the
fact that |f”]? is an s-Breckner preinvex function, then we have

}Tfab-a o:n)|

1
_ a+¢ / to (L= 0)e T (a+ 1 (b,a))de

0
1

< ¢+1 1—¢ %H dr

OC—|—¢ (0/ ) )

x /(l—m“—(l—t)%H)|f”(a+tn(b7a))|qdf
0

1
I=3

2(a+¢
_¢n2(b,a>< o )1‘5
C2(a+0) \a+o

l ¢ o /! 1/ q
8 (LH S a+¢s+2¢ _B<$+2’S+l>} (" @ +1s (b)q]>
This completes the proof. [

2(pa =g
PLRG ))<(x(j—¢) /1 —08 T (1) 8 [(1=0)°| " (@)1 " (b)) i
0

1

THEOREM 8. Let f:1 — R be a twice differentiable function on I° such that
f" € Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) > 0. If |f"|7 is an s-
Godunova-Levin-Dragomir preinvex function, where s € (0,1) and g > 1, then

2(p =3 1 1
Tabicoim] < SLED (L) a0 (7@ + 0

where yr(a., ) is given by (12).
Proof. The proof directly follows from the proof of Theorem 7. [

THEOREM 9. Let f:1 — R be a twice differentiable function on I° such that
f" € Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) > 0. If |f"|7 is an s-
Breckner preinvex function, where s € [0,1] and q > 1, then

on?(b,a)

At ) ¥ (@0 (7 @+ b)),

|Ty(a,bs0,0:m)| <

where

o1 o S
1//3(057¢).—S+1 B<q<¢+l)+l7s+l> o S—— (13)
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Proof. Utilizing Lemma 3, property of modulus, Holder’s inequality, and the fact
that |f”|? is an s-Breckner preinvex function, then we have

|Ty(a,b;00,¢:m)|

1
- a+¢‘/ =03 (@t m (b,a)) dr

0
( 1

< 1dt
o |/
+¢ ;

x /(1—m“—(1—z)%“)’f}f”(a+tn(b7a))}"dt

P

Q=

— (1=t DY [(1 =2 " (@) + 2| £ (B)]9]

o 0
(q (5“) H’s“) T gt g0+ 19

1

1
OH—(Z) 0/
[s—i—l

OH—(Z) (

< [If" (@) + If”(b)lq]>

This completes the proof. [l

THEOREM 10. Let f:1 — R be a twice differentiable function on I° such that
f" € Lla,a+n(b,a)], where a,a+n(b,a) € I with n(b,a) > 0. If |f"| is an s-
Godunova-Levin-Dragomir preinvex function, where s € (0,1) and q > 1, then

on?(b,a)

gy Vi (0. 0) (@17 0))

Ty(a, b, ¢5m)| <
where

V/4((xv q)) =

1 o 0
l—s_B<q<$+l)+1’1_s>_—qa+q¢—s¢+¢' (14)

Proof. The proof directly follows from the proof of Theorem 9. [

Conclusion. First, we have obtained some new ¢ -fractional estimates for the
Hermite-Hadamard type inequality via different classes of preinvex functions. Then, we
have derived two new ¢ -analogues of fractional integral identities via once and twice
differentiable functions. Utilizing the identity for twice differentiable functions we then
established some new inequalities of Hermite-Hadamard type via twice differentiable
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s-Breckner and s-Godunova-Levin-Dragomir preinvex functions. It is expected that
this paper may stimulate further research in this area.
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