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Abstract. This paper is devoted to the study of a Riemann-Liouville fractional boundary value
problem on an unbounded inteval. The problem is assumed to be at resonance and the boundary
conditions are of nonlocal type. We obtain some existence results for the maximal and minimal
solutions by means of a fixed point theorem for an increasing operator and lower and upper
solutions.

1. Introduction

In this paper, we are concerned with the existence of solutions for the following
boundary value problem (P) at resonance

DIx(t) = f(t,x(1)), 1€ (0,),

I5:%x(0) =0, Df;'x(e) =D "'x(0),

where Dg . denotes the Riemann-Liouville fractional derivative of order ¢, 1 < g <2
and f:[0,0) x R — R, is a given function satisfying some conditions that will be
specified here after. We prove the existence of maximal and minimal positive solutions
for problem (P) by means of a fixed point theorem for an increasing operator and lower
and upper solutions. Since the equation Lx = Dg+x = 0 together with the boundary
conditions has nontrivial solutions, then problem (P) is at resonance.

Similar boundary value problems at resonance for ordinary and fractional differ-
ential equations have been studied recently in [3], [4], [7], [8]-[10], [14], [18], [20] by
using coincidence degree theory due to Mawhin.

Different from these works, we will focus on the existence of maximal and mini-
mal positive solutions, between the so called upper and lower solutions for the problem
(P) on the half-line.

Fixed point theorems are an important tool in the study of differential equations, in
particular the fixed point theorem for increasing operators has been used to investigate
some boundary value problems, see [1], [2], [6], [15], [18], [20].
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However, few papers in literature are devoted to the existence of solutions of frac-
tional differential equations on the half-line [1], [3], [9], [10], [1 1], [14], [17], [19].

This paper is organized as follows. In Section 2, we give some necessary notations,
definitions and lemmas. In Section 3, we study the existence of maximal and minimal
positive solutions between the lower and upper solutions of problem (P), by a fixed
point theorem for an increasing operator.

2. Preliminaries

We recall the definitions of Riemann-Liouville fractional derivative and Riemann-
Liouville fractional integral, that we can find their properties in [13].

DEFINITION 1. The Riemann-Liouville fractional integral of order p > 0 of a
function g € L;(0,) is given by

17 g(t) = F(lp) /O t i f(ss))lpds, ae. 1€ (0,00).

DEFINITION 2. The Riemann-Liouville fractional derivative of order p > 0 of a
function g € AC™[0,b] for a certain b > 0 is given by

where n = [p]+ 1, ([p] is the integer part of p) and
AC"[0,0] = {g e 10,5],8" Y € AC [o,b]}

with AC|0,b] denotes the space of absolutely continuous functions on the interval
[0,5].

LEMMA 1. The homogenous fractional differential equation DZ+ g(t)=0 hasa
solution

gt)= it N et b e
where, c; ER, i=1,...,n and n=[q]+ 1.

Now we give some concepts from coincidence degree theory [16].

Let X and Y be two real Banach spaces and let L : domL C X — Y be a linear oper-
ator which is a Fredholm map of index zero. Define the continuous projections P and Q
respectively by P: X — X, Q:Y — Y such that ImP =kerL, kerQ =ImL. Then X =
kerL@kerP and Y = ImL®ImQ, thus L |yomrkerp :domLNker P — ImL is invertible.
Denote its inverse by Kp. There exists an isomorphism J : ImQ — kerL. It is known
that the coincidence equation Lx = Nx is equivalentto x = (P+JON + K,(I — Q)N ) x,

furthermore P+ JON +K,(I— Q)N = (L+J"'P) "' (N+J'P).
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Let (X,].||) be a real Banach space. A closed convex set K in X is called a cone
if AK CK forall A >0 and KN{—K} = {6}, where 6 denotes the zero element of
X. The real Banach space (X, ||.||) is said partially ordered by a cone K of X, if

x,yeX, xy&sy—xek.

DEFINITION 3. A cone K in a Banach space (X,||.||) is called normal if there
exists a constant N > 0, such that 8 < x <y implies ||x|| < N|ly]|.

DEFINITION 4. Let D C X. An operator A : D — X is said to be increasing if
x,y€D, x Xy=Ax X Ay.
In view of Theorem 2.1.1 in [6], it is easy to obtain the following result.

THEOREM 1. Let K be a normal cone in a Banach space X and let ug,vy € X,
uo < vo and A : [ug,vo] — X be an increasing operator such that : uy < Aug, Avg < vp.
If the operator A is completely continuous, then A has a maximal fixed point x* and
a minimal fixed point x, in [ug,vo|, moreover x* = limy_ e vy, Xx = lim,_etty,, where
Up =Auy_1, vy =Av,_1, n=1,2,3..., and

Uy U S w2 .2, 2 2y, 22Xy =Xy 2.

We need the following compactness criteria:

THEOREM 2. [5] Let Coo = {y € C([0,+2)), lim;_ooy () exists} equipped with
the norm ||y||.. = sup;cpo o) |y (t)|. Let F C Cw. Then F is relatively compact if the
following conditions hold:

(1) F is bounded in Cw.

(2) The functions from F are equicontinuous on any compact sub-interval of
[0,00), that is, for any y € F and for any t1,t; € [0,T], t; <ty with T > 0, we have
y(t1) =y(r2)] =0, as 1 — 1.

(3) The functions from F are equiconvergent at +oo, that is, for any € > 0, there
existsa T =T (&) >0 such that, |y(t) —limy_ey(t)| <€ forallt 2T and y € F.

3. Main results
Let us define the function space that will be used in the sequel. Let X be the space
X = {x € C([0,42)), D17 x € C([0,420)), I27%x(0) =0
tli_{ge_tx (t) and }L%Dgilx(t) exist}

endowed with the norm [|x|| = sup,~ge™ |x(¢)| + sup,>g

D ()]

LEMMA 2. The normed space (X,||.||) is a Banach space.
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Proof. Let (x,) be a Cauchy sequence in X and denote X, (t) = ¢ 'x,(¢) for
t € [0,+00). Since ||xy —Xm| = [|%n —Fnll.. + HDO+ Xa— Dy me then (%,) and
(Dg+ x,,) are Cauchy sequences in the Banach space C.. defined in Theorem 2. Con-
sequently X, — X and DJ 'y, — y in C.., from which yields x, (t) — x (1) = €'x (1)

and Dq+ Xn (1) = y (1), 1 €[0,+e0). Since I’} o+ %, (0) =0, then

-2
197'DL o, (1) = [x,, (1) — %I@ % (0)] =xa(t) = 10y ().

Hence x (1) =1, 'y ! (t) and consequently D7, x( ) = y(¢). This shows that x, — x in
X . The proof is complete. []

Let Y = L'[0,+0) with the norm [[y||; = [, " |y(¢)|d?. Define the operator L :
domLCX —Y by Lx= Dg+x, where
domL = {x € X, Dq+ x € AC|0,b] forall b > 0,

L7%(0) =0, DI 'x(e0) = DI (0) } C X,

then L maps domL into Y. Let N : X — Y be the operator Nx (1) = f (¢,x(t)), t €
[0,4oc0). The problem (P) can be written as Lx = Nx. Define the linear projections P
and Q as

pety= 85Ot o= s

By computations, we obtain

kerL = {x € domL: x(t) =at" ' acR, t € [0,00) }.

ImL:{yGY:/Owy(s)dSZO}.

From here, we conclude that the operator L : domL C X — Y is a Fredholm operator
of index zero. In addition, the generalized inverse Kp of L is given by

and its image

Ky (t) =1I8,y(t), y€ImL.

Set J : ImQ — kerL the linear isomorphism given by J (ct9'e™") = ct9!, for any
ceR, t>0.

LEMMA 3. The cone
K:{xeX,x() 0, DI x()>o,te[o,oo)}.

is normal in X .
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Proof. Let x,y € K, be such that x <y. Since y—x € K, then e "y (t) > e "x(t)

and Dg;ly(t) > Dg;lx(t% t €]0,0). Hence

supe 'y (t)+ sungily (t) = supe 'x(t)+ sungIIx (1)
>0 >0 >0 >0

that is ||x|| < N||y|| where the normal constant of K is N=1. O

The operator L+J'P: KNdomL — Ky = (L+J~'P) (KNdomlL) is a linear
bijection with bounded inverse. From [6], K| is a cone in ¥ and we have the following
Lemma:

LEMMA 4. [6] The following two assertions are equivalent:
i) A=P+JON+K,(I — Q)N maps KNdomL to KNdomL.
ii) (N-+J7'P) maps KNdomL into Ky = (L+J'P) (KNdomL).

Define the lower and upper solutions for problem (P) by

DEFINITION 5. [5] Let K be a normal cone in a Banach space X, uy < vg, and
up, vo € KNdom (L) are said to be coupled of lower and upper solutions of the equation
Lu = Nu if Lug < Nugy and Lvg > Nvy.

Now we give the main result.

THEOREM 3. Let ugy, vo € KNdom (L) be a coupled of lower and upper solutions
of problem (P) such that uy < vg. Assume that the following conditions are satisfied:

(Hy) There exist nonnegative functions o, 3 € L' [0,0), such that for all x € R,
t € [0,00), we have

flt.x) <e o (r)[x[+ B (r).

(H») The function f is increasing according to the second variable, i.e., if x <y
then f(tvx) < f(t7y),f07‘ X,y € Rv re [Ovoo)

Then, the problem (P) has at least a maximal solution x* and a minimal solution x,
in [ug,vo]. Moreover x* = limy,_,e vy, Xy = limy_eottyy, where u, = Auy, 1, vy = Avy_y,
n=1273..., with A=P+JON+K,(I—Q)N, and

ug U S w2 2, 2 2y, 2 2y =Xy 2.

REMARK 1. Since the coincidence equation Lx = Nx is equivalent to x = Ax,
where A =P +JON +K,(I — Q)N = (L+J*1P)*l (N+J7'P), then the maximal
and minimal fixed points of A in [ug,vo| are the maximal and a minimal solutions
in [ug,vo] of problem (P). Consequently to prove Theorem 3, it suffices to prove that
all hypotheses of Theorem 1 are satisfied.

Proof of Theorem 3. The proof will be done in some steps.

Step 1. The operator A is completely continuous. Let Q = B(0,r), then by con-
dition (H ), we can see that N () and K,(/ — Q)N (Q) are bounded. So, P+ JON is
completely continuous. In view of the compactness criteria theorem, we need only to
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prove that K,(I — Q)N (Q) and D}, Y(Kp (I— Q)N) (Q) are equicontinuous on every
compact subinterval of [0,%) and equiconvergent at infinity. In fact, for any x € Q,
and any 1,1, € [0,T], 1 <1, with T > 0, we have

|e™" (Kp (I — Q)Nx) (1) — e " (Kp (I — Q) Nx) (2)|
/ % (e Kp (1— Q)Nx(s)) ds

3l

[/ le *Kp (I — Q)Nx(s |ds+/ ’ Iy Y- Q)Nx(s)’ds} —0, ast) — 1.

On the other hand we have

D4 (Ke (1= Q)N) (1) = D§ " (K (1= Q) V) (1)

/(:l (- Q)Nx(s)ds—/otz (I— Q) Nx(s)ds

)
g/ (1= Q)Nx(s)|ds — 0, ast — 1.
3l

So Kp(I—Q)N (Q) and DI~ (Kp (I Q)N) (Q) are equicontinuous on every com-
pact subinterval of [0,).

In addition, Kp (I — Q)N (Q) and DI~ (Kp (I — Q)N) (Q) are equiconvergent at
infinity. In fact, from condition (H ), it yields

11— Q) Nx||; <b,
where b =2(r|c||; + ||B]];) . Consequently

» 1o B
e (K, (1— Q)Nx) ()] < W/Oe (t— )" (1= Q) Nx (s)| ds

be a1
I'(q)

— 0, ast — oo

and
D4 (Ky (1= Q)N) () — lim DY (K, (1= Q)N) (1)

= /Ot (I—Q)Nx(s)ds—/ow (I—Q)Nx(s)ds

< / (1= Q) Nx(s)| ds — 0, as t — oo,
t

thus Kp (I— Q)N (Q) and Dy Y(Kp(I—Q)N) (Q) are equiconvergent at infinity.
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Step 2. A maps K NdomL to K NdomL. In fact, let x € K NdomL, then

DY 'x(0)
Ax(t) = Px(t) +JONx(t) + K,(I — Q)Nx (1) = “T@

e ([ rtxnas) + s [ =9 )

ST (ffu=srtortemas) ([ resatnas).

Taking the following estimates into account

_m (/0’ (t_s)qlsqle‘ds> = - [l"t(Zq;f (/Ows‘ile‘ds> = —%

we see that

141

Step 3. A is an increasing operator and ug = Aug, Avg = vo. Indeed, since Lug <
Nug, then

(L+T""P)ug < (N+J'P) ug,
that implies
up < (L+J7'P) " (N+J7'P)ug
i.e. ug = Aug. Similarly, we prove Avy < vg.

Now, to prove that A= (L+J~'P) ! (N +J7'P) isincreasing, it suffices to prove
that both operators (L+J _IP)f1 and N +J P are increasing. Let x,y € [ug vo] C
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K NdomL be such that x < y. Using condition (H;) and the fact that y —x € K, we get

[(N+J7'P)y] (t) — [(N+JT7'P)x] (1)

B DLy ., - DL 'x(0)

= f(t7y(t))+7r(q) 117 f(t,x(t))+7r(q) 117 e
-1 1 (a1t

= [ty O) = £ (1x(1) + (Df: 'y (0) = DY ' (0)) T >0

which implies N +J~!'P is increasing. From step 2 and Lemma 4, we conclude that
(N-+J7'P) maps K NdomL into the cone K, thus the linear operator (L -+ J’IP)_1
maps the cone K| into the cone K. Hence (L+J'P) ! is increasing, this implies that
A= (L+J7'P)"  (N+J7'P) : KNdomL — K is increasing.

From the previous steps, we conclude that the operator A is completely continu-
ous, increasing and ug < Aug, Avp < vo. By Theorem 1, we deduce that A has a max-
imal fixed point x* and a minimal fixed point x. in [ug, o], such that x* = lim,_. vy
and x, = lim,—.u,, where the monotone sequences (u,) and (v,) are defined by
Up =Au,_1, vp =Av,_1, n=1,2,3..., and

uo 2 up 2up =X R up 2L 2y X 2y =Xy 2.

The proof is complete. [
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