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ADDENDUM TO “SOME DISCRETE FRACTIONAL LYAPUNOV-TYPE
INEQUALITIES” [FRACT. DIFFER. CALC. 5 (2015), NO. 1, 87-92]

RUI A. C. FERREIRA

(Communicated by M. Kirane)

Abstract. We provide here some clarifications regarding the main results obtained in [R. A. C.
Ferreira, Some Discrete Fractional Lyapunov-type inequalities, Fract. Differ. Calc. 5 (2015),
no. 1, 87-92.].

1. The addendum

In 2015 the author presented a Lyapunov-type inequality, considering a boundary
value problem depending on the discrete fractional Riemann—Liouville derivative. It
reads as follows:

THEOREM 1. [1, Theorem 3.1] If the following discrete fractional boundary value
problem

(A“Y) () +qt+o—1)yt+a—1)=0, t€[0,b+1]y, l<a<2 (1)
ye—=2)=0=y(a+b+1), 2)

has a nontrivial solution, then

£ T(b+o+2)I2(L+2) -
—1 4T
ZE)‘CI(H—OC )| > 4T (o) (b +20) (01228 + )T (b +3)’ if biseven, (3)
" S 2(b43
S - T(b+a+2)T2(53)
ZE)\CI(S+05 1)‘>r(a)1“2(b2il+a)l"(b+3)’ if b is odd. (4)

It has been noticed though that (3) and (4) might be equalities. In fact we may
prove the following:

PROPOSITION 1. Suppose that the BVP (1)—(2) has a nontrivial solution. Let
M =max o cla—1,a+bly L X[0b+ 1, G(t,s), where G is the Green function for (1)—(2)
(see the details in [1]). Then,
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1. If b is even, g(s+o—1)=0 Vs € [0,b+ 1]y
points %’,%—l—l} if and only if

, except in only one of the two

b+1

1=MY |q(s+o—1);
s=0

2. Ifbisodd, g(s+a—1)=0 Vs € [0,b+ 1)y, \{ 2L} if and only if

b+1

1=MY |q(s+oa—1)|.
5s=0

REMARK 1. We note that the condition 1 =M ¥”*} |g(s+ & — 1)| in Proposition
1 means that the conditions in (3) and (4) are actually equalities, respectively. That is
due to the analysis done in [1, Section 3.1] where it is shown that
_ 1 (bR20)(b+2)T2(+ )T (h+3)
T4 T(o)D(b+o+2)I2(5+2)

1. M:G(%+(x—l,%) ,if b is even;

2. M=G(% to-1,2) = ﬁ%w,ifb is odd.

Proof of Proposition 1. We will prove 1., being the proof of 2. analogous. We
know from the previous Remark that M = G (% +a—1, %) . Moreover, we also know
from [1] that M = G (% + o, % + 1) and there are no other points where G reaches its
maximum.

Suppose firstly that g(s+a —1) =0 Vs € [0,b+ 1]y, except in only one of the
two points { %, ’% +1}. We assume that q(% + a—1) # 0 (the other case is analogous).

Then (see the proof of [1, Theorem 3.1]),
b+1 b b b

y(t) = zG(t,s)q(s-Hx—l)y(s—i—oc—1):G<t7§>q<§+a—l)y<§+a—l>7
s=0

for all . Certainly y (5 + a— 1) # 0 otherwise y would be the trivial solution. Hence,

ot (b ) w3

Suppose now that there exists a s* different from % and % + 1 such that g(s* +
o —1)#0. Then,

NOIESEEEDY lq(s + o= D)[lIyll + G(r,57)|q(s" + o = D[ [y(s" + o = 1)].
SE[O,b+1]N0\{s*}

Since 0 < G(t,s*) < M for all r different from o —2 and o+ b+ 1 (this is just to
assure that G is not zero) we finally conclude that

bl
1<M) |g(s+a—1). O
5s=0

The correct version of the discrete fractional Lyapunov inequality is the following:
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THEOREM 2. [fthe following discrete fractional boundary value problem

(A%Y) () +qt+a—1)y(t+a—1)=0, r€[0,b+1]y,, | <o <2
yoe—=2)=0=y(oc+b+1),

has a nontrivial solution, then

or

AR T(b+a+2)I* (542
Y lg(s+o—1)| >4 (ax) (bt o+ )b(2+ ) , if b is even,
= (b+20)(b+2)T2(5+ ) (b +3)

s T(b+o+2)I2(23

Y la(s+a—1)] > T(a) ( :H O ),ifbisodd.

= (5= +a)l'(b+3)

Equality happens within the conditions provided in Proposition 1.

REMARK 2. Similar results were obtained for a right-focal fractional BVP in [1].

The same remarks made here for the conjugate BVP also applies to the right-focal BVP
with the corresponding necessary changes.
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