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Abstract. In this article we establish the variant of Hardy-type and refined Hardy-type inequal-
ities for a generalized Riemann-Liouville fractional integral operator and Riemann-Liouville
k-fractional integral operator using convex and monotone convex functions. We also discuss one
dimensional cases of our related results. As special cases of our general results we obtain the
consequences of Igbal et al. [11]. We also obtained exponentially convex linear functionals for
the generalized fractional integral operators. Moreover, it includes Cauchy means for the above
mentioned operators.

1. Introduction

The subject of fractional calculus achieve a significant popularity during last few
decades due to its demonstrated applications in the fields of science and engineering. It
provide several potentially useful tools for solving differential and integral equations.
Now a days the applications of fractional calculus include fluid flow, rheology, dynami-
cal processes in self-similar and porous structures, diffusive transport akin to diffusion,
electrical networks, probability and statistics, control theory of dynamical systems,
Optics and signal processing, and so on. Many mathematician originate Hardy-type
inequalities for different fractional order integrals and derivatives.

The general theory for the Hardy-type inequalities attracted the scientists a long
time, see e.g., the books ([19], [17]). One reason is that such inequalities has many
useful applications like to stable the degenerate stationary waves (see [15]). It catches
the attention of many mathematicians and they furnish interesting generalizations and
improvements of such inequalities. Ciimeéija, Kruli¢ Himmelreich, Pecari¢, Igbal,
Samraiz and Persson ([5], [2], [18], [1], [12], [8]) has studied a lot of Hardy-type in-
equalities which is an incredible contribution in theory of inequalities. But our purpose
is to present such type of inequalities for generalized Riemann-Loiouville fractional
integral operators via convex and monotone convex functions.

The first definition is presented in [22].
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DEFINITION 1. Let I be an interval in R. A function @ : I — R is called convex
if
DO(Ax+(1-2A)y) SAD(x)+ (1 —-21)D(y), (1)

for all points x,y € I and all A € [0,1]. The function @ is strictly convex if inequality
(1) holds strictly for all distinct points in 7 and A € (0, 1).

The generalized L, space givenin [21] is defined as follows:

DEFINITION 2. A space L ,[a,b] is defined as a space of continuous real valued
functions A(y) on [a,b], such that

b 1
P
([ moryar)” <=

where 1 < p <o, and r > 0. Specially for r=0, p=1, L, /[a,b] = L;[a,b].

Next we give the well known definition of Riemann-Liouville fractional integrals,
(see [16]).

DEFINITION 3. Let [a,b] be a finite interval on R. The left and right sided Riemann-
Liouville fractional integrals I% f and I} f of order & > 0 are defined as:

X

1) = gy [ =) 0y x>

and
b

1 ~1
Iy f(x) = m/(y—x)a F)dy, x<b,
X
respectively. Here I" represents Gamma function.

DEFINITION 4. Let @ : I — R be a convex function, then the sub-differential of
@ in x is denoted by d®(x) and is defined as:

d®(x) = {y € R: y is the slope of a support line at x }.

Let (Z1,Q1,11) and (X5, 1) be measure spaces with positive o -finite mea-
sures and U (f,k) denote the class of functions g : ; — R with the representation

/kxt D)

and A; be an integral operator defined by

Af(x) = / (O)da (1), @)

.X
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where k£ : Q) x Qr — R is a measurable and non-negative kernel, f:Q, — R is a
measurable function and

0<K(x /kxtd[.tz() x€ Q. 3)

2

The following theorem is given in [18].

THEOREM 1. Let (Q,%1, 1) and (Q3,%5,Up) be measure spaces with positive
O -finite measures, u be a weight function on Q1, k a non-negative measurable kernel
on Q1 x Qp, and K be defined on Q1 by (3). Suppose K(x) > 0 for all x € Qq, that
the function x — u(x) klg(c;f)) is integrable on Q| for each t € Q, and that v is defined

on Ly by

)= [ ",ﬁ(’)’ i (x) < o @

If ® is a convex function on the interval I C R, then the inequality

[uto@s () dux) < [voe(so) ) )

Q Q)

1

holds for all measurable function f: Qo — R, such that Imf C I, where Ay is defined
by (2).

Substitute k(x,7) by k(x,7)f2(z) and f by 4 f‘ , where f;: Qy — R, (i=1,2) are
measurable functions in Theorem 1, we obtain the followmg result presented in [9].

THEOREM 2. Let (1,21, 1) and (£p,%), ) be measure spaces with © -finite
measures, u be a weight function on Qy, k a non-negative measurable kernel on Q| x
Q). Assume that the function x — u(x) % is integrable on Q| for each fixed t € ;.

Define p on ) by

k(x,t)
82(x)

dpiy (x) <eo.

ple) = £2(0) [ ux)

1

If ®:1— R is a convex function and Z;gg % € I, then the inequality

Q/lu(X)q) (i;g;)dul(x) <Q/p(t)d> (28) din (1) 6)

2

holds for all g; € U(f;,k), (i =1,2) and for all measurable function f;: €y — R,
(i=1,2).

REMARK 1. If @ is strictly convex on / and % is non-constant, then the in-
equality given in (6) is strict.
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New refined general weighted Hardy-type inequality with a non-negative kernel
and related to an arbitrary convex function is given in the following theorem (see [4]).

THEOREM 3. Let the assumptions of Theorem 1 be satisfied. Moreover, if ®@ is a
convex function on an interval I CR and ¢ : I — R is any function, such that ¢(x) €
®(x) for all x € Intl, then the inequality

[0 dus o) - / () DA () dpts (2

Q)

K’; / 0110/ (1) ~ DA/ ()]

= [@(Arf ()] 1f(t) = Aef (X)| | dpia (1) d i (x)
holds for all measurable function f: € — R.

If ® is a monotone convex function on an interval I C R, then the inequality

[r0@ () dusle) ~ [ux)Af ) dun )

Q) Q

. / 112((?) / sgn(f(0) = Acf (0)k(x,0) [@(£(1)) — DAS (x))

Q Q)

QARSI - (1) = Acf ()] dpar) dpua ()] ()

holds for all measurable function f:Qy — R, where Ay f is defined by (2).
If ¢ is a non-negative monotone concave function, then the order of the terms on
left hand side of (7) is reversed.

In the following theorem, we give a refinement of a Hardy—type inequality ob-
tained by S. Kaijser et al. in [13].

THEOREM 4. Let u: (0,b) — R be a weight function such that the functions x —

@ . % are integrable on (t,b) for each fixed t € (0,b), and let the function w :

(0,b) — R be defined by
b
t/ k(x,t
K@) "

t
where 0 < b < e and k: (0,b) x (0,b) — R be a non-negative measurable function,
such that

K(x) = /k(m) dt >0, xe(0,b).
0
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If © is a convex function on an interval [ CR and ¢ : I — R is such that ¢(x) € dP(x)
for all x € Intl, then the inequality

b b
[woten S - [uwomen S
0 0

k(x,0). ||@(f(2)) = P(AkS (X)) = [@(Arf (x))]

WV
o o
x| =
==
o .

<l -afella s ®

holds for all measurable function f: (0,b) — R with values in I, where Ay f is defined
by

Acf(x) = ﬁ / k(e ) £(0) dt, x € (0,).
0

If the function ® is concave, the order of integrals on the left-hand side of (8) is
reversed. If @ is a monotone convex on the interval I C R, then the following inequality

() (Acf () 2

o
=
s

S
=
=

| &
I
O\w

sgn(f (1) = Axf (x))k(x, 1) | D(f(2) — P(ArSf (x))

WV
O\U‘
x| =
==
S

QAL (/1) = Acf (x))| e d_

holds for all measurable function f: (0,b) — R with values in I.

Next mean value theorem is given in [6] which involve functions of the space
C?(I) i.e., the functions having continuous derivatives up to order 2 over the set I.

THEOREM 5. Let (Q1,%1,11), (Q2,%, lp) be measure spaces with o -finite mea-
sures and u: Q1 — R be a weight function. Let I be compact interval of R, h € C*(I),
and f:Qy — R a measurable function. Then there exists N € I such that

[y OO duale) ~ [ A () dp )

Q) Q

=8| [y 0dim® - [uo ) dime) |

O o

where Arf and v are defined by (2) and (4) respectively.
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2. Exponential convexity

We continue with the definition of exponentially convex function as originally
given by Bernstein in [3].

DEFINITION 5. A function ®@: (a,b) — R is exponentially convex if it is contin-
uous and

n
2 t,-tjd)(x,- +Xj) >0,
=1

forall n € N and all sequences (#,),en and (x,),en of real numbers, such that x; +x; €
(a,b), 1 <i,j<n.

LEMMA 1. Let s € R and let the function @g: (0,00) — R be defined by
\(\xsfl)a s 7& 07 17
¢s(x) =4 —logx, s=0, )
xlogx, s=1.
Then @!'(x) =x*72, that is @y is a convex function.

The upcoming theorem is presented in [6].

THEOREM 6. Let the conditions of Theorem 1 be satisfied and @5 be defined by
(9). Let f be a positive function. Then the function & : R — [0, ) defined by

E6) = [vOR(FO)duale) ~ [ux)gAnf(0)dp ()
Q, Q

is exponentially convex.

THEOREM 7. Let the conditions of Theorem 5 be satisfied. Moreover, §,h € C*(I)
such that b (x) # 0 for every x € I and

[r 0RO i) ~ [uto R @) ) £ 0.
Q) Q
Then there exists M € I such that

Jv@) §(f (1) dpa(t) = [ u(x) §(Arf (x)) dpni (x)

g e o
W)~ TVOR@) dread) — [l ) s ()

holds.
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By considering the positive difference of inequality (5), we define the following
positive linear functional:

(@) = [vO®(F(1) dpale) ~ [ )P (Aif () dpt (). (10)
Q, Q

We also define a linear functional by taking the positive difference of the left-hand side
and right-hand side of the inequality (6) given in Theorem 2 as:

_ (@) R R0 N
po(@) Q/pmcb( )du()g{()d)( )dul() (1

fa(t) g2(x)

2

First, we give some necessary details about the divided differences. Let I C R be
an interval and f : I — R be a function. Then for distinct points z; € I, i =0,1,2, the
divided differences of first and second order are defined by:

f(ziv1) = f(z)
Ti+1 —Zi

[z1,22: f] — [20, 215 f]
2—20 .
The values of the divided differences are independent of the order of points zg,z1,22
and may be extended to include the cases when some or all points are equal, that is

20,20 f] zz}ijgo[Zo,Zl;ﬂ = f'(z0),

[Zi7Zi+1;ﬂ: (i:071)7

[z0,21,20: f] = (12)

provided that f” exists.
Now passing through the limit z; — zo and replacing z by z in (12), we have

f(z) = f(z0) — (z—20)f"(20)

20,20,z ] = lim [z0,21,2: f] = 5 2 # 20,
A= (z—20)
provided that f exists. Also passing to the limit z; — z (i =0,1,2) in (12), we have
["(2)

2,2,2 f] =gii3[10,Z1,zz;f] ="
provided that f” exists.

One can observe that if for all z9,z; € 1, [z0,21,f] = 0, then f is increasing on 1
and if for all z,z1,22 €1, [z0,21,22; f] = 0, then f is convex on /.

Next, we recall the notion of n-exponential convexity given in [24].

DEFINITION 6. For any open interval / of R the function @ : I — R is n-expo-
nentially convex in the Jensen sense on [ if

$ o <cz+c,) N

i,j=1
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holds for all choicesof , €R, §;el, i=1,...,n
A function @ : I — R is n-exponentially convex on [ if it is n-exponentially
convex in the Jensen sense and continuous on /.

The following theorem is given in [10].

THEOREM 8. Let I' = {®, : p € J} be a family of functions defined on I, such
that the function p — [z0,21,22;®@)| is n-exponentially convex in the Jensen sense on
J for every three distinct points zo, 21,22 € I. Let A; (i = 1,2) be linear functionals
defined by (10), (11). Then the function p — Ai(®),) (i =1,2) is n-exponentially
convex in the Jensen sense on J, if it is continuous on J.

The rest of the paper is planned in the following way: In Section 3, we prove new
Hardy-type inequalities and their refinements involving generalized Riemann-Liouville
fractional integral operator. Section 4 deals with Hardy-type, refined Hardy-type in-
equalities for generalized k-Riemann-Liouville fractional integral operator. In each
section, we originate the results regarding Cauchy means and exponentially convex lin-
ear functionals.

3. Results for generalized Riemann-Liouville fractional integral operator

In this section, first we give the definition of generalized Riemann-Liouville frac-
tional integral operator presented in [14].

DEFINITION 7. Let o > 0, a > 0 and r # —1, be real numbers and let f €
Ly ;|a,b]. Then the generalized Riemann-Liouville fract10nal integral 12" is defined by

%/(X‘F‘rl _trJrl)(chltrf(t)dt7 xe (a,b). (13)

a

12 =

We note that if » — —17 the integral operator (13) reduces to the famous Hadamard
fractional integral:

TV S NS A W0
o f(x)—W/Oog;) Flar. (14)

a

THEOREM 9. Let f € Ly /[a,b] such that r # —1, a > 0. Suppose u is a weight
% 1 r l 1
Sunction on (a,b) and that a function x — o(r+ I)MI u(x) is integrable on

(a,b) foreach t € (a,b) the weight function s is defined by

b

r+l trJrl)
s(t) r+1t/u er PRy dx<oo. (15)
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If @ is a convex function on the interval I C R, then the inequality

b x b

/ u(x)® % / W — e e | dx < / s()®(f(1))dt (16)

a a a

holds for all measurable function f : (a,b) — R.

Proof. Applying Theorem 1 with Q) = Qy = (a,b), duy(x) =dx, duy(t) =

5 D'l rrlya-1,r )
)= Mo & )T SISy (17)
0, x<t<b,
we get
9 1
K — r+1 _ _r+lyo 18
= rarnerne® ¢ (18)
and the integral operator Ay f(x) takes the form
~ _ OC(V+ 1) [ r+1 r+Ia—1_r
Af(x) = m/(x =17 f (), 19)

a

we get inequality (16). [

COROLLARY 1. In particular if r — —1 and a > 0 in Theorem 9, we get

b oo—1
5(1) = %/u(x)%dx

X
J (log%)
and the inequality (16) reduces to
b 1 b
log? t
/ ux)® | o / %&m dx < / S()D(f(1))dr.
) J (logg)” ;
THEOREM 10. Let u be a weight function defined on (a,b), I;"" be the general-

ized Riemann-Liouville fractional integral operator of order o > O, a>0andr+#—1.

(Xr+1_tr+1)or—1
I f2(x)

t € (a,b) the weight function q(t) is defined by

Assume that the function x — u(x) is integrable on (a,b), then for each

b

1 r+1 r+1yo—1
qt) = ——— (r—|— /u a,t ) dx < oo.
12" f2(x)
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If ®:1— R is a convex function and

LA file) j j
) R € I, then the inequality

b b
127" fi(x) @)
0o (i ) << f oo (353 o .
holds for all measurable function f;: (a,b) — R, (i=1,2).

Proof. Applying Theorem 2 with Q; = Q; = (a,b), d(x) =dx, du(1) = dt,
gi(x) =13 fi(x), i = 1,2 and k(x,t) givenin (17), we get inequality (20). [
COROLLARY 2. In particular if we choose r — —1 in Theorem 10, we get

b

N S 105 u(x) x\ o1
Q(t)—r(a) ; 1/137_1+f2(x) <10g;> dx

and the inequality (20) takes the form

fooo (7AW, ] (0
/u(x)q> Y ) ax< /q(r)@ (—) dr.
) I ) ) f2(t)

In next theorem we give the refinement of Theorem 10.

THEOREM 11. Let the assumptions of Theorem 9 be satisfied. Moreover, if ®
is a convex function on an interval I CR and ¢ : I — R is any function, such that
©(x) € d®(x) forall x € Intl, then the inequality

b b x
/ S()D(f(1))dr — / u(x)® % / = i | d

a a

b X
o(r+1) _
> /u(x)m/(xr+l _tr+1)a ltr

a

Q

Q1) -0 | i [0 =

a

X

ar+1) [ et
— o m/<x+l_t+l) ll f(l)dl
ar+1) |
x f(t)—m/(x’“—t’“)“*lt’f(z)dt didx @1)

a

holds for all measurable function f : (a,b) — R.
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If @ is a monotone convex function on an interval I C R, then the inequality

b b X
/ () (f(1))di — / u(x)® % / = YE 1 oy | d
b X X
> /u(x)%/sgn (f(t) - %/(ﬂﬂ _tr+1)a1t’f(t)dt>

o)~ | A [ et

a

% (xr+l _ tr+1)a71tr

o(r+1 [ r r —1,r
— | m/(x+l_t+l)a lt f(t)dt

a

X f@‘%/(ﬂﬂ—t”l)altrf(t)dt ]dtdx

a

(22)

holds for all measurable function f: (a,b) — R.

Proof. Applying Theorem 3 with Q; =€) = (a,b), d(x) = dx, di(t) = dt,
k(x,t), K(x), and A f(x) are given by (17), (18) and (19) respectively, we get inequal-
ities (21) and (22) respectively. [l

REMARK 2. Choose a particular convex function ®(x) = x",v > 1 and weight

function u(x) = W(X’Jrl —a"*1)® in Theorem 9, we obtain

b
/ r—ltl 1 “ r+l_tr+l)a—1trdx’

which can be written as:
b

5 r+1 e r (r+1)( AN o
plt) = ——t /x - (;) dx.

t
Substituting y = 1 — (£)"*! and after a little calculation, we get

_ %) r+1)

o(r+1) ol
p(t) = r+l d
plt) r( Yr+ 1)@ O/ *

which involve incomplete Beta function By(p,q) = ftp_l(l —1)97dt, (see [7, page
0

910]) i.e.,
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Using the above calculated weight function in inequality (16), we obtain

b
R=v0b) [ 197 (x)dx < e o ———a) [ @)
‘ S (r+1)ef(o) E AT

Consequently, we have the inequality of G. H. Hardy as follows:

1

r+1
(r+1)2T(o)K'=V (D)

t"‘(’“)Bl,(%)(m) (A ———

125" flIv(a,b) < 1£1lv(a;b).

Result for one dimensional setting involving generalized Riemann-Liouville frac-
tional integral is as follows:

THEOREM 12. Let u: (0,b) — R be a weight function, such that the function
r+1_r+lyo—1
X % % r# —1 is integrable on (t,b), then the function j:(0,b) — R

be defined by

b
r+l tr+1 -1 dx
i(t) - r+1 “r
i) = a(r+ 1) / 9 5
13
where 0 < b < oo and k: (0,b) x (0,b) — R be a non-negative measurable kernel, such
that
. x(rJrl)Ot
R)=— "
W= Far e

If © is a convex function on an interval  CR and ¢ : I — R is such that ¢(x) € dP(x)
forall x € Intl, then the inequality

>0, xe(0,b).

b X
@) 2 [ [ DD [t e trpga | &
0

0

x¢uw>¢(jji/rﬂ Y F(1)dr

x f(t)—i(rﬂ)a /(x’“—t’“)“’lt’f(t)dt ™ 23)
0

X
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holds for all measurable function f : (0,b) — R and the integral operator Ay f takes
the form

Auf(x) = (ﬁ:)? / W =Y (i, x € (0,b).

0

If the function @ is a concave, the order of integrals on the left-hand side of (23) is
reversed. If @ is a monotone convex on the interval I C R, then the following inequality

b b X
/ @) %~ [uwe | AEED [ty | &
0

X
0
/ (r+1) (r+1) |
r olr r r —1.r
/u e /sgn - /(x a1 () gy
0 0

q)(f(t) —® iE::l')i) /(errl _ l‘r+1)a71trf(t)dl

0

% (errl _ tr+l)a71tr .

r+1 r+1 _ r+1 o—1.r
o o) [ fey
0

f@)—(ﬁzj;)/(f+l—ﬂ+5“*ﬂfaﬁh ]dzéf

X
0

(24)

holds for all measurable function f: (0,b) — R.
Proof. Applying Theorem 4 with Q) = Q, = (0,b), du(x) =dx, duy(t) =dt,

(FED!% bl a1 0 < o
=] T@ 0SS
0, x<t<b,
we get inequalities (23) and (24) respectively. [

THEOREM 13. Let f € Ly ,[a,b], I, IS be the generalized fractional integral of
order o0 >0 and r # —1 with u: (a,b) — R a weight function. Let I be a compact

interval of R, h € C*(I), and f : (a,b) — R a measurable function. Then there exists
n €I such that the equation

b b X
/ S(OR(F(1))di — / u(x)F % / W — e ey | d

a a

b 2

h” r+1 I
/s dt—/ ) %/(ﬂ“—t’“)“lt’f@)w dx|

a

(25)
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holds true.

Proof. Applying Theorem 5 with Q; = Q) = (a,b), du;(x) =dx, dup(t) = dt,
s(¢) and Aif are defined by (15) and (19) respectively, we get the required Cauchy
mean presented in (25). [

Next theorem provide the exponential convexity of the linear functional by taking

the non-negative difference of Hardy-type inequality given in (16).

THEOREM 14. Let the conditions of Theorem 9 be satisfied and @5 be defined by
Lemma 1. Let f be a positive function, then the function ¥ : R — [0,00) defined by

b b
o(r+1)

‘P(s):/s(t)(ps(f(t))dt—/u(x)(ps m/(xrﬂ_ﬂﬂ)mtrﬂwdt i
is exponentially convex.

Proof. Applying Theorem 6 with Q| =€ = (a,b), du(x) = dx, dip(t) = dt
and k(x,7) given by (17), we obtain the required result. [

THEOREM 15. Let the conditions of Theorem 13 be satisfied. Moreover, g.he
C%(I) such that ' (x) # 0 for every x € I and

b b x
/s(t)fz(f(z))dt—/u(x)ﬁ %/(ﬂ“—t’“)“lt’f@)m dx £ 0.

a a a

Then there exists M € I such that it holds

s(1)g(f(2))

X

( o(r+1) (1 — a1 p (s )dt) dx

(o) (G Jr = ar ) a
(xr+l 7a'+ [24
(26)

g
s h(f(1)) h

b
iy
b
f u(x)

b
dt— [
a
b
dt— [
a

Proof. Applying Theorem 7 with Q; = € = (a,b), dp(x) = dx, dii (1) =
s(r) and Ay f are defined by (15) and (19) respectively, we get (26). O

Under the assumptions of Theorem 9, we define a linear functional by taking the
positive difference of the inequality stated in (16) as:

b

b x
:/s dt—/ (X)® %/(ﬂ“—t’“)“ Y F()dr) | dx.

27)
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We also define a linear functional by taking the positive difference of the left-hand side
and right-hand side of the inequality (20) given in Theorem 10 as:

() = a/bq(t)cl) (2—8) dt — a/bu(x)CD (%) dx. (28)

THEOREM 16. Let T ={®, : p € J} be a family of functions defined on I, such
that the function p — [z0,21,22; @] is n-exponentially convex in the Jensen sense on
J for every three distinct points 7o, 71,20 € I. Let M; (i = 1,2) be linear functionals
defined by (27), (28). Then the function p — 1;(®,) (i =1,2) is n-exponentially
convex in the Jensen sense on J, if it is continuous on J.

Proof. Applying Theorem 8 with Q; = Q, = (a,b), du;(x) =dx, du(t) = dt,
we get the desired outcome. [

REMARK 3. If we choose r = 0, in inequalities (16), (20), (21), (22), (23), (24)
and equations (25), (26), we acquire [1 1, Corollary 3].

REMARK 4. If we choose r — —17, in inequalities (21), (22), (23), (24) and
equations (25), (26), we get the results for the famous Hadamard fractional integral
operator presented in (14).

4. Consequences for the Riemann-Liouville k-fractional integral

In this section, we derive results for the Riemann-Liouville k-fractional integral
presented in [20] and is defined as:

DEFINITION 8. Let f € L;[a,b], then the Riemann-Liouville k-fractional integral
1%, of order oo >0 and k > 0, is given by

X

/(x—z)%—lf(t)dz, 1 € (ab), (29)

a

o _ 1
L f(x) = KT ()

where I is defined by

=3

i
(1) = /xt_lerx, Re(x) > 0.
0

Moreover, if we choose k = 1 the integral operator (29) represents the left sided Riemann-
Liouville fractional integral.
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THEOREM 17. Let f € Ly[a,b] and u be a weight function on (a,b). Suppose

g(x t)/~

X s u(x) is integrable on (a,b) for each t € (a,b) and that the function J3

(x—a

is defined by

b a
1!
/ am<w (30)
t

>-|§2

If © is a convex function on the interval I C R, then the inequality

b X

b
a/u(x)@ ﬁa/(x—t)%lf(t)dt dxgu/ﬁ(t)d)(f(t))dt 31)

holds for all measurable function f : (a,b) — R.

Proof. Applying Theorem 1 with Q) = Qy = (a,b), duy(x) =dx, duy(t) =

Hnm:{ﬁﬁ@@_ﬂghagtgﬁ (32)
0, <t<b,
K(x) = m(x a)k, (33)
and .
Af)=—2% / (=) E L f(r)dr, (34)
k(x—a)*

we ge inequality (31). [

In next result we give the quotient form of Theorem 17.

THEOREM 18. Let u be a weight function, IO‘ be the generalized Riemann-
Liouville k-fractional lntegral operator of order o > O and k > 0. Assume that the

L @t
k(o) 1% /20
a function y by

Sfunction x — u(x) is integrable on (a,b), then for each t € (a,b), define

b t)%*l
y(t) := /u b= —————dx < oo,

~

L) f)
17 %) A

b b
IZkfl (x> fi (l‘)
a/ u(x)® ( "y (x)> dx < / YD ( 30 (t)) di (35)

holds for all measurable function f;: (a,b) — R, (i=1,2).

If ®:1— R is a convex function and € I, then the inequality
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Proof. Applying Theorem 2 with Q| = Q; = (a,b), du;(x) =dx, du,(t) = dt,
and k(x,r) given by (32), we arrive at inequality (35). [

THEOREM 19. Let the assumptions of Theorem 17 be satisfied. Moreover, if ®
is a convex function on an interval I CR and ¢ : I — R is any function, such that
©(x) € dD(x) for all x € Int 1, then the inequality

b b X
o a
a/ﬁ(z)d)(f(t))dt—u/u(x)dD s (kxu/(x_t)k (o) | dx
b X X
o o a_
>a/u<x k<x_a>%a/(x"’k evmn-e| Zor [0t war

L/(x—t)%_lf(t)dt dtdx

k(x—a)® k(x—a)®
(36)
holds for all measurable function f : (a,b) — R.
If ® is a monotone convex function on an interval I C R, then the inequality
b b X
_ % [t
a/ B(O)® (f (1)) dr / e | / (=) £ f(0)r | dx
b o b o X
B Y N
> a/uxk(x_a)% /sgn 0= a/(x NErdr | (e—1)
_ i ) . o
<ot -e | = / =0t ar
- o / Y ¢ [ —Nr!
o| it Ja=ntpwar ||| o) Sy Ja-nt pwar ]dtdx
(37)

holds for all measurable function f : (a,b) — R and for all fixed t € (a,b).

Proof. Applying Theorem 3 by with Q; = Q; = (a,b), dui(x) =dx, du(r) = dt
and k(x,r) is given by (32), we get inequalities (36) and (37) respectively. [

REMARK 5. Choose the particular convex function ®(x) =x",v > 1 and weight
function u(x) = m(x —a)¥ in Theorem 17, we obtain

~ 1

ﬁ(t) = m(b—l)% =: Kz(t).
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The inequality (31) can be written as:

b
!(m (x—a)

it can also be written as

v

) # /kl“k (x—t) £V f(1)dr dx</ﬁ ) f¥ (1)
Ty

ka)

=R

v

s b
o a)t N y
/(ocl“k(oc)( ) kl"k f()dt dX</ﬁ(t)f (t)dt
this implies that
b x v | b
o et 1 e
/K /ka f@)dt | dx < Fk(a+1)/(b £)& fY(r)dt
b
1— V v 1 % v
K / WS s [0

After some calculation, we turn up the inequality

1

o (b_a)% !
18 llv(a,b) < (Fk(aﬂ)k”(b)) llv(a.b),

which is an inequality of G. H. Hardy.

THEOREM 20. Let u: (0,b) — R be a weight function such that the function

& _q
g%@ is integrable on (t,b) for each t € (0,D), and let the function A :

(x—a) &

(0,b) — R be defined by

X —

where 0 < b < oo and k : (0,b) x (0,b) — R be a non-negative measurable kernel,
such that

K =
(x) ol(a)
If @ is a convex function on an interval  CR and ¢ : I — R is such that ¢(x) € dD(x)
forall x € IntI, then the inequality

xt >0, x€(0,b).

b b X
[r0@) S - [uwe | T [c-nf " foa | &
0 0
b X X
> 0/ ) g O/ =0t o) - | % O/ (=0 f p(eyar



ON SOME HARDY-TYPE INEQUALITIES FOR GENERALIZED FRACTIONAL INTEGRALS 51

“lo| = ()/(x—r)i‘lf(t)dr -5 O/(X—zﬁlf(t)dt a
(38)

holds for all measurable function f: (0,b) — R and

Af(x)

/ —1)k t)dt, x € (0,b).

0

If the function ®© is concave, the order of integrals on the left-hand side of (38) is
reversed. If ® is monotone convex on the interval I C R, then the following inequality

b b X
[r00o) % - [uwe [ L [0t fwan | <
0 0
b X X
> | [ut Ty [sen (10~ 2 [0 e
0 0 0
a_ o [ —
x(r—n)f! GD(f(t))—d)(kx? [0t rwa

holds for all measurable function f: (0,b) — R.

Proof. Applying Theorem 4 with Q; = Qy = (a,b), du;(x) =dx, dus(t) =

1 o _ 1
k(x,t):{(w(x—t)k ,Oj;jz
) X < ,

we get inequalities (38) and (39) respectively. [

Next we give the mean value theorems for the Riemann-Liouville k-fractional
integral operator.

THEOREM 21. Let f € Lila,b], Iy, be the generalized fractional integral of or-
der o >0 and k >0 and let u: (a,b) — R be a weight function. Moreover, 1 a
compact interval of R, h € C*(I), and f : (a,b) — R a measurable function such that
Imf C 1. Then there exists N € I such that the equation

b b X
a/ B(O)VR(f(1))di — / u(x)F ﬁ / =0 f()dr | dx
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¥ 2

i b b
= h grl) /ﬁ(;)f2(t)dt—/u(x) ﬁ/(X—I)%_lf(Z)dt dx (40)

a

holds true, where B and Arf are defined by (30) and (34) respectively.

Proof. Applying Theorem 5 with Q) = Q) = (a,b), du(x) =dx, du(t) = dt,
we get equation (40). [

THEOREM 22. Let the conditions of Theorem 17 be satisfied and @5 be defined
by (9). Let f be a positive function. Then the function Y : R — [0,0) defined by

X

b b
T(s) = u/ﬁ(t)%(f(t))dt— / u(x) @, ﬁ a/(x—t)%‘lf(t)dt dx  (41)

is exponentially convex.

Proof. Applying Theorem 6 with Q; = Q; = (a,b), du(x) =dx, duy(r) = dt
and the value of Ay f is defined by (34), we get (41). [

THEOREM 23. Let the conditions of Theorem 22 be satisfied. Moreover, g, h €
C%(I) such that ' (x) # 0 for every x € I and

b b X
a/ﬂ(t)fz(f(t))dt—u/u(x)fz ﬁa/(x—t)%_lf(t)dt dx 40,

Then there exists N € I such that

b b X o
FB0e )t~ [ute (=g Ja-0F ) ) a

g'(n) _ a kx—a)k 42)
B b 5 b N x o ’
h’'(n) afﬁ(l)h(f(t))dt —{u(x)h (k(x_aa)% af(x—t)k_lf(t)dl) dx

Proof. Applying Theorem 7 with Q| = Q; = (a,b), du;(x) = dx, du,(t) = dt,
k(x,t) and K(x) are given by (32) and (33) respectively, we get (42). [

Under the assumptions of the Theorem 17, we define a linear functional by taking
the positive difference of the inequality stated in (31) as:

b b X
Q1(@) = [ BOD(F0)di ~ [u(x)0 ﬁ [0t | ax. @3)
0

a a
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We also define a linear functional by taking the positive difference of the left-hand side
and right-hand side of the inequality (35) given in Theorem 18 as:

b b
X 1% fi(x
Qs (D) = / YD (;;Ex;)dt— / u(x)® I‘"I;;% dx. (44)

THEOREM 24. Let T' = {®, : p € J} be a family of functions defined on I, such
that the function p — [z0,21,22;®P,] is n-exponentially convex in the Jensen sense on
J for every three distinct points zg,z1,22 € I. Let Q; (i = 1,2) be linear functionals
defined by (43)and (44). Then the function p — Q;(®,) (i =1,2) is n-exponentially
convex in the Jensen sense on J, if it is continuous on J.

Proof. Applying Theorem 8 with Q; = Q) = (a,b), du(x) =dx, du(t) = dt,
we get the desired outcome. [

REMARK 6. If we choose k = 1, in inequalities (31), (35), (36), (37), (38), (39)
and equations (40), (42), we acquire [ 1, Corollary 3].
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