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NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS
WITH m-POINT INTEGRAL BOUNDARY CONDITIONS

TUGBA SENLIK CERDIK, NUKET AYKUT HAMAL AND FULYA YORUK DEREN

(Communicated by J. Tariboon)

Abstract. In this paper, we consider the existence and uniqueness of solution for a fractional
order differential equation involving the Riemann-Liouville fractional derivative. By applying
some standard fixed point theorems, we obtain new results on the existence and uniqueness of
solution.

1. Introduction

In this paper, we focus on the existence and uniqueness of solutions for nonlinear
fractional differential equation given by

_Dpx(t):Alfl(tvx(t))+A2qu2(t7x(t))v n—1<p<nnz2, IE(071)7

m_1 N
DYx(0)=0,0<k<n—2, D'x(1)= Y o / D7x(s)dA(s)
i=1 Ni—1

ey

where 0 < y<1l, p—y>n—1,0<g<1l,nkeNand O0=n<n <...<
M2 <Mm-1=1,0;=0forie {1,2,....m—1}. [ D'x(s)dA(s) is the Riemann-
Stieltjes integral with positive measure. A is a function of bounded variation with
smloy f,;’lil sP=Y"1dA(s) # 1. Here, DP denotes the Riemann-Liouville fractional
derivative of order p and fi,f> are given continuous functions, Aj,A, are real con-
stants such that A or A, is different from zero.

Recently, boundary value problems for fractional differential equations are of great
importance for the researchers due to their applications such as economics, engineering
and other fields. Also, this topic has been developed very quickly on the existence re-
sults for nonlinear fractional differential equations with local/nonlocal boundary condi-
tions; for example, see [8, 18, 1, 6, 11, 16, 17, 10, 4, 3, 14,9, 5, 13] and the references
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therein. For instance, Agarwal et al. [1] discussed the following integro-differential
equation

—D%(t) = Af(t,x(t))+BIPg(t,x(1)), 2<oa<3, tel0,1],
{ D%x(0)=0, D%'x(0)=0, DOx(1)—D%(n)=a,

where 0 < 8 <1, «—8>3,0<B<1,0<n<1, DY denotes the Riemann-
Liouville fractional derivative of order (.), f,g are given continuous functions, and
A,B,a are real constants. Here, they studied the existence of solutions for a boundary
value problem of integro-differential equations via Sadovskii’s fixed point theorem for
condensing maps.

The paper is structured as follows. After introducing the basic definitions and lem-
mas which are required to prove our main results, we prove an existence and uniqueness
results by means of the Leray-Schauder’s nonlinear alternative theorem, the Banach’s
fixed point theorem and the Boyd-Wong Contraction Principle.

2. Preliminaries

In this section, we give some basic definitions and lemmas which are useful for
the presentation of our main results.

DEFINITION 1. [15, 12] The Riemann Liouville fractional integral of order p €
R™ for a function 4 : (0,0) — R is defined by

00 = = [ =9 his)as

T(p) Jo

provided that the right hand side is pointwise defined on (0, +<o).

DEFINITION 2. [15, 12] The Riemann-Liouville fractional derivative of order
p >0 for a function & : (0,00) — R is defined by

Dhonte) = (5) om0 = = (5) [ =7 i

where n is the smallest integer greater than or equal to p, provided that the right-hand
side is defined pointwise.

LEMMA 1. [12] Let u € C(0,1)NL(0,1) with a fractional derivative of order p
(p > 0) that belongs to C(0,1)NL(0,1). Then

I.Dh u(t) =u(t) + o’ ept® 2 ent? ",

for some c; € R, i=1,...,n, where n is the smallest integer greater than or equal to
p.
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By using the substitution x(¢) = I"y(t) = D~ 7y(t), one can transform the fractional
BVP (1) to the following form:

—DPTy(t) = ALfi(e,17y(1)) + A2l fo (2, 17y(1)), 1 €(0,1),
m—1

ni
YO0)=0,0<k<n—2, y1)=Y, ocl-/ y(s)dA(s).
i=1 i—

2)

To obtain the solution of the fractional BVP (2), the following lemma is essential.

LEMMA 2. For any h € C[0,1], the unique solution of the linear fractional BVP

—DP~Ty(t) =h(r), 1€(0,1),
m—1 n;i (3)

YO0 =0,0<k<n=2 ()= Yo [ ydA()
[— i—1

is
¥(t) == 1" h(z)
117*7*1

m—1
+ IP77h(1 o; / I""h(s)dA
1—11mMsP“Mu< 2 A

Proof. By Lemma 1, the solutions of equation (3) are
y(t) = —1PTh(t) — etV etV PR

where ¢; (i =1,2,...n) € R are arbitrary constants. By the conditions y*)(0) =0, 0 <
k <n—2, weobtain ¢ = ... = ¢, =0. Then we conclude that

(1) = —1""Th(t) — crt? 7 )

Now, by the condition y(1) = "' o; ,;711  Y(s)dA(s), we can get

1
=y o 1 spr1dA(s)

Ni
1= [ PTh(1) + 2 o [ 1P Th(s)dA)|.
=1

Ni—

Combining this value with (4), we obtain

y(t) =—1"""h(z)
A Th(1)— 3 1 1P Th(s)dA
+ - a/
T el a0 g A

The proof is complete. []
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Notice that, the solution of the equation —DPx(r) = h(¢) depends on the boundary
conditions given by (1) can be expressed as

(1) = I'y(1)
= IY[—IP—Vh(t)
P71

s P=Y,
! e yist Olif,?iilsl’yldA(s)< Al Z a‘/, ITh(s)dA(s )ﬂ

1 e m—1 by
+ : (1 a,/ 17" "h(s)dA
1_2;1:11 aifrgilsp_y_ldA(s) < Z ( ))
1

t
X —— [ (t—s)"" 1P~V gy
OTARE

=—1I"h(r)

1 Ni
= —IPh(t) + —yo szf"l."lsl"y‘ldA(s)<p Yh(1 21 o IP Th( )dA(s))
=1l I
% {W/o (1—v)rtyr? 1dv}
=—I"h(t)
lp_lr(p— 'y) m—1
TR0 a5 T aAG) (-3 “l/ 1PTh(s)dA(s)).

Assume that 4 = C([0,1],R) denotes the Banach space endowed with the norm
defined by |[u| = sup;cfo 1y [u(?)].
Next, we introduce an operator .7 : ¢ — € as

t(—s)P! 1 (1 — g\Pta—1
(T2)(t) = —A; /0 % A(s.x(s))ds — Ay /0 % F(s,x(s))ds
_ 11 —s)p*y*1
+tp 10[A1/O Wfl(s,x(s))ds
1(]_g)P—r+a—1
+ Ay /0 %fz(s,x(s))ds

i s—1n 1
—Alza, /” / T nx())dndA(s)

Ni _ p Y+q—1
S [N [ E I patanans)]. o)
where
0= r(p_Y)

C(p)[1 =3 o [ sp=7-1dA(s)]
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It can be said that x is a solution of the fractional BVP (1) if and only if x is a
fixed point of the operator .7 on % . For easy statement, denote

AIZ‘A1|{r(lerl)+9< C(p 17/+1 /nl / T HldndA( )”
; g+l
AZZ‘A2|[F(p+1q+1>+9<( —Y+q+1) Z /n/ y:; AndA(s)).

3. Main results

By using the Leray-Schauder’s nonlinear alternative theorem [2], the Banach’s
fixed point theorem and Boyd-Wong Contraction Principle [7], we deal with the exis-
tence of solution for the fractional BVP (1).

THEOREM 1. Suppose that fi,f> :[0,1] x R — R are continuous functions and
f1(,0) £0 or f2(t,0) #£0 on t € |0,1]. Assume that:

(A1) There exist functions w,w; € L'([0,1],R") and nondecreasing functions y, v :
RT — R such that

@) <w@Ow(lxl), 120x)] < wi@)w(llx]),
forall (1,x) €[0,1] xR
(A2) There exists a constant 1 > 0 such that

1

> 1.
v(OllplAL+wi()llpi]|As

Then, the fractional BVP (1) has at least one solution on [0, 1].

Proof. By taking into account the operator .7 : € — € with

t(t—s p—1 t(t — )Pt -1
(Tx)(1) :_Al/o %fl(&x(s))ds—AQ/o %fz(s,x(s))ds
B (1 _S)p r—1
+1P IO[Al/O Wfl(s,x(s))ds
(] 5)P—7+a—1
—|—A2/0 %fg(s,x(s))ds

m—1

g [N s anaat)

m— n; p Y+q—1
—A2izal L Aam)dnaa()]
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we take the equation x =A.7x for A € (0,1) and let x be a solution. After that, the
following is obtained.

Xl = 1A (X

1 1
<UDl + (=

S [ g anao)
+|A2|W1(\|x|\)|\wl‘|{ T(p l )+9( ( :

+q+1 I'lp—y+q+1)
n; pY+q+1d A
+ D, o
2 / / I'(p—v+aq) 1 (S)ﬂ

(HXH)HWHAl + (Il DlwallAz,

and consequently

) .
wRIDTWITAT + i (R il

From (A;), there exists t such that ||x|| # t. Let us set
K ={xeC([0,1],R) : [|x] < 1}.

Obviously, the operator .7 : K — C([0,1],R) is completely continuous. From the
choice of K, there is no x € dK such that x = 4.7 (x) for some A € (0,1). As a
result, by the Leray-Schauder’s nonlinear alternative theorem, .7 has a fixed point x €
K which is a solution of the fractional BVP (1). The proof is completed. [J

THEOREM 2. Assume that fi,f> :[0,1] x R — R are continuous functions and
f1(,0) £0 or f2(t,0) £ 0 on t € [0, 1] satisfying the condition

(t’x)_fZ(t7y)| < [0,1],

(A3) |f1(t,x) = f1(t,y)] <
Li,L, >0, x,y € R.

Then the fractional BVP (1) has a unique solution if L < m , where L=max{L,L,}.

Proof. Let sup;cioy) |f1(2,0)| = My and sup,c(o 1 |f2(#,0)| = Mp. Assume that
. (AL +A)M

M= M, M h _
max {M,M,}, Choosing r > LAt A
K, ={xe @ x| <r}. For x € K., from (A3) |fi(s,x(s))| < |f1(s,x(s)) = fi(s,0)[ +
1f1(s,0)[ < Lir+My, [ fa(s,x(5))| < |f2(s,x(s)) = f2(s,0) |+ [ f2(5,0)| < Lor + M3 . By

we indicate that .7 K, C K,-, where
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(A3), for x € K,, we obtain that

(T2l

1
< (Lr+M) sup 4 |A
( )te[O.l]{| 1‘[F(P+1)

+9( T 7/+1 +le /n/ ) MdndA(s))}

m 1 ; +q+1
+‘A2|[F(p+lq+l)+9( I(p— 7+61+1 /" / ppy-ykq ndA(S)ﬂ}

< (Lr+M)(A +Ag) <

If x,y € ¢,and r € [0,1], then

| 73—
< sup {1l [ 2 )~ Ao
1€[0,1]
_g)pta-l
ol [ %\fxs,x(s» ~ £2(5,3(5)lds
o i [ ﬁws () = Fa(5.3(6)) s
(1—s)p-rta-t
el [ aloxs)  sa(s)lds

ran S o[ [ ) — () anaats)

i 1
S [N [ yiq [20,3(0) = f2 (.5 ()NandA )|}

m—1 s (s—m)P-TH]
<l vl 3o " )]

1 1
C(p+q +1)+0( C(p—y+q+1)

Sa " [ S dnan)] s
L+ Ao

+|A2|[

As L<1/Ay+ Ay, 7 is a contraction. Hence, by the Banach’s fixed point theorem,
the fractional BVP (1) has a unique solution. The proof is completed. [
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EXAMPLE 1. Consider the following fractional boundary value problem

_D3/2x(t):fl(trx(t))+Il/3f2(t7x(t))v I<p<2, IE(Ovl)»

1 (6)

DY4x(0) =0, DY*x(1)=1 [ DV 4x(s)ds+ 1 @Dlﬂx(s)ds.
Here n=2, p=3/2, y=1/4, q=1/3, a1 =1/2, a2 =0, a3=1/2, 19=0, m =
1/4, ;»=1/3, 13=1, and A(s) =s, fi(t,x) = cosx, fo(t,x)= sinx.

| 2410 . 2412
As |fi(t,x) = fi(t,y)] < I—O\x—yh and |f2(t,x) — f2(2,9)] < Elx—y\~ Then, (A3) is

1
satisfied with L = max{L;,L,} = 0 Further, A} =2.122, Ay = 1.659 and

L(A;+A) ~0.3781 < 1.

Therefore, by the conclusion of Theorem 2, the fractional BVP (6) has a unique solu-
tion.

Now we present another variant of existence-uniqueness result. This result is based
on Boyd-Wong Contraction Principle.

DEFINITION 3. Assume that E is a Banach space and 7T : E — E is a mapping. If
there exists a continuous nondecreasing function y : R™ — R™ such that w(0) =0 and
y(e) < € forall € > 0 with the property:

|Tx=Tyl| < w(llx—yl),  VxyeF.

then, we say that 7 is a nonlinear contraction.

THEOREM 3. (Boyd-Wong Contraction Principle) [7] Suppose that B is a Ba-
nach space and T : B— B is a nonlinear contraction. Then T has a unique fixed point
in B.

THEOREM 4. Assume that fi,f> :[0,1] x R — R are continuous functions and
H,, Hy > 0 satisfying the condition

lx =y
Hy+|x—y|’

x =y

(Ag) [filt,x) = filt,y)] < Hi+x—

[0,1], x,y € R.

’ ‘fz(trx) - f2(t7y)‘ <

for t €

Then the fractional BVP (1) has a unique solution on [0,1].

Proof. We define an operator .7 : ¢ — % as in (5) and a continuous nondecreas-
ing function y : R* — R by
He

= _— Ve >0,
ve) =g ove
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where A; + Ay < H < min{H;, H>}. We notice that the function y satisfies y(0) =
and y(e) < € forall € > 0. For any x,y € %, and for each ¢ € [0, 1], we obtain

|7x— 7y
< sup {1ai] / \fl (5.%(5)) — fi (5,3(5))|ds
1€[0,1]

p+ -1
el [ (0x6) ~ (s

s 1 w/ 1—57)

_ Y+g—1
ol [ lp”yf alsx(5)) — f2(5,¥(5))lds

[f1(s,x(s)) = fa(s,5(5))|ds

ran S o[ [ ) — () anaats)

1
ri S o [ [ S ) - o s(lanaa )]

L(p—v+q)
M—ﬂ 1 lx—y|
Hy+[x—y]| Hy+ |x—y|
< y(llx—yl)).

Then, we get ||[Tx—Ty|| < w(||x—y||). Hence, T is a nonlinear contraction. Thus, by
Theorem 3 the operator 7' has a unique fixed point which is the unique solution of the
fractional BVP (1). The proof is completed. [

EXAMPLE 2. Consider the following fractional boundary value problem
_DS/Z'X(I):fl(tvx(t))+Il/2f2(t7x(t))7 2<p<3, t6(071)7

1 1 (7
D'Y4x(0) = D¥4x(0) =0, DY4x(1) =1 [§ DV*x(s)ds+ % [} DV/4x(s)ds
5

Here n=3, p=5/2, y=1/4, q=1/2, ay =1/2, ap =1/2, a3 =0, 19 =0,

sint || 1
—1/8, m=1/4, n3=1and A(s) =s, fi(t,x) = —— . ’ X) = .
n=1/8 m=1/4, n3=1and A(s) =s, fi(t,x) 1 T4 fa(t,x) P

2_|')_C|x . Wechoose H =1, Hy=2, H=0.9 and we obtain A; =0.6717, A, =0.167
and A+ Ay =0.8387 < H =0.9 < min{H;, H,} = 1. Clearly
x =yl x =yl
tax - t7 g PR tax - t; < FYTEEEE
7160 = A < s A0 = Rl < 5

forz €[0,1], x,y € R.
Hence, by Theorem 4, the fractional BVP (7) has a unique solution.
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