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FRACTIONAL RESOLVENT OPERATOR
WITH o € (0,1) AND APPLICATIONS

JOSE PAULO CARVALHO DOS SANTOS

(Communicated by V. Keyantuo)

Abstract. In this paper we study an analytic resolvent family for abstract fractional integro-
differential system using the perturbation theory of sectorial operators. We apply this resolvent
family on the existence of mild solutions for abstract semilinear Cauchy problem

DXu(t) = Au(t) + /OtB(t —s)u(s)ds+ f(t,u(t)),t € (0,7),
u(0) = up € X,

where D{*u represents the Caputo derivative of u for a € (0,1), A, (B(r)),>0 are closed linear
operators defined on a common domain which is dense in a Banach space X and f satisfies
appropriated conditions. In the end, we applain the ours abstract results in the existence of mild
solution of two partial integro-differential systems.

1. Introduction

In this paper we study the existence of a resolvent family for the abstract fractional
integro-differential system

Du(t) = Au(t) + /O "Bt — s)u(s)ds, 130, (1)
u(0) = uo, ()

where A, (B(7));>0 are closed linear operators defined on a common domain which is
dense in a Banach space (X,]| - ||), and D*h(t) represents the Caputo derivative of h
for a € (0,1) defined by

DER(t) = /0 o1 alt —s)H (s)ds,

where g1 is the Gelfand-Shilov function gg(t) := ’rﬁ(—;),t >0, with f =1—«.

In the past decades, considerable attention has been attracted to the theory of re-
solvent operator for integro-differential equations. We refer to the book by Gripenberg
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et. al. [16] for the case where the underlying space X has finite dimension. For ab-
stract integro-differential equations on infinite dimensional spaces, we cite the book by
J. Priiss [27] and the papers of Da Prato et al. [8, 7], Grimmer et al. [13, 14, 15],
Lunardi [23, 24], Sforza [29] and Dos Santos et al. [9, 10, 11].

With a resolvent family of fractional integro-differential equations it is possible
study an existence of solutions for semilinear fractional integro-differential Cauchy
problem

D%u(t) = Au(r) +/OtB(t—s)u(s)ds—l—f(tm(t)), 1€ (0,7), (3)
u(0) =up €X, “)

where f satisfies the appropriate conditions. Regarding the fractional differential equa-
tions in spaces of infinite dimension, this problem has been extensive studied, we can
mention the pioner thesis of Bajlekova [5] and the works of [17, 18, 19, 21, 30, 31]
and references therein. For abstract fractional integro-differential equations in infinite
dimension, we suggest the articles Agarwal et al. [1] in the case of o € (1,2), the book
of Kosti¢ [20], Ponce [26] and Herzallah et al. [12] when B(r) = a(t)A,t > 0. To the
best of the authors’ knowledge, the existence of an analytic resolvent operator by per-
tubation theory for the abstract integro-differential fractional equation (1)-(2) and the
existence of mild solutions of (3)-(4), with o € (0,1), is a subject that has not been
treated in the literature. This is the principal motivation of this paper.

This work has four sections. In Section 2, by pertubations of the sectorial operators
and assuming some conditions on family operator (B()),>0, we prove the existence
and qualitative properties of a resolvent operator and the auxiliary resolvent operators
for the fractional integro-differential system (1)-(2). In Section 3, the existence of mild
solution for the nonhomogeneous equation associated to (3)-(4) is discussed. In the
last Section some applications in a partial integro-differential equation of Jeffrey’s type,
which arise in the theory of heat equation with memory and a partial integro-differential
fractional coupled system, are considered.

By D¥h(t) we denoted the Caputo derivative of & for o > 0, defined by

DEh(r) / ot =) h(s)ds,

where 7 is the smallest integer greater than or equal to ¢ and gg(t) := Tk)’t >0,8>
0. These functions satisfy the semigroup property

8a*8B =8u+ip-
If we denote
JEF@) = (8ot 0 = [ 8alt=9)100) 5)
we have
DI f(t) = f(2), (6)
SRR = 1)~ 3 FY0) L (7

!
=0 k!
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Applying the properties of the Laplace transform and taking into account that g4 (A) =
A~%, we obtain

Df(A) = A% f(A Zf (0)A% 'K, ®)

(see [5, 28] for details.)

Throughout this paper, let (Z,]| - ||z) and (W, || - |[w) be Banach spaces. We denote
by £ (Z,W) the space of bounded linear operators from Z into W endowed with norm
of operators, and we write simply - (Z) when Z = W. By R(Q) we denote the range
of a map Q and for a closed linear operator P : D(P) C Z — W, the notation [D(P)]
represents the domain of P endowed with the graph norm, ||z||; = ||z||z + || Pz|lw. z €
D(P). The notation, B(x,R) and B[x,R] represent the open ball and the closed ball,
respectively, with center at x and radius R >0 in X. Let I C R, by C(I,X) we denote
the space of continuous functions defined on 7 into X, and C'(I,X) stands for the
space of continuous functions from / to X having continuous derivative. We define the
space C*(I,X), by

C*(1,X) :={xeC(I,X): D¥x € C(I,X)}.

We denote by LP(I,X) the set of all measurable functions u(-) on [ into X such that

|| u(t) [|P is integrable, and its norm is given by || u [|zpx)= (J; I| u(t) ||1’)$, sim-
ilarly, by LI (R4,X) we denote the space of the functlons belonging L?(1,X), for
any compact set / C R.. When X = R", for some n, we denote for simplicity by
C(I),CM(I),C*(1),Lr(I) and Lf (Ry), respectively. The notation p(P) stands for the
resolvent set of P and R(A,P) = (Al — P)~! is the resolvent operator of P. Further-
more, for appropriate functions K : [0,e0) — Z and S : [0,) — £ (Z,W), the notation
K denotes the Laplace transform of K, and S K the convolution between S and K,
which is defined by S+ K(t) = [ S(t —s)K(s)ds.

2. Fractional resolvent operator

To begin, we introduce the following concept of resolvent operator for the abstract
fractional integro-differential problem (1)-(2).

DEFINITION 1. A one parameter family of bounded linear operators (% (f)):>0
on X is called a o -resolvent operator of (1)-(2) if the following conditions are verified.

(a) The function Zg(+) : [0,00) — Z(X) is strongly continuous and %, (0)x = x for
all xeX and o € (0,1).

(b) For x € D(A), Zal(-)x € C([0,9), [D(A)]) 1C%((0,9), X ), and
DO (1) = AR (1) + /O "B(t — 5) %0 (5)xds ©)

= Xo(t)Ax+ /Ot Rt — 5)B(s)xds, (10)
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forevery r > 0.
In this work we always assume that the following conditions are verified.

(H1) The operator A : D(A) C X — X is a closed linear operator with [D(A)] dense in
X, forsome ¢ € (5,m) there is positive constants Co = Co(¢) such that A € p(A)
for each

Zop ={A€C:larg(A)[< 9} Cp(A),
Co

and || R(AA) I
| Al

forall A€Zpy.

(H2) Forallzr>0, B(r):D(B(t)) C X — X is aclosed linear operator, D(A) C D(B(t))
and B(-)x is strongly measurable on (0,c) for each x € D(A). There exists
b(-) € L} .(RT) such that b(A) exists for Re(A) >0 and || B(t)x || < b(?) || x |1
forall # >0 and x € D(A). Moreover, the operator valued function B : 52 —
Z(ID(A)],X) has an analytical extension (still denoted by B)to Y, such that
IB(A)x]| < IB(A) ][ |x]]1 for all x € D(A), and [|B(A)|| = O(xy), as |A] — oo

(H3) There exists a subspace D C D(A) dense in [D(A)] and positive constants C;,

~

i=1,2, suchthat A(D) CD(A), B(A)(D) CD(A), |[AB(A)x|| < Cy]|x|| forevery
x€Dandall A€Zp,.

REMARK 1. We note that conditions of type (H2) and (H3) have been previous-
ly considered in the literature; see [9, 10, 11, 14] for details.

In the sequel, for r >0 and 6 € (7,9),
.0 ={A€C:A|>r and |arg(A)|< 6}.
In addition, p(Fy) and p(Gg) are the sets
p(Fo) ={AeC:Fy(A):= (A T—A—B(A))"' € Z(X)} and
p(Go) ={A€C:Gy(A) :=A* YA T—A—B(A) ' € Z(X)}.

We next study some preliminary properties needed to establish existence of a -
resolvent operator for the problem (1)-(2). The proof of the next Lemma is immediate,
but we put it to better understanding.

LEMMA 1. Suppose that condition (H1) holds, then A* € p(A) for each A €
20,9 and there exists Mo = Moy(¢) such that

| R(A%,A) [|< (1D

[ Al

forall A€Zpy.
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Proof. Let z =A%, we have A% = ¢®102(A) — |A|%ei®ae(A)  We infer |z = |A|*
and
| arg(z) |[=| acarg(A) [<| arg(A) |< ¢.
This implies z= A% € p(A) and (11) is verified. O
Following the same arguments used in the proof of Lemma 2.2 in [1], we have the
next result. We will include a proof to that the work stay more complete.

LEMMA 2. There exists ri > 0 such that X, o C p(Fy) and the function Fy :
X0 — Z(X) is analytic. Moreover,

Fa(A) = R(A®,A) I — BA)R(A%,A)] ", (12)
and there exists constants M;, for i = 1,2,3, such that

M,

| Fa(A) | < g (13)
| AFo(A)x || < A |a [ x|, x € D(A), (14)
| AFa(A) || < M3, (15)
forevery AN€Z, 4.
Proof. We have
I BAARA,A) || < [ B(A) [[[| R(A%,A) ||
< FB(A) (I R(A®,A) ||+ | A%R(A%,A) || +1)

N

(% +Mo || B(A) || + || B(A) II> :

From (H2) fixed € < 1, there exists a positive number 7 > 1 such that || B(A)R(A%,A)||<
e for A € X, 4, consequently, the operator / — B(A)R(A%,A) has a continuous inverse
with |

(1= BMR(A%,A) < -

Moreover, for x € X, we have

(A%I —B(A) —A)R(A% A)(I — B(A)R(A%,A))"\x = x,
and for x € D(A)

R(A%,A)(I— B(A)R(A*,A)) " (A%I —B(A) —A)x = x,

which shows (12), that X, 4 C p(Fy) and estimate (13) is valid. Now, from (12) we
obtain R(Fy(A)) € D(A), and

AFy(A) = (A*R(A%,A) —I)(I— B(A)R(A%,A))~".
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Consequently, the functions AG : X, y — Z/(X) is analytic, and

1
| AFa(A) || € —— || A%R(A%,A) 1 |

1 [ My|A|®
< — (2 2E Ly
1—e< A

<M0+1-
1—¢

In addition, for x € D(A), we can write

| AFo(A)x || < [|AR(A%,A)(I = B(A)R(A®,A))~'x — AR(A”, A)x|

+||R(A%,A)Ax|| - -
= AR(A®, )1~ BAR(A,4)) (I (1= BA)R(A®, 4)))x]
+IR(A% A)Ax]
< [AFL(A)BA)R(A®, A)x] + | R(A®, A)A|
< 0L BOA) | IROA% A)x + R(A% 4)Ax]
< " BOA) I (IR, A+ 2]R(A, A)ax])
M,
s ALt

for |A| sufficiently large. This proves (14) and completes the proof. [
Using the previous result we have the next Lemma.

LEMMA 3. There exists ri > 0 such that £, » C p(Gg) and the function G, :
%, .0 — Z(X) is analytic. Moreover,

Ga(A) = A% 'Fy(A) = A% 'R(A%,A)[I — B(A)R(A%,A)] ", (16)
and there exists constants M; for i = 4,5,6 such that

My
Go(A) || £ —, 17

M5
[ AGa(A)x || < Al | x[[1, x € D(A), (18)

M
| AGa(8) | < i (19)

forevery AN€Z, ».

Proof. Since Gg(A) = A% 1Fy(A) it is easy to see that (16) is satisfied with
%, » € p(Gq) and estimate (17) is valid. Now, from (16) we obtain R(Gq(A)) C
D(A), and

AGy(A) = A* Y (A*R(A%,A) —I)(I— B(A)R(A%,A))~".
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Consequently, the functions AGy, : Z,, 3 — Z(X) is analytic, and

_ M
| 4Ga(A) || = | A“ AR (A) 1< i
For x € D(A), we can write
- [A]“ M, M,
1AGa(A)x || = [| A% AGa(A)x [|< g Ix < =5 e,

[ A [ A

this implies (18). [

In the rest of this paper we assume the conditions (Hi),i = 1,2,3, holds, r,0 are
numbers such that » > r; and 6 € (n/2,¢). Moreover, we denote by C a generic
constant that represent any of the constants involved in the statements of Lemma 3
as well as any other constant that arises in the estimate that follows. By an,l"iﬂ,
i=1,2,3, we define the paths

F}ﬁe ={te® 1>}, F%,e ={re®: -0 <&<06} and Fie ={te 1>},

and I'.g = Ui, I" , oriented counterclockwise.

We start with generalization of the analityc resolvent operator associated a integro-
differential equations [14] for the fractional integro-differential problem (1)-(2) with
o< (0,1).

DEFINITION 2. We define the operator family (Z(t));>0 by

1
= — / NGy (A)dA,t >0, (20)
27i JT,,

Rat)
and the auxiliary resolvent operator family (. (¢));>0 by
tl—a

Fo(t) = %/F eMFy(A)dA,1 > 0. (1)
ro

REMARK 2. When B(t) =0, for all ¢ > 0, the operators family (%(t));>0 and
(Fa(1))i=0 coincide with operators family (Eq(1%A));>0 and (Eq q(t%A))i=0 respec-
tively, for more details by (Eq(1%A));>0 and (Eq o (t%A))i=0 see [2, 5, 6] and the ref-
erences therein.

We next will establish some properties of (% ())i=0 and (S (1));=0 family.
THEOREM 1. The operator function Xo(-) is:
(i) exponentially boundedin £ (X);

(ii) exponentially bounded in £ ([D(A)]);
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(iii) strongly continuous on [0,0) and uniformly continuous on (0,c0);

(iv) strongly continuous on [0,%) in ZL([D(A)]).
Proof. Proof of (i). If t > 1, from (20) and estimate (17) we get

_ 1 At
1800 = | 3 . *Ga(Nan |

< (_:/met.vcos0§+£/e etrcos.’,‘dé
S s 21/ g

C co\
Sl|l=——F5+— )"
mrlcosf|  w

If r € (0,1), using that G¢(-) is analyticon X, g, we get

| Fa0) ] =1 5 / N Go(A)dA |
< E/ etscoseds+ c /-6 rcosédé
Sl 2n

t

< E/ eucosedu+ ¢ /6 rcosédsg'
S\ 2r
C co\ .,
S|\=—=/——F+—=]¢".
mrlcosB|  w
This shows (i).
Proof of (ii). From (18) that the integral in

1
R(t) = — MAG(A)A, t >0
0= 5 ). 4Gu(N)aA, 10,

is absolutely convergentin .Z([D(A)],X) and defines a linear operator
R(1) € Z([D(A)], X).

Using that A is closed, we can affirm that R(r) = A% (1) .
From Lemma 3, G, : £, — Z([D(A)]) is analytic and || G4 (A) 1< C|A|7L. If
t>1and x € D(A), we get

I A%ali] = | 5 [ eMaGa(Apar |

[}
< (g/ e"“°059§+£/ e”cosédé’) HXHI
T/ s 2w /-9

C co\
S\ —=—3t= )< I«
mrlcos®| &
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For r € (0,1) and x € D(A) we get

1
| A%a(0x ]| = | 5 [ eMAGa(A)xdA |
T r%‘e
C (= 0d
< _/ etscos@_s Hx”l
; N
C

0 cos&
— reose g
oz [ g | x

C co\ ,
S\ =77 )¢ lIxlh-
wrlcos®| &

From before we obtain Z(-) is exponentially bounded in -2 ([D(A)]).

Proof of (iii.) It is clear from (20) that % (-)x is uniformly and strongly continu-
ous at ¢ > 0 for every x € X . We next establish the strongly continuity at # = 0. Using
that |

A teMdA = lim —

— : / A teMaA =1,
21 T, 4 N—oo 2700 J{T, o: r<s<N}UCy.g

where Cy ¢ represent the curve Ne's for 6 < E<L2mr—6.ForxeD(A)and 0<r< 1
we get

_ 1 At 1A
R (t)x—x = %/Fryg (e Gu(A)x—A""e x) dA
L / N AT Fy(A)(A+ B(A))xdA.
27i Jr, 4

Furthermore, it follows from (13), and assumption (H2) that
_ ~ , 1
| ¥ A~ Ry (A)(A+ B(A)x [|< e'C (ﬁ) — H(A),

where H(-) is integrable for A € T, 9. From the Lebesgue dominated convergence
theorem we infer that

im (Zo(t)x—x) = !

L -1 5
Tim —/ AFL(A) (A B(A) A (22)

Let now Cp g be the curve Le's for —0 < £ < 0. Turning to apply the Cauchy’s
Theorem combining with the estimate

=~ co
I A 'Fa(A)(A+B(A)xdA ||< To

CLo
we obtain
1 ~
- / A~ Fy(A)(A + B(A)JxdA
2mi .0
1

L—>°<)27'[l {Fne: Vg-YéL}UCL‘g (X( )( ( ))
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we can affirm that lim,_q+ || Z¢(t)x —x ||=0 for all x € D(A), which completes the
proof of the strongly continuity on £ (X) since D(A) is dense in X and Zq(-) is
bounded on [0, 1] by (i).

Proof of (iv). For x € D, proceeding as in the proof of (iii), we have

AR (1)x — Ax = zi N ATTAF,(A)(A 4 B(A))xdA.

7Ti rne

Using now that (A+ B(A))x € D(A), the inequality (14) and the assumption (H3) and
proceeding as in the proof of (iii) we can conclude that A% (t)x —Ax — 0 as t — 0.
The above remarks shows that || % (#)x —x||1 — 0 as ¢ — 0 for all x € D(A), since D
is dense in [D(A)] and % (-) is exponentially bounded in .Z([D(A)]). O

THEOREM 2. The operator funtion t — t*~1.7,(t) is exponentially bounded in
Z(X) and uniformly (strong) continuous on (0,).

Proof. For t > 1, from (13) we have

1
|1 o) | = N 5 [ M Fa(AA |
* 271 JT,4 *

C [~ ds C [
< (= stcos @ &2 _/ trcos & l—ay
(ﬂ/r e s —|—2n_ 706 r g

B C +C9r1_°‘ o
=\ r?|cos 8| T ’

Since Fy(-) is analyticon Z,g, for # € (0,1) we get

17 () |
1 At

= || — Fo(A)dA

I 5 . Fahan |

I

C [~ ds C [9 ,
<= tscos 6 &> _/ rcoséd

n/; ¢ SO‘+27'E _96 &

< C +C_9r1706 er
S\ nwr%cos8|  w ’

This completes the proof of exponential boundedness.
For the uniform continuity, let # > 0 and x € X, we have for R > r and s > 0,

1 C [ do C sRcos(0)
||_/ eAtFa(A)dA||<_/ e.\ocose_\e—'
270 JT, gn{AEC:|A|=R} T Jr c% = msR | cos(0) |
Therefore, for all € > 0, we can choose R; > r such that for all s € [£, 3] we have
5 N Fa(AA 1< 5 23)
— e <=
i Jr oniniAlzRy 2
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On the other hand, e*Fy(A) — e Fy(A) as s — ¢, uniformly on I, g N{A € C:| A |<
R}, this implies, for all € > 0, there exists & > 0 such that

I / M Fy(A)dA — / N Fy(A)dA ||< ; 24)
T, oN{ACC:|A|<R} T, 6N{ACC:|A|<R}

By (23) and (24) we obtain for all € > 0, there exists 6 > 0 such thatif |7 —s|< & we
have
| % LT (1) — 5% LS (s5) || < €.

This completes the prove. [J
Using the Proposition 1.3.4 in [4] we give the next result.

COROLLARY 1. Let f € L} (Ry,X), then the convolution t'=%%(t) * f(t) =
Jo(t — )% V.S (t — ) f(s)ds exists (as a Bochner integral) and defines a continuous
function from Ry into X.

LEMMA 4. For every A € C with Re(A) > max{0,r}, %(A) = Gy(A) and
(1271 S%)(A) = Fu(A).

Proof. Using that G4(-) is analytic on X, g, and that the integrals involved in the
calculus are absolutely convergent, we have

Ro(N) = | e NRBy(t)dt = ~(ANG () dydt
/0 / 2mi /,9
_/,. (A=7)"'Ga(y)dy.

27i Jr,
By
0 C 0 C
A—7)"'Gy(y)dy S/ 7Ld§</ ——Ld&
/cw( )GaMArl< | TR L IAJL
_ 20C
C—1A])

we have [¢,  (A— Y)"'Gy(y)dy converges to 0 as L — oo. Therefore

Ro(A) = ZLm/r Q(A_Y)_lGa(Y)dY

1
— _/ A=) "'Gu(y)dy) = Ga(N).
ng(zm e 87 ) y) o(A)

From Fy(-) is analytic on X, ¢ using the same argument as before we have
~——— = > 1
1T 7 (A) = / NI (1 dp = / — / oAV () dyd
0 0 2miJr,,
1

=55 /r,.e(A_ V)" Fu(y)dy.
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Since
0 C 0 C
Ay Ryl < [ g < [ e
1, a0 moan< [ o LA
~ 20cL
=oAL

we have [¢,  (A— ¥)~'Fy(y)dy converges to 0 as L — oo. We infer

— 1
o—1 _ _ !
1917 (A) Zm'/rwm V) Fo(y)dy
1
= lim [ =— A—7)"'Ey(y)dy ) = Fy(A).
Lﬂ(Zﬂi/{rng:rg.ygL}ucL,g( v Faly) y) a(8)
O

THEOREM 3. The function %(-) is a a-resolvent operator for the system (1)-

2).
Proof. Let x € D(A). From Lemma 4, for Re(A) > max{0,r},
RN (AT — A~ B(A))x =x,
which implies
AZo(A)x —x = A %o (A)Ax+ A "% (A)B(A)x,

we get
AR (N)x — A% 'x = Bo(N)Ax + %o (A)B(A)x,
and applying (8) and [4, Proposition 1.6.4] we obtain
DF Ra(N)x = R N AX+ (Za B) ().

By the uniqueness of the Laplace transform we get
1
DO Re(1)x = Ry (1) Ax+ / Bt — $)B(s)xds.
0

Arguing as above but using the equality [A!~%(A%T —A — 1?3\(1\))],@\0C (A)x=x, we
obtain that (9) holds. The proof is now completed. [J
We shall prove a result the existence of an analytic extension of resolvent operator.

THEOREM 4. The function X : (0,00) — £ (X) has an analytic extension to
250, 6 =min{¢p -5, m— ¢} and

1

Ro(2) = 5

/ AeMGy(A)dA, z€Zsy. (25)
Frﬂ ’
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Proof. For A €Ty and z € X5, we can write Az =5 |z | ¢'@e(0)+S) where
T <arg(z)+& <m—0<E<Oand s>r If [ z|> 1, from (20) and (13) we get

| Za(2) ||

1 R
< — e(Az) dA
2m‘/ ¢ \A|| |

c / slzlcos(are(z )+e>d5 < / ? pldeostare(2)+) g

//\

27r

< ¢ +C_9 o
=\ zr|cos(arg(z) +0)] =« '

On the other hand, using that G(-) is analytic on X, ¢, for 0 <| z |< 1 we obtain

_ L Az
| #a@) =1l 37 /. ,OeaA
_/ \Iz\cos arg(z )+6)ds+£/e ercos(arg(z)Jré)dé
2r
< (g/weucos(arg( )+0)du+ C /9 rcos(arg(z)Jré)dg)
T J 2r
< ¢ +Q d
= \ mr|cos(arg(z) + 0)| ’

This property allows us to define the extension %,(z) by this integral.
Similarly, the integral on the right hand side of (25) is also absolutely convergent
in Z(X) and strongly continuous on X for |argz| < &, we observe for A € T, ¢

eA(z+h) —e

Az oAath) _ Az
| e

C
GalA) = AeMGa(A) || < | —————Ae" | = =0, 1[0,

and

eA(z+h) — ez C

I = Gal(A) ~AeMGa(A) || < eRe(Az)m =K(A),

where K(-) is integrable for A € I',g. From the Lebesgue dominated convergence
theorem which implies that %, (z) verifies (25). [

In the next result we show that existence of resolvent operator implies in the exis-
tence of solutions for problem (1)-(2).

THEOREM 5. Let xo € [D(A)] and define u(t) = %o (t)x0. Then
u € C([0,%2),[D(A)]) NC*((0, %), X),

and is a solutions of (1)-(2).
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Proof. By Theorem 1 (iii) and Theorem 4 it is easy to see that u(r) = Z(f)xo is
a function in C([0,0),[D(A)])NC*((0,0),X). By Theorem 3 we have u(t) = % (t)xo
satisfies the problem (1)-(2). O

3. Non-homogeneous system

In this section we the study the existence of mild solution for the semilinear
integro-differential fractional problem

Du(t) = +/Bt—s s)ds+ f(t,u(t)), 1 € (0,a), (26)
u(O) = uy, 27

where o € (0,1) and f is a apropriate function. In the sequel, Zy(-) and .Z(+) is
the o -resovent operators and auxiliary resolvent operator studied in previous section
defined by (20) and (21) respectively.

Now we wil construct a notion of mild solution of the problem (26)-(27). Let
u:[0,00) — X is a continuous functions satisfying (26)-(27). Then applying J* at both
sides of the equation (3) we have

u(t) = u(0) +J*Au(t) +J*(B(t) xu(t)) + J* f(t,u(t)) (28)
= u(0) + go * Au(t) + go* (B(1) *u(t)) + 8o f (2, u(t)).
Now assuming that this function is of exponential type and is locally integrable,

we apply that Laplace transform os both sides we obtain

N uo  Ai(A)  B(A)i(A)
M(A) = X + G + A + A 9

where f/(;)(A) is a Laplace transform of f(r,u(r)). We infer

A(A) = A% (AT — A — B(A)) ug+ (A%T— A — B(A)) "L f(u)(A)
= Ga(A)uo+ Fo(A) f() (A)

:%a(t

ug+1%- 15” t

I/l()"—ta 1<¢0{

F)(A)
f(t,ul?)).

Finally applying the inverse of Laplace transform we end with the formula

) ( )
) (t) *
u(t) = Falt)to + /0 =) S (1 — ) (5, uls) )ds,

this equation inspires the next definitions.

DEFINITION 3. Let 7 > 0, a function « : (0,7) — X is called mild solution of
(26)-(27) in (0,7) if u € C((0,7),X) and

u(t) = o (t)uo+ /Ot (t—5)* LSt —5) f(s,u(s))ds, (29)
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holds for all 7 € (0, 7).

The next result is about the existence of the mild solution for the problem (26)-
27).

THEOREM 6. Lef f:(0,00) x X — X be a continuous function and locally Lip-
schitz in the second variable and uniformly with respect the first variable, that is, for
each x € X, there exists an open ball B(x,R) and constant L = L(B(x,R)) > 0 such
that

[ f(,y) = fav) [SLIy=vl,

forall y,v € B(x,R) and t € (0,00). Then, there exists Ty > 0 such that (3)-(4) has a
unique mild solutions in (0,T).

Proof. Given uy € X, let B(up,r) and L = L(B(uo,r)) be the Lipschitz constant
of f. Given b € (0,r) fixed, by Theorem 1 and Theorem 2 we can choose Ty > 0 such
that

b N b
| Zo(t)uo — ug || < 3 and a(Lb—!—M)TS‘ < X forallz € (0, 1),

where M = sup; ¢ o ) | f(s,u0) || and N = SUP;¢(0,7) | Falt) || -
We define

S(19) ={ueC((0,7),X) : u(0) =up and || u(t) —up||<bforallt € (0,7)}

with the norm || u [|s(z))= sup;e(o,¢,) | #(t) || and the operator T on S(7) by

T(u(t)) = o (t)uo+ /Ot(t —5)* L (t — 5) f(s,u(s))ds.
If u e S(1), we have T(u(0)) = up and T(u(r)) € C((0,1),X). On the other

hand, we have that

| T (u(t)) —uo |
< || Zo(t)uo —uo ||

[ Tl =) £ s(5) — o) -+ 1 5.0 )
< || Za()to— 10| +/(:(t—s)°‘_lNL 1 u(s) — o | ds—i—/ot(t—s)“_lNMds
< || R (t)uo — uo || —|—NLbi —|—NMi

o o

N
< H %a(l)u()—uo H +&(Lb+M)T(()x <

NS

b
——b
+2 ,
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forall 7 € [0, 7], this show that TS(1) C S(10). If u,v € S(19) we obtain
[T (@) =T() [l < /O (=) | Falt =) Il £(s,u(s)) = f(s,v()) || ds
< [[=9)"INL [ us) = v(s) ] ds
0

NLt¥
<% sup [lu(s)—v(s) |-
& se(0.1)
This implies,
NLt¥
1T @) =T ) sty < —= [l u=v s -
From NLTO % by the Banach contraction principle we have that 7 has a unique fixed

point in S( 0). This prove that (26)-(27) has a unique mild solutions in (0,1). O

4. Applications

In this section we apply the abstract theory developed in the previous sections to
two examples. We apply our a-resolvent theory in the existence of solutions of partial
integro-differential fractional which arise in the theory of heat equation with memory.
In what follows, we consider the initial boundary value problem

9 ki Puber) ke [ ulx,s)

&—au()ﬁl‘) = 774-%/0 e T 02 ———ds, t>0, 30)
u(x,0) = uo(x), x € (0,a), 3D
w(0,) = u(a,t) =0. (32)

In this system, o € (0,1), k;,k»,7,7 and 7; are positive numbers and g%, = D
When o =1 the system (30)-(32) is call Jeffrey’s equation, see [3] for more details. To
represent this system in the abstract form (1)-(2), we choose the space X = L2([O,a]).

In the sequel, A : D(A) C X — X is the operator given by Ax = k; X" with domain

DA)={xeX: kl X" € X,x(0) = x(a) = 0}. Itis well known that Ax = x” is the

infinitesimal generator of an analytic semigroup (7'(¢));>0 on X . Hence, A is sectorial
of type and (H1) is satisfied. We also consider the operator B(r) : D(A) CX — X, ¢ >0,

B(t)x = Qe’%m for x € D(A). Moreover, it is easy to see that conditions (H2) and
(H3) in Sectlon 2 are satisfied with b(r) = 7 k2¢~% and D= Cy(10,4]), where C5([0,4])

is the space of infinitely differentiable functions that vanish at £ =0 and £ = a. Under
the above conditions we can represent the system (30)-(32) in the abstract form (3)-(4).
The next results is a consequence of Theorem 5.

PROPOSITION 1. Assume that the above conditions are fulfilled. Then, there ex-
ists a mild solution of the system (30)-(32).



FRACTIONAL RESOLVENT OPERATOR WITH o € (07 1) AND APPLICATIONS 203

To finish this paper, we study the existence of an o -resolvent operator and unique
mild solution for the partial coupled integro-differential fractional system

o 2 t 2
I gt(fx’x) = J gitz,x) +/O a(t—s)(; ;Ejz’x)ds+f(t,u(t7x)),
(t,x) € (0,00) x (0,L), (33)
o 2 t 2
J gt(f;x) _? ;56’2”“) +/0 bt —5)2 gff) ds+g(1,v(1,%)),
(t,x) € (0,00) x (0,L), (34)
u(0,x) = up(x), v(0,x) =vp(x), x€(0,L), (35)
u(1,0) = u(t,L) =0and v(r,0) = v(t,L) =0, t € (0,00), (36)

where a € (0,1) and i—i = D¥. Here we consider that fuctions a and b in L}
and f,g: R xR —R.

Let 2" = (ij) , from (33)-(36) we obtain that

(RT)

_ 32,4)(:2)() 6a(t — S) azgisz,x) ds " (f(t,u(t,x)))
o fyble—s) P ds )\ &)
22 ' _ 22
= dx2 (;)2 (u(t,x)) +/ O 5 Cl(t S) ox? (u(srx))avs (37)
0 2 )\t 0 \ b(t—s)Z 0 (s,x)
i (Jle)
g(t,v(t,x))
Therefore, we can represent the system (33)-(36) in the abstract form
80:

81‘_05%0) = d,%”(t)Jr/ot%(t—s)%(s)ds+ﬂ(t,3&”), t>0, (38)

2(0)= 2, €X, (39)

ro=(1). ﬁf:(% ;) 20
s = (104,

g(t,v(t,x))
In this problem the space X is defined by X = L?(0,L) x L?(0,L) under the norm

(%) - (/()Lu2+|v|2dx)%,

Il
N
S
~
[N
S— O
|QJ
L3}
Q
—
-~
O SN~—
S
v
[~
=
o
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it is easy to see that X is a Hilbert space. We define the D(.<7) by

D(o) = {(”V’) EX:uyve Hg(o,L)mHZ(QL)}.

In the sequel we show the existence of o -resolvent operator associated to the
system (33)-(36).

LEMMA 5. The operator < is a sectorial operator.
Proof. First we prove that 7 is a generator of Cp-semigroup. Let
wy\ [ Au—uy
(1) = (M=)
Is it easy to see that D(</) is dense on X . We obtain for A >0

L
lar=r) () 12 = [ | A=

L
> [Cup P (4) 12
0

lar—er) (1) 1= a0 (1)1

the previous fact shows that o7 is a dissipative operator.
Now let us prove that 0 € p(«7). If A =0, the problem

= (1))

— Uxx = f ) (40)
—Vxx = & (41)
From the standard theory in the linear elliptic equations we obtain a unique solution of

(40) and (41) such that u,v € H*(0,L) N H}(0,L), therefore 2" = (ﬁ) € D(«/) and

Therefore

is equivalent to the systems

0 € p(), from[22, Theorem 1.2.3] we obtain that .o/ is a generator of Cy-semigroup
of contractions on X.

Now we show that <7 is a generator of analytical semigroup. By the previous
facts 0 € p(«), itis easy to see that this implies that iR = {i : B € R} C p(«/). Now
we proof that || n(inl —</)~! |< C, for all n € R. We observe that the equations
inU — «/U = F is equivalent to problem

iMu—uy = fe L*0,L), (42)
mv—ve =g €L*0,L). (43)
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Multiplying the equation (42) by Nz and integrating we obtain
L L L

inz/ uudx — n/ Uy Udx = n/ fudx.
0 0 0

Multiplying the equation (43) by inv and integrating we obtain
L L L

mz/ wdx — n/ Vi Vdx = n/ gvdx.
0 0 0

From (44) and (45) we have
2 [f e 2 L 2 2 L
in/o \u\+|v|dx—|—n/0 \ux|+|vx|dx:n/0 uf + vgdx,

taking the imaginary part we obtain

L
w2 [CluP v ar
L
:n/ Im(uf + vg)dx
0

L
<n [ |ar+ve|ax

L L
<n</0 |ﬁf\dx+/0 vgdx>

o K/OL”'2‘”)%(/;fde>%+(/0le2dx)% (/OL|g|2dxﬂ

L 3/ L i
<2n[</0 |u|2+v|2dx) (/O f|2+|g2dX> ]

By the foregoing we obtain

120U [I<[IF I,
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(44)

(45)

(46)

this is equivalent to show that || n(inl —.</)~! | < C, forall n € R. From [22, Theorem
1.3.3] we have that </ is a generator of analytic semigroup and from [25, Theorem

2.5.2] we obtain that <7 is a sectorial operator. This prove is complete. [

LEMMA 6. Assume that a(-) and b(-) are Laplace transformable absolutely con-
vergent for Re(A) > 0 whith analytical extension to Xo 5,9 € (5,7) and | a(A) | +

b(A) |= O(ﬁ) as |A| — eo. Then, the operator family (A(t))i>o satisfies the assump-

tions (Hy) and (Hz).
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Proof. From the definitions of %(r) we have for U € D(<)

| BOU | = | (b(t;)% ““2)5722) () &
< )+ 00 ([ v Pt [ )
< ale) 1302 ([ TP s P [ v P
< (@) + b0 AU | + U -
Therefore
| 200 1< k(U |+ U, @)

where k(t) = a(t) + b(r). From (47) we obtain the Laplace transform of (#(t)),>o is
absolutely convergent for Re(A) > 0, admits an analytical extension to X » and

_ 1
12 (M) 2(ip(r) x)) = O <T|> ; as [A] — oo

It is easy to see that (Hj) is verified considering D = C*(0,L) x C*(0,L). The proof
is finished. [

Take f(t,u) =n(¢)sin(u) and g(¢,v) = y(¢) cos(v), where 1 and 7y are bounded,
continuous and positive functions on [0,0). Then we have

s
é%
xs

(t,22) |7
f(tvul) _ f(tvMZ)
(tavl)) (g(tav2)) Hz
)
)

= [T 1) = F0) P+ glen) = (o0 P d

=~

= [ () | sin(ur) —sin(uz) [)* + ((¢) | cos(vy) —cos(va) |)*dx

SO0+ [ L=+ -2 e
<)+ 70 | 21— 23|

This implies there exists L= sup (n(¢) +¥(¢)) > 0 such that
1€[0,00)

| Z @, 21)—F @, 22) [I<L|| 21 - 22

By the Theorem 3 and Theorem 6 we obtain the next result.
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PROPOSITION 2. Assume that the above conditions are fulfilled. Then there ex-

ist an analytical o -resolvent operator family and a mild solution defined on (0, 7))
associated to system (33)-(36).
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