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ON AN INTEGRO-DIFFERENTIAL EQUATION OF ARBITRARY
(FRACTIONAL) ORDERS WITH NONLOCAL INTEGRAL
AND INFINITE-POINT BOUNDARY CONDITIONS

H. EL-OWAIDY, A. M. A. EL-SAYED AND REDA GAMAL AHMED *

(Communicated by C. Lizama)

Abstract. In this paper, we study the existence and uniqueness of solutions for an integro—
differential equation of arbitrary (fractional) orders with nonlocal integral and infinite-point
boundary conditions, continuous dependence of the solution on nonlocal data, on initial con-
dition and on functional equation also will be study. An examples to prove main results.

1. Introduction

Boundary value problems for nonlinear differential equations (fractional differen-
tial equations) have attracted great research efforts worldwide, as they arise from the
study of many important problems in various discipline areas such as fluid flows, elec-
trical networks, rheology, biology and chemical physics. In practical applications, it is
important to establish the conditions for the existence solutions. Hence, many authors
have investigated the existence solutions for various functional differential equation
(fractional differential equation) boundary value problems, and for details, the reader is
referred to [1, 2, 3,4, 5,7,8,9, 11, 12, 13, 14, 16, 19] and the references therein.

In [15], the authors proved the existence of absolute continuous solutions of the nonlo-
cal first-order boundary value problem (BVP) with the nonlinear function involving the
Liouville-Caputo fractional derivative:

% = f(#,D%(t)), ae t€(0,1), 0<a<l,

together with either the Riemann-Stieltjes functional integral boundary condition (with
the advanced or deviated argument f) given by fol x(¢(s))dg(s) = xp, or the infinite-
point boundary conditions given by ¥;> ; axx(¢ (7)) = xo.

Motivated by the above mentioned paper, the purpose of this paper is to investigate the
existence solutions for a more general problem. Obviously, our work is different from
those in [20, 21, 22].
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In this paper, we are concerned with the nonlocal problem for the integro-differential
equation

dx

E:f(t7x(t)7/Otg(s,Do‘x(s))ds)7 ae te(0,1), a0,1], 1)

with the nonlocal condition

m
Y ax(w) =x0, ax =0, 7€ (0,1). )
k=1

The existence solution x € AC[0,T] of the nonlocal problem (1)-(2) we be proved. The
continuous dependence of the solution on the nonlocal data a; and on the function g,
will be studied.

As applications, the nonlocal problem of equation (1) with the integral condition

/1x(s)dg(s) = X, (3
0

will be studied. Also, the nonlocal problem of equation (1) with infinite-point boundary
condition

> axx(T) = xo, 4)

k=1

will be studied. Finally, we give an examples to prove main results.
Main results in this paper are based onto Kolmogorov’s Compactness Criterion
[6], Schauder’s Fixed Point Theorem [10] and the following definitions:

DEFINITION 1. [18] The fractional order integral of order & of f € L; is defined
by

t(f — o—1
0= [l psyas
0
DEFINITION 2. [18] The Caputo fractional-order derivative DY of order o €
(0, 1] of the absolutely continuous function f(¢) is given by

d (t—s)"%d

DEF) = 1" G0 = [ g a9

2. Integral Representation

Consider the nonlocal problem (1)-(2) with the assumptions:

1. f:]0,T] % R? — R satisfies Caratheodory condition i. e f is measurable in ¢
for any x,y € R and continuous in x,y for almost all 7 € [0,1]. There exist a
function a; € L'[0, 1] and a positive constant b; > 0, such that

If(t,n,0) <ai(t) +bin| +bi|ol.
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2. g:]0,1] xR — R satisfies Caratheodory condition i. e g is measurable in ¢ for
any x € R and continuous in x for almost all 7 € [0,1]. There exist a function

¢z € L'[0, 1] and a positive constant b, > 0, such that

lg(t,n)| < ax(t) +ban.

1
sup [ ai(s)ds < My, sup / / 0)d0ds < M.

1€[0,1] /0 1€[0,1]

4. (2b1+ (p25) < 1.

LEMMA 1. Let A =3}"  ar # 0, the solution of the nonlocal problem (1)-(2), if

it exist, then it can be expressed by the integral equation

x(1) =A71[x0—k§1ak/o v(s)ds]—i—/o v(s)ds

where

= -1 —ma Tkvs s tvs s t s, 1'% (s))ds
V0 =104 o= S [ s+ v, [ gt vs)a

Proof. Let % = () in (1), we obtain

— f(,x(0), /0 "ol 1 %u(s))ds), 1€ (0,1),

0)+ /OI v(s)ds

Using the nonlocal condition (2), we get

m m m T
2 ax(t) = x(0) 2 ax+ 2 ak/ ‘
k=1 k=1 k=1 0

where

then

x(0) = xo—i / '

Zk 1%

We obtain (5)and (6) from (7),(8) and (9). This completes the proof.

&)

(6)

(7

®)

€)
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3. Existence of solution

DEFINITION 3. By a solution of the functional integral equation (6) we mean a
function v € L;[0,1] that satisfies (6).

THEOREM 1. Let the assumptions 1—4 be satisfied, then the functional integral
equation (6) has at least one solution v € L,]0,1].

Proof. Define the operator F associated with the v € L;[0,1] by

Fv(t) = Mxo — i / s)ds] +/ s)ds, /O[g(s,ll_av(s))ds).

M3+b1A '|x0\+b1M4

b b ))

Let Q ={veR:||v|| <!}, where [ =
1-(2b1+ 173%5

Then we have, for v € €

Il < 176047 b S [ (oao] + [ o)do
/g 0,1'~%(0))d0)|ds.
</O [al(s)+b1A—1|x0—k§1ak/OTkv(e)de
+b1|/sv(0)d6\+b1/s 12(6,1'~%v(0))d6)|]ds
\/ a1 (s)ds+ 1A~ x|+ biA~! Eak// 6)|d0ds

+b1/0/0 \v(9)|d9ds+b1/0 /0 a(6)d6ds

t S
+b1b2/ / 1'=%|(6)|d6ds

0 JO
M1+b1A71\X0|+2b1HV||L11+b1M2

+b1b2/// (6= A (A)|drd6ds

biby

<My +bhA7! biMy + (2by + —————
1 +b1A7 x| + b 1Mo+ ( 1+1"(2—a)

This prove that F : &; — €; and the class of functions {Fv} is uniformly bounded
in Ql .

Let Q be bounded subset of Q; and F : Q; — €;. Then F () is also bounded on
Q.
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Let v € Q, then

=Bl = [ 13 [ s () (o)ias

/11/0+h sA xo i /.y dl +/
/0‘ g(A,1'%p(1))dA) — Uy — Zak/oeku(k)dk]

7} 7}
+/0 v(/l)d/l,/o g 1V %v(2))dA)|dsdo,

since f € L;[0,T], It follows that

0+h m N )
%/e + \f(s,A*I[xo—Zak/ u(?L)d?L]+/ y(L)dA,

/O g(A, 1" v(1))dA) — g / A)dA] +/
/Oeg(k,ll’“v(l))dl)\dsao as h—0,

then (F'v);, — (Fv) uniformly. Hence F(Q) is relatively compact. Hence F is compact
operator.
Let {v,} C Oy and v, — v

m 1
lim Fv, = lim f(r,A” Eak/ v (8)ds] —|—/ vu(8)ds
0 0

n—oo n—o0
k=1

/tg(salliavn(s))ds) =Fv
0

Then v, — v = Fv, — Fv as n — . This mean that the operator F is continuous
operator.

By Schauder fixed point Theorem [10] there exist at least one solution v € L;[0, T]
of the functional integral equations (6).

Thus, based on the Lemma 1, the nonlocal problem (1)—(2) possess a solution
x € AC|0,1]. Now, from (5), we have

t—0

x(0) =limx(z) = x :A_lx—ma !
(0)=limx() =) =A"" o~ Yo ac |

and

x(1) = limx(r) = x(1) = A ' [xo — Zak/ 5)ds] —|—/

t—1

Therefor the Equation (5) has a solution x € AC[0, 1]. Consequently, the nonlocal prob-
lem (1)—(2) has a solution x € AC[0, 1] given by (5).
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4. Uniqueness of the solution

Let f and g satisfy the following assumptions

5. f:[0,T] x R?> — R is measurable in ¢ for any x,y € R and satisfies the lipschitz
condition

|f(t7x,y)—f(t,u,v)| gbl‘x_u|+b1‘y_v‘7

6. g:]0,7] xR — R is measurable in ¢ for any x € R and satisfies the lipschitz
condition

‘g(trx)_g(tvu” <bz‘x_l’t|7

! ! N
sup [ |f(s,0,0)|ds <L, sup // |(6,0)|d0ds < L.
1€[0,1]70 t€[0,1]7/0 JO

THEOREM 2. Let the assumptions 5—7 be satisfied, then the solution of the func-
tional integral equation (6) is unique v € L1[0,1].

Proof. From Theorem 1 the solution of the integral equation (6) exists.
Let v,y be two the solution of (6), then

/Ol\v(t) t)|dt = /\ftA xo—Zak/ s)ds| —l—/
/Og(le_O‘v(s))ds)
_f<t,A*1 [xo—éak/(:ky(s)ds] +/Oty(s)ds

/tg(le_O‘y(s))ds) |dt

bl/ A” liak/ (s)|dsdt

Yhy / / v(s) — y(s)|dsd

+b1b2/ /Ilfa\v(s)—y(sﬂdsdt

<bhiA” 1iak/ / [v(s) —y(s)|dtds

Yy / / Iv(s) = y(s)|drds
+b1b2/0 /0/0 r‘(_li_ocl))tv(s)—y(sﬂdedsdt
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< 2by v -yl + ( )II =l
Hence
b1by
1—-(2b+ =—— —
(1= @b+ =g =il <

since (2b; + biby y 1, then v(z) = y(¢) and the solution of the functional integral
T2-a)

equation (6) is unique.

Thus, based on the Lemma 1, the nonlocal problem (1)—(2) possess a unique solu-
tion x € AC[0, 1]. Now, from (5), we have

t—0

x(0) =limx(z) = x :Aflx—ma "
(0)=limx) =x() =4 "o ~ S, |

and

t—1

m Tk 1
=1 = =A% - Y a v(s)ds u(s)ds
1) = fima(0) =) =4~ o~ 30 "/o ()d}+/0 d

Therefore, the Equation (5) has a unique solution x € ACJ0, 1]. Consequently, the non-
local problem (1)—(2) has a unique solution x € AC[0, 1] given by (5).
5. Nonlocal integral condition
Let x € AC[0, 1] be the solution of the nonlocal problem (1)-(2). Let a; = h() —

h(ty—1), h is increasing functions, 7 € (fx—1,%), 0 =1y <1 <fp,... <1, =1 then, as
m — oo the nonlocal conditions (2) will be

i h(ti—1)x() = xo.

And

1
fim Ehtk Bt 1)x(z) = /O x(s)dh(s) = xo

m~>oo

THEOREM 3. Let the assumptions 1—4 be satisfied, then the nonlocal problem of
(1)-(3) has at least one absolutely continuous solution.
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Proof. As m — oo, the solution of the nonlocal problem (1)-(2) will be

x(t) = lim A~ xo—Zak/ 5)ds] —|—/

m-—oo

1 mo
:h(l) [xo—Eak/O v(s)ds(h(t;)

k=1

_h(tk_l))] —|—/Otv(s)ds

1 1 /7 "
=g [ ) resano]+ [vas

where

) = S o [ [ v)ds dnt
/Ov(s)ds,/o 2(6,1'"%(s))d0)ds

6. Infinite-point boundary condition

THEOREM 4. Let the assumptions 1—4 be satisfied, then the nonlocal problem of
(1)-(4) has at least one absolutely continuous solution.

Proof. Let the assumptions of Theorem 1 be satisfied.
Let Y7 | a; be convergent, then

—_1—maTkvss tvss
xnlt) = A~V xo k;k/o m()d]+/0 o (s)ds. (10)

Where

m

V(1) = f(t, A" [xo — Zak/orkvm(e)de]

k=1

—|—/ Vi (s / (5,1 %,,(5))ds).

Take the limit to (10), as m — oo, we have

1 [x0— i ak /OTk Vi (s)ds] + Ot Vin(s)ds. (11)

k=1

lim x,,(¢) = lim
m—soo m( ) m—soo 22”:1 ak

Where

lim v, (¢) = lim f(z,

i t n(0)d6
mee ’"‘""’f Zk 1 k g / ]
—|—/ Vin(s)ds / g(s,1' "%, (s))ds)
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Now
Tk
ar(w)] < laxlll. lax | vis)ds| < farl V],
then by comparison test ;| axx(T), 2 ak fOT" v(s)ds are convergent.

Using assumptions 1-2 and Lebesgue Dominated convergence Theorem [17],
from (11) we obtain

1 [ had Tk d] 1 d
x(t) = = X0 — a v(s)ds|+ [ v(s)ds.
(1) S a0 kgl k/o (s) A (s)
Where
0= 1 s~ S [ v+ [ v(s)ds, [ als 1= v(s))as)
v(t) = ft, == Xo— ) a v(s)ds v(s)ds, s, v(s))ds
Zkzlak 0 k=1 k 0 0 g
The Theorem proved.

7. Continuous dependence

7.1. Continuous dependence on x

DEFINITION 4. The solution x € AC|0, 1] of the nonlocal problem (1)-(2) depends
continuously on xg, if

Ve>0, 3 06(e) st |xo—x5 <= |lx—x"lc<e,
where x* is the solution of the nonlocal problem

dx*
dt

= (e (0), /0 " o(s, D% (s))ds), ae 1€ (0,1), (12)

with the nonlocal condition

Y ax(t) =x5, ax =0, 7€ (0,1). (13)
k=1

THEOREM 5. Let the assumptions of Theorem 2 be satisfied, then the solution of
the nonlocal problem (1)-(2) depends continuously on Xxy.
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Proof. Let x,x* be two solutions of the nonlocal problem (1)-(2) and (12)-(13)

respectively. Then

/| V()| =

Hence

And

/|ftA xo—iak/ ds—|—/

t
/ (5,1~ v* (5))ds)|di
< bA” \xo—x0|+b1/ A IZak/ (s)|dsdt

+b1/0 /0 |v(s)—v*(s)|dsdt+b1b2/0 /011_0‘|v(s)—v*(s)|dsdt

m 1 1
gblA*IS—i—blA’lEak/ / Iv(s) — v*(s)|drds
=1 70 Jn

by /O 1 [ ' v(s) = v (s) deds
bibs /0 1 /0 [ /0 %v(s) — ¥(s)|dOdsds

B . b1by b
< b A5+ 2by v —v HL1+F(2 )II =,
vl b 8
- Ly < b1b )
- (2b+ 537%)

|x(1) — x* ()] iak/ v(s)ds] +/tv s)ds

Hence

k=1
Zak/ s)ds) —|—/ (s)ds|
k=1

<A o — x|+ 2]y =7,

2b1A71S

Hx—x*Hc<A—16+ —¢

Therefor the solution of the nonlocal problem (1)-(2) depends continuously on xj.
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7.2. Continuous dependence on «;

DEFINITION 5. The solution x € AC|0, 1] of the nonlocal problem (1)-(2) depends
continuously on ay, if

Ve>0, 3 8(g) st |ap—ap]<d=|x—x"|c <Ee,
where x* is the solution of the nonlocal problem

dx* B
dr

with the nonlocal condition

f(t,x*(t),/otg(s,DO‘x*(s))ds), we te(0,1), (14)

n
> ax(n) =x0, @ =0, He(0,1). (15)
k=1

THEOREM 6. Let the assumptions of Theorem 2 be satisfied, then the solution of
the nonlocal problem (1)-(2) depends continuously on ay.

Proof. Let B* =Y}_,a; # 0 and x,x* be two solutions of the nonlocal problem
(1)-(2) and (14)-(15) respectively. Then

1 * _ [ ! —ma Tkvs s tvs s
Jy o=@l = (176 gt~ S [ vis)as)+ [ v
/Otg(s,ll_av(s))ds)

—f(,

m 1

a; v*sds—l—/v*sds,
zk lak g’ k/O 0 ()
/ (5,1~ (5))ds)|di
0

m5‘XQ|b1 / 1 /
< A~
A A" + by ‘ Zak
At Zak/ |dsdt+b1/ /\ — VA (s)|dsd
+b1b2/ /Ilfa\v(s)—v*(s)|dsdt
0 Jo

< md|xo|b
A A*

biby

2b1A"  Umé + 2by||lv —v* ——c
+2by mo + 1Hv VHLI-FI_,(Z O()

v =vlL, -

Hence i
m5\xo|b1A A~V 4+ 2b 1A 1lm5

—(2b1+ ;%)

v =l <
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And
m Tk t
|x(r) —x"(¢)| = \A_l[xo— Zak/o v(s)ds] + A v(s)ds
k=1
m Tk 1
—A M xo — Eak/ vi(s)ds|+ | v*(s)ds]|
k=1 70 0
<2y =L,
Hence

<2m5hdhA*1A4*+4hA*Um5__8

L= 201+ 13 %)

[lx —x"[lc

This mean that the solution of the nonlocal problem (1)-(2) depends continuously on
ay.. The proof is completed.

7.3. Continuous dependence on the functional g

DEFINITION 6. The solution x € AC|0, 1] of the nonlocal problem (1)-(2) depends
continuously on the functional g, if

Ve>0, 3 §(g) st |g—g'|<d=|x—xlc<e,
where x* is the solution of the nonlocal problem

dx*
dt

:f(z,x*(z),/(:g*(s,x*(s))ds), ae 1€(01), (16)

with the nonlocal condition

2 ax* () =x0, ar =0, 7,€(0,1). (17)
k=1

THEOREM 7. Let the assumptions of Theorem 2 be satisfied, then the solution of
the nonlocal problem (1)-(2) depends continuously on the functional g.
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Proof. Let x,x* be two solutions of the nonlocal problem (1)-(2) and (16)-(17)
respectively. Then

1 1 m T t
/0 Iv(t) = v*(£)|dr = |/O £t 1[x0—k§1ak/0 v(s)ds]—f—/o v(s)ds

Tk
—|—b1/ / [v(s) —v*(s)|dtds
b16+b1b2/ / / _7|v(s)—v*(s)|d9dsdt
o Jo Jo
. b1b2 "
< b6 +2by|lv—v||1, +m||v—v Iz,
Hence
" bid
- Ll \ b1 b .
(2bl + F(l = ))
And
m Tk t
x(t) —x*(t)| = |A" o — Eak/o v(s)ds] + A v(s)ds
k=1
m Tk !
—A M xo — Zak/ vi(s)ds|+ [ v*(s)ds]|
k=1 70 0
<2fv—v HLI
Hence
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This mean that the solution of the nonlocal problem (1)-(2) depends continuously on
the functional g. The proof is completed.

8. Examples:
In this section we offer some examples to illustrate our results

EXAMPLE 1. Consider the following nonlinear integro—differential equation

d In(1
d—f:ﬁeur% / g (cos (3s+3) +¢'D2x(s))dt, ae te(0,1), (18)
with infinite point boundary condition
<N H+%—1
(= Yy =X 19
§ e e )T (19)
Set
S, / g(s, 1'% (s))ds) =3¢
ln(l‘f'2 - [Xo —Zk:1k%for"v(s)ds}—kfév(s)ds)
k= lk3
* 3+12
1
+ / 5(cos(3s+3) + €T3 u(s))dr.
0
Then
1
fe,v( /gsl1 %y(s))ds)| = | et\—i-g\v(s)\
1] o
+/ Sloos(3s+3) +eThu(s)lar,
0
and also

1 1
[g(s, 1"~ *v(s))] < 3lcos(3s+3)[+ 2 Iv(s)]:

It is clear that the assumptions 1-4 of Theorem 1 are satisfied with c(¢) = 3¢’ €

L'0,1], ca(t) = 3cos(3t+3)| € L'[0,1], by =1, br=1, 3+()<1

and the series: Y, k%, is convergent. Therefore, by applying to Theorem 1, the given
nonlocal problem (18)-(19) has an absolutely continuous solution.

EXAMPLE 2. Consider the following nonlinear integro—differential equation

dx
E—t—f— +\/_ 9/ sin®(3s +3)

sDx(s)
+———T——d7af 0,1), (20)
2(1+ 7UQt 0
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with infinite point boundary condition

1 k243k—1
Y, —x( ) = xp. (21)
ST K3k
Set
1
P @), [ (s, v(s)ds) =1 41
0
In(1+ ﬁ[xo—Ele k%forkv(s)ds] + [y v(s)ds)
_|_ k-
t+9
1
1 I3
+—/ (sin2(3s+3)+%)dﬁ
9Jo 2(1+12v(s))
Then
! 11— 3 2 1 1 "1 2
7ev0), [ gls.I () ds)] < P24 3]+ 5 [ 51(sin2(3s+3)
0 3 3Jo3
sl%vl(s) at,
2(1+12v(s))
and also

1

(5, 3v(s))] < 51(5in° 35+ 3)] 4+ £ (o).

It is clear that the assumptions 1—-4 of Theorem 1 are satisfied with ¢ () =13 +12 €
1
1 — Li(qin2 1 _ 1 _ 1 2., 1@
L'0,1], (1) = 3[(sin*(3s+3)| € L'[0,1], bi=3, by=¢, ﬁﬁ%) <1,
and the series: Y, | k%7 is convergent. Therefore, by applying to Theorem 1, the given
nonlocal problem (20)-(21) has an absolutely continuous solution.
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