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UNIQUE POSITIVE SOLUTION FOR NONLINEAR CAPUTO-TYPE
FRACTIONAL ¢-DIFFERENCE EQUATIONS WITH NONLOCAL
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Abstract. This paper contains a new discussion for the type of generalized nonlinear Caputo
fractional g-difference equations with m-point boundary value problem and Riemann-Stieltjes
integral &[x] := fol x(t)dA(t). By applying the fixed point theorem in cones, we investigate an
existence of a unique positive solution depends on A > 0. We present some useful properties
related to the Green'’s function for m— point boundary value problem.

1. Introduction
In this paper, we have discussed the existence of unique positive solution for the
m-point nonlinear boundary value problem for generalized Caputo-type fractional g-
difference equations of the form
cDFx(t) +Ah(t)f(t,x(t)) =0, t €(0,1), n—1<a<n, n>2,
x(0) =37 7 x(8),

cD2x(0) = ¢D}x(0) = ... = D 'x(0) =0,

ey

v eDgx(1) — péfx] = Y2 Bi cDyx(8),

Where cD,‘;‘ is the generalized Caputo fractional g-derivative of order o, with
0<g<1,Y"2y<1,B=0,86€(0,1),i=12,..m=2, <l <. <Gpa,
A >0 is a parameter, v,u >0, h:[0,1] = R*, f:(0,1) x R — R is a continuous
function, and é[x] := folx(t)dA(t) is the Riemann-Stieltjes integral with respect to the
bounded variation function A : [0,1] — R.
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The fractional q-difference equations introduced and studied by Jackson [1], Adams
[2], AlSalam [3] and Agarwal [4]. Due to its applicability in mathematical modeling in
different branches like technical sciences, engineering, physics and biomathematics, it
has drawn wide attention to many researchers.

Recent studies on fractional calculus and boundary value problems of fractional
g-difference equations indicate that it is an important topic of current research. There
have appeared various articles covering these problems related to finding the existence
positive or nontrivial solutions for different kinds of boundary value problems such as
nonlocal, integral, multiple-point, sub-strip boundary problems and some others, see
[5-15] and references therein.

In [5], Ahmad et al. considered the following nonlinear fractional g-difference
equations with nonlocal and sub-strip type boundary conditions

cDgx(t) = f(t,x(t)), t€[0,1], 1<a<2,0<qg<]l,
{x(O) =xo+ h(x), x(£) :bfﬁx(’v)dq’v, 0<f<n<l,

where CDZ‘ are the Caputo fractional g— derivative of order ¢, f : [0,1] x R—Rand h:
C([0,1],R) — R are given continuous functions, and b is a real constant. By applying
Banach’s contraction principle and a fixed point theorem due to O’ Regan, the existence
results of the solutions were obtained.

The aim of this paper is to establish the existence of unique positive solutions for
the class of generalized Caputo-type fractional g-difference equations with m-point
boundary value problem and Riemann-Stieltjes integral conditions by using the recent
fixed point theorem in cones. Moreover, the example is given to illustrate our main
results.

2. Preliminaries
In this section, we introduce some notations, definitions and lemmas for the theory

of fractional g-calculus [4,8,9].
For ¢ € (0,1), the class [a], is defined as

acR.

g _l—q
[a]q - 1— q )
The Pochhammer symbol with the g-analogue (g-shifted factorial) is defined by
—1 '
(@q9)0=1, (@:9)r=[](1 -aq’), £€NUe.
j=0
Moreover, the exponent (4 — b)* with the g-analogue is defined by

(-1
@-b0 =1, a-b"=_Ja-bq'), teN, abeRr
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The g-gamma function I';(%) is defined by

_(1—q)® D

= W, )?ER\{O,—I,—Z,}

and note that T'y(£+ 1) = [£],T(%).
Now, Let ¢ be the function defined on [0,1] and o« > 0. Then, we have the fol-
lowing definitions:

DEFINITION 1. [4] The Riemann-Liouville type fractional g-integral of order o >
0is (I,?(p)(t) = ¢(r) and

(I3 )(t) = /Ot(t —q0)* lo(t)d,T, a>0,1€(0,1].

Ty(a)

DEFINITION 2. [10] The Riemann-Liouville type fractional g-derivative of order
>0is (Do(p)( t)=¢(t) and

(Dg o) (t) == (Dyly @) (t), >0,

where n is a smallest integer greater than or equal to ¢.

DEFINITION 3. [10] The Caputo type fractional g-derivative of order o > 0 is
defined as
(cDg o)1) := (I Dyo)(t), a>0,

where n is a smallest integer greater than or equal to ¢.

LEMMA 1. Let @ be the function defined on [0,1] and o, > 0. Then,
the q-fractional have the following property:

(1) (t¢h o)) =1 Pp(): (2) (DLIZ0)() = 9(t).
LEMMA 2. If o € RT, y € (—1,00), then

Ty(y+1)
By — _—a\TT ) n(ety)
Iq(z) T 1)(t) , O<t<a.

LEMMA 3. For a >0 and o € RT\N, the following is holds:
_ a )
(1 Do)t 2 ‘f( 0 !

where n is a smallest integer greater than or equal to 0.
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At first, we consider the generalized Caputo type fractional g-difference with the
following boundary value problem

cDgx(t) +y(t) =0, t€(0,1), n—1<a<n, n>2,

x(0) = 5752 % x(G),

()
cD2x(0) = ¢D}x(0) = ... = D 'x(0) =0,
v eDgx(1) = Jo x(1)dA (1) = 277 B cDgx(&),
and we need the following supposition:
(241) The bounded variation functionis A : [0,1] — R. And
1 1 %Cl _ m_2
_V_Zﬁz uB >0, Bi= [ [y Tt M A)>0,6=1-Y 7,
i=1
1
0(7) ::/O [Hi(t,q7) + Ha(t,q7: 5)] dA() > 0
for
27”1 %S o)
[ qu((x 1) ] (1 _qT)(OC*2) - %7 0 < qT << 17
Hi(t,q7) = . 3)
S %G
=L _
[ 2rq(a§—1)_] (1—617)(a 2), 0<r<gr<1,
[ . 2) _ XZieg %
e (- a0 = S (G—gn) "), 0<gr< G <,
H2(tvqT; Cl) =
|:[+21 1 %i&i (@-2)
2rq(a ) (1—q7) ) 0<gG<qgr<l
4)
And let
4 Z 3G [ (g0 = (Ggn)@ ), 0<gr< G
H;(t,q7:8) = ﬁ
’ (1-q7) ", 0<G<gr<l.
&)

LEMMA 4. Let y € C[0,1] and assume that (1) holds, then the boundary value
problem (2) has the unique solution x given in the form

1
= /0 G(t.q:5) ¥(7) dy, ©)
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where

G(t,qT; Cl) =H, (t7qT) +H2(t7qT; ct)

2B .
+ Il) H3 (l‘, qT; Cz) (7)
m-2 .. 7.
+[t+2i:16 YICI:I %d’(f)

Proof. In view of the Lemma 3, the solution of the generalized Caputo type frac-
tional g-difference equation (2) can be written as

b
Iy(a)

1 1 _
cDyx(t) = —m/o (’—qT)(a 2) y(1) dyT+c
q

+205t +3c3t + o4 (n— 1)1t 2, ®)

1
x(t)=— / (t—q1) V(1) dyt+cotert+ o tcut" !
0

n— 1 ! —n
CD( l)x(l):—m/o (l—qT)(a )y(T) qu‘f’(n_l)!Cn,h
q

where cg,c1,...,cu—1 € R are arbitrary constants. Applying the boundary conditions,
we found that

cO=c3=c4=..=¢C-1 =0,
e :1;;—1y(1)+7

S

m—2
t+2 7/’C’]IO‘ by(1)

zm 2

" 1ov(8)] [anie)

2 g ©)
- —5 1 ety —zjg By - 1yt

m=2 ,, .
A (EE I [ B oy

m—2 .,
iyt + 2R ) | an)

m—2
SEe ),
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Substituting the values of cg,cy,...,c,—1, we deduce that

DA
XU)=:£ﬁi?——:jjj1£ (1—q0)\ " y(1) dyt
1
—% [ a—a0= @) aye
A a0/ )
, 1 YICI
+%[ ’1 %C’ l// ' (l—qr)(a_z)y(r)dq’td/\(t)
t—qT N
- /O /0 q(a) (T)dqrdA(t)
m-—2 Gi _
_2,=é_%/01/0 ( () dyt dA(r)
(10)
that is
1
x(0) = [ [+ Halr.q:0)] (1) dyt
o[ E pﬁ’ L (0,47:6) ¥(2) dye (1n

+/ t+z§" s nbiy 1 L o(0)(0) dye

Hence, the proof of this Lemma is complete. [J

LEMMA 5. H(t,q7),H>(t,q7; &), H3(t,q7; ) and G(t,qt;&;) are the Green’s
Sfunctions defined by (3),(4),(5) and (7) respectively, satisfy the following properties:

(i) Hi(t,q7),H>(t,q7; ), Hs(t,q7; &) >0, Ve, 7 € (0,1)

1_1172 .. _ (a—2) o (0—2)
& Hy(t,q7)+ Hy(t,q7;8) < [t_|_zz=1 %Cl] (1—¢q7) .o (1—qr)

5 Ty a—1) = Tyla—1)
1 LB wG (gD
& —Hs(1.qT:5) < Hs(1.q7:4) < 7
3(6.47:6) < Hy(1.q:8) <[4 == Tla—1)
Wre[0,1), o= 14 2= 18 et P %C’ =12, m—2

12)



301

SOLUTION FOR NONLINEAR CAPUTO-TYPE FRACTIONAL ¢ -DIFFERENCE EQUATIONS
(i) vt,7€10,1],i=1,2,....m—2, we have

[t T Z,’-’Q; YiCi]

|:H1(17q7’-)
+H2(1»6]T§1)] < Hi(t,q7) + Ha(t,q7:6) < Hi(1,q7) +Hy(1,97;51).
(13)
2771 %iGi m
t+ i Gi
(iif) [ = ]lm(r)< G(r,qm;6) < [t + 2‘1 7/C] 2(1),
% gL e
here, Wl(r)—[rq(a_l)(l qr) SFq(a)(l qr) 1P
[(1- D)@ = (s — qr)( @] P, (14)
1 PO
N _ (a—2)
& y(1) = [Fq(oc—l)P+P](l qt) ;
m 2
where pzl-’—u’TB, P:Wﬁll)7 VZ,TG[O,I].
Proof. 1t is easy to see that (i)&(ii) are true.
Now, we prove (iii) with the help of (i)&(ii), so we have
m— 2 m
G(t,q7:8) = Hy(t,q7)+Hy (1,97: )+ i p ST (1,9 G) + [+ 2 I%Cl]p (1)
[“Fil i) (a-2) B
<[ty - 2
> wg m—2
L e el N D Y 1 (@-2)
pr( o /O 1+ =R (1 )2l
2{” %i&i 1 I o
- [ 15 ][1—‘ ( _1)P+P](1—q1)( 2)
_[ 21 1 %Cz] ( ) (15)

Furthermore, we have

G(t,qr; &) > pe T,(0—1) 5T, (a)

2By
pLgla—1)

poty EEPuGi (o (1-gn@? (1-gnl* Y
o B T - o

[+ ZE ) [G(l—fﬂ)(“” (1—gp)*

+ [(1=q0) " = Gz —q)* 7]
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_ [I+M] G(l—qq;)(a%) (l—qr)(o‘ N B
= e |: Fq(OC—l) N Srq(OC) ] |:1+7:|
2B o o
+m[(l_‘m( 2 (Lnr —g1) z)]]
Y14
I PO .

(&

Hence, the proof of this Lemma is complete. []

Let the real Banach space (K, ||.||) is partially ordered by the cone E C K, and
we denote a zero element of K by ¢. For the fixed p > ¢(i.e.,p > ¢ and p # ¢), the
set E,, defined by E, = {x € K|x ~ p}, here Vx,y € K, the notation x ~ y means that
31,V > 0 such that fix <y < Vx, and easy to see that E, C E.

Now, we will give the recent fixed point theorems, which play a key role in the
next analysis.

LEMMA 6. [16] Let E be a normal cone in the real Banach space K with p >
¢, and 7 : E — E is an increasing operator, satisfying:
(i) there is py € E,, such that T pg € Ep;
(ii) forany x € E, L € (0,1), there exists y({) € (¢,1) such that T ({x)(t) = y(£) T x(1).
Then:
(1) the operator equation 7 x = x has a unique solution x* in E,;
(2) for any initial value xo € E,,, constructing successively the sequence X, = I X,_1, n =
1,2,..., we have x, — x* as n — oo.

REMARK 1. [16] It is remarkable that
(1) if y(¢) =¢,¢ € (0,1) in Lemma 6, then the operator .7 : E — E is said to be sub-
homogeneous;
(2) if y(¢) =¢",0 < r <1 in Lemma 6, then the operator .7 : E — E 1is said to be
r— concave.

LEMMA 7. [16] On the basis of Lemma 6, if x; is a unique solution of the oper-
ator equation 7 x = Ax for A > 0, Then we have the following conclusions:
(i) xy is strictly decreasing in A, namely, 0 < A1 < Ay implies x| > xAy;
(ii) if there exists r € (0,1) such that y(¢) > ¢" for £ € (0,1), then x,, is continuous in
A, namely, & — Ao(Ag > 0) implies ||xy —xy, | — 0;
(idi) Timy oo [[xp [| = 0, Timy g [Jx3 || = +ee.

3. Main Results

In this section, we present the existence of a unique positive solution for boundary
value problem (1) by using the recent fixed point theorem in cones. Let K = C[0,1]
be a Banach space endowed with the norm ||x|| = max{|x(z)| : # € [0,1]} and let E be
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the standard cone E = {x € K : x(t) > 0, € [0,1]}. So E is normal. The operator
J : K — K is given by

t):/olg(t,qr;éi) h(t) f(1,x(1)) dyt, 1 €[0,1]. a7

THEOREM 1. Assume that (741) holds. In addition,
(/) f € C([0,1] x B R¥), h e C([0,1] x B, £(1,0) >0, £(1,0) £ 0,h(r) £0, for t €
[07 l};
(A4) for each t € [0,1], the function f(t,x) is increasing in x;
(A2) forany € € (0,1), there exists y({) € (¢,1) such that f(t,0x) > y(£)f(t,x),Vt €
[0,1],Vx e RT.

Then

1. For anyﬁxed A >0, the problem (1) has a unique positive solution x; € E,, where p(t) =
:7 1 %S

Q € [0,1]. In addition, for any initial value xo € E,, constructing the se-

quence

1
0= [ Gleqmig) h(e) f(5.51(0) dyr, n=1.2,... (18)

one has lim, . 1o x,(t) = x; (1), t € [0,1];

2. xj is strictly increasing in A, namely, 0 < A1 < Ay implies x5, <X,

3. If there exists r € (0,1) such that y(£) = " for £ € (0,1), then x is continuous in
A, that is, A — Ao(Ao > 0) means ||x; —xp,|| — 0;

4. limy oo [lxa || = oo, Timy o+ [l ][ =0

Proof. According to the Lemma 4, it is easy to see that x(¢) is a solution of prob-
lem (1) if, and only if, x(r) = A7 x(¢). By (/%) and Lemma 5, T : E — E is clear.
From the assumption (73) we can easily obtain .7 : E — E is increasing.

Now, we will check that .7 satisfies all the assumptions of Lemma 6. For a

|:t+277 1 Vzgz]
f

condition (i) of Lemma 6, we put p(t) = >0, thatis, p € E, and we will

show that I p € E,. Set

1 1
0, = /0 wi(7) h(t) £(1,0) dyt, 6= /0 o va(0) h(T) f(1.1) dyt,  (19)

since v > 0, f is increasing with f(z,0) >0, f(¢,0) # 0,h(¢) Z 0, in view of Lemma
5, we can easily obtain 0 < 0; < 6,. By (743), we have

2771 1
:/OIG(t,qr;Ci) h(T) f(z, = o ])qu
1
< [+ EEIE o) s 1)
[t-l-&]

. /01 6 (1) h(2) f(1,1) dyt- — 0,p(1). (20)
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Furthermore, we get

Tpl) > [ T (Oh() F(5,0) dye
DIERRTIS
_ /0 " (D)h(T) £(1,0) dyt- w:em(z). @1

Therefore, 0, p(t) < T p(t) < Op(t), t €[0,1], thatis, 6,p < T p < 6p, Hence, T p €
E,.
Next, for £ € (0,1), x € E, and by (.74) it follows that

= [ 6.4t h(2) r5.05(0)) g7
>0 [ Gl 6) h(T) F(1x(1)) dgt

=y(0)7 (0)(), 1 €[0,1] (22)

So, we have 7 (¢x) > y(£)Tx, Vx € E, ¢ € (0,1). Hence, all the assumptions of
Lemma 6 are satisfied. Finally, from Lemma 7, there exists a unique x}‘L € E, such

that 7x; = %x;, thatis, A.7x; =xj, so

1) =A /0 ' Glt.qe: &) h(7) £(T.x5(7)) dy, 1 €[0,1]. 23)

Considering Lemma 4, x} is a unique positive solution of problem (1) for given 4 > 0.
By Lemma 7 (i), x} is strictly decreasing in 4, that is, 0 < A; < A, implies Xy, S
X35 X3, # X7, And here one has lim; .. [} || = +ee, lim o+ [|x} [| = 0. Moreover,
if there exists r € (0, 1) such that y(¢) > ¢" for £ € (0,1), then, by using Lemma 7, it
yields that x} is continuous in A, thatis, ||x3 —xp,[| — 0as A — A9(Ao > 0).

Now, let 7, = A.7. And here for .7, all assumptions of Lemma 6, are satis-
fied. Hence, for any initial value xo € E,,, constructing the sequence x, = 7} x,_1, n =
1,2,..., one has x, — xj asn — 4. Thus, the equation (18) holds, and lim,, . .. x,(¢) =
X (). O

COROLLARY 1. Suppose that (561) — (#4) holds. Then the following fractional
q-difference equation m— point nonlinear boundary conditions

cDgx(t) +h(t)f(t,x(t)) =0, t€(0,1), n—1<o<n, n>2,

x(0) = 27 % (&),

2x(0) = ... = DI 'x(0) =0,

(24)

v eDgx(1) — pélx] = 377 B cDgx(5),
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20

. .. . . 1+
has a unique positive solution x* in E,,, where p(t) = %, t €[0,1]. Further-
more, for xo € E,, constructing the sequence

1
xa(t) = /0 Glt,qT:5) h(T) f(Toxn1 (1) dyTy n=1,2,..., (25)
and here lim,_ 4o X, (1) = x* (1), t €[0,1].

COROLLARY 2. Suppose that () — (#4) holds. Then the following fractional
q-difference equation m— point nonlinear boundary conditions

cDFx(t) +Af(t,x(t)) =0, t€(0,1), n—1<a<n, n>2,
cDzx(0) = ¢Dx(0) = ... = Dl 'x(0) =0, (26)
x(0) =32 % x(&), VvcDgx(1)=0,
AR

. .. . . 1+
has a unique positive solution x* in E,,, where p(t) = %, t €[0,1]. Further-
more, for xo € Ep, constructing the sequence

1
xa(t) = x/o [Hy (1,q7) + Ha(t.q7: 80 F(T1 (7)) dgTu n=1,2,....  (27)
and here lim,_ . x,(t) = x; (¢), t € [0, 1].

REMARK 2. For the assumption (.73 ), if y(¢) =¢", £ € (0, 1), then for any initial
value xg € E), there have x, — xj as n — . Moreover, by a proof of Theorem 2.1
[16], we have the error estimation

bin =23 = o1 — ™), n — oo,

here € € (0,1) is a constant depend on xj.

EXAMPLE 1. Consider the following boundary value problem for generalized Caputo-
type fractional g-difference equation

2x(0) = ¢D2x(0) =0, (28)
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Clearly,

Cl—

f(t,0) = (\3/§t3 + 1) >0, h(t) >0 and f(z,x) is increasing in x for x € R*, r €

[0, 1]. Therefore, assumptions (.7%3), (#43) hold. Set y(¢) :[3, we have y(¢) € (¢,1), L€
(0,1). Thus, for x € [0,00), we obtain

1

1
4 3 4 3
ft,tx) = (\/_t + [ex(1)] 31+ 1) > 09 (\3/§t3 + [ex(1)] 1+ 1) =y(0)f(t,x).

(30)

For the Riemann-Stieltjes integral we can discuss two cases:

(1) Let &[x] =0, then we get B=0,v,u >0, and p=v—37 ;=32 > 0.

(2) Let &[x] = [y [2¢ — 1]x(r)dt, here the sign of the function (27 — 1) is change for

t € [0, 1]. Therefore, we have

m—2
B = [} [r+Z50 9] (2 — 1)dr = [} (22— 1)dr = L >0, and p ~3.5833 > 0. All
the assumptions of Theorem 1 are satisfied, then the problem (28) has a unique positive
solution x; € E,, and here p(t) = %(Zt +1). Moreover, for xg € E,,, we can construct
the sequence

A/ G(1,q1:8) log, (= )(\Fr + (@] r 1) dgr, n=1,2,..

80, X, (1) — X3 (t), as n — oo
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