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(Communicated by B. Ahmad)

Abstract. This article deals with some existence of weak solutions for a class of Caputo frac-
tional q -difference inclusions and a coupled system of Caputo fractional q -difference inclusions
by using the set-valued analysis, and Mönch’s fixed point theorem associated with the technique
of measure of weak noncompactness. Two illustrative examples are given in the end.

1. Introduction

Considerable interest has recently been shown in the study of fractional order dif-
ferential equations and inclusions [4, 18, 19, 20, 25, 26]. Motivated by aforementioned
work, many researchers turned to investigate initial and boundary value problems of
fractional q -difference equations; for instance, see [7, 8, 9, 10, 13, 14] and references
therein.

Coupled differential and integro-differential equations appear in mathematical mod-
eling of many biological phenomena and environmental issues. For further details on
the utility of coupled systems, see [3, 16, 23], and references therein.

The technique of measure of weak noncompactness is found to be a fruitful one
to obtain the existence results for a variety of differential and integral equations, for
example, see [1, 2, 5, 11, 21].

In the present work, we investigate the existence of weak solutions for an initial
value problem of fractional q -difference inclusions given by

(cDα
q u)(t) ∈ F(t,u(t)), t ∈ I := [0,T ],T > 0, (1)

with the initial condition
u(0) = u0 ∈ E, (2)

where cDα
q is the Caputo fractional q -difference operator of order α ∈ (0,1], q∈ (0,1),

F : I×E → P(E) is a multivalued map, P(E) is the family of all nonempty subsets
of a real (or complex) Banach space E with norm ‖ · ‖.
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Next we switch onto the study of a coupled system of fractional q -difference in-
clusions: {

(cDα
q u)(t) ∈ F(t,v(t))

(cDα
q v)(t) ∈ G(t,u(t))

; t ∈ I, (3)

with the initial conditions

(u(0),v(0)) = (u0,v0) ∈ E ×E, (4)

where F,G : I×E → P(E) are multivalued maps.
Here we emphasize that we initiate the study of weak solutions for the problems

hand.

2. Preliminaries

Let (C(I),‖ · ‖∞) denote the Banach space of continuous functions from I into E
endowed with the norm ‖u‖∞ := supt∈I ‖u(t)‖ and C :=C(I)×C(I) be a Banach space
with the norm: ‖(u,v)‖C = ‖u‖∞ + ‖v‖∞. By (L1(I),‖ · ‖1) we denote the space of
measurable functions v : I → E which are Bochner integrable with ‖v‖1 =

∫
I ‖v(t)‖dt.

Denote by (E,w) = (E,σ(E,E∗)) the Banach space E with its weak topology, where
E∗ denotes the dual to E.

DEFINITION 1. A multivalued map G : I → Pcl(E) is said to be measurable if
for each ω ∈ E the function t → d(ω ,G(t)) = inf{‖ω −υ‖ : υ ∈ G(t)} is measurable.

DEFINITION 2. A Banach space X is called weakly compactly generated (WCG,
for short) if it contains a weakly compact set whose linear span is dense in X .

DEFINITION 3. [22] A function u : I → E is said to be Pettis integrable on I if
and only if there is an element uJ ∈ E corresponding to each J ⊂ I such that φ(uJ) =∫
J φ(u(s))ds for all φ ∈ E∗, where the integral on the right hand side is assumed to

exist in the sense of Lebesgue, (by definition, uJ =
∫
J u(s)ds).

Let P(I,E) be the space of all E−valued Pettis integrable functions on I, and L1(I,E)
be the Banach space of Bochner integrable functions u : I → E. Let P1(I,E) denote the
space P1(I,E) = {u ∈ P(I,E) : ϕ(u) ∈ L1(I,R); f or every ϕ ∈ E∗} normed by

‖u‖P1 = sup
ϕ∈E∗, ‖ϕ‖�1

∫ T

0
|ϕ(u(x))|dλx,

where λ stands for a Lebesgue measure on I.

The following result is due to Pettis (see [[22], Theorem 3.4 and Corollary 3.41]).
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PROPOSITION 1. [22] If u∈P1(I,E) and h is a measurable and essentially bound-
ed real-valued function, then uh ∈ P1(I,E).

DEFINITION 4. A function h : E →E is said to be weakly sequentially continuous
if h takes each weakly convergent sequence in E to a weakly convergent sequence in
E (i.e., for any (xn) in E with xn → x in (E,w) then h(xn) → h(x) in (E,w)).

DEFINITION 5. Let Pcl,cv(Q) = {Y ∈ P(Q) : Y is closed and convex}. A func-
tion F : Q → Pcl,cv(Q) has a weakly sequentially closed graph, if for any sequence
(xn,yn) ∈ Q×Q,yn ∈ F(xn) for n ∈ {1,2, . . .}, with xn → x in (E,ω) , and yn → y in
(E,ω), then y ∈ F(x).

From the Hahn-Banach theorem, we have the following result

PROPOSITION 2. Let E be a normed space, and x0 ∈ E with x0 �= 0. Then, there
exists ϕ ∈ E∗ with ‖ϕ‖ = 1 and ϕ(x0) = ‖x0‖.

For a given set V of functions v : I → E let us denote by V (t) = {v(t) : v ∈ V}; t ∈ I,
and V (I) = {v(t) : v ∈V, t ∈ I}.

LEMMA 1. [15] Let H ⊂ C be a bounded and equicontinuous subset. Then the
function t → β (H(t)) is continuous on I, and

βC(H) = max
t∈I

β (H(t)),

and

β
(∫

I
u(s)ds

)
�
∫

I
β (H(s))ds,

where H(t) = {u(t) : u ∈ H}; t ∈ I, and βC is the De Blasi measure of weak noncom-
pactness defined on the bounded sets of C.

Recall that the map β : ΩE → [0,∞) defined by

β (X) = inf{ε > 0 : there exists a weakly compact Ω ⊂ E such that X ⊂ εB1 + Ω}
is the De Blasi measure of weak noncompactness, where ΩE is the bounded subset of
the Banach space E and B1 is the unit ball of E (for details, see [12]).

In the sequel, we rely on the following fixed point theorem.

THEOREM 1. [21] Let E be a Banach space with Q a nonempty, bounded, closed,
convex and equicontinuous subset of a metrizable locally convex vector space C such
that 0 ∈ Q. Suppose T : Q → Pcl,cv(Q) has weakly sequentially closed graph. If the
implication

V = conv({0}∪T(V )) ⇒V is relatively weakly compact, (5)

holds for every subset V ⊂ Q, then the operator T has a fixed point.
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Let us now recall some basic concepts of fractional q -calculus.

DEFINITION 6. [17] The q -Gamma function satisfying the relation: Γq(1+ξ ) =
[ξ ]qΓq(ξ ) is defined by

Γq(ξ ) =
(1−q)(ξ−1)

(1−q)ξ−1
; ξ ∈ R−{0,−1,−2, . . .},

where

(1−q)(ξ−1) =
∞

∏
k=0

(
1−qk+1

1−qk+ξ

)
, [ξ ]q =

1−qξ

1−q
.

DEFINITION 7. [6] The Riemann-Liouville fractional q -integral of order α ∈
R+ := [0,∞) of a function u : I → E is defined by (I0

qu)(t) = u(t), and

(Iα
q u)(t) =

∫ t

0

(t−qs)(α−1)

Γq(α)
u(s)dqs; t ∈ I.

DEFINITION 8. [24] The Riemann-Liouville fractional q -derivative of order α ∈
R+ of a function u : I → E is defined by (D0

qu)(t) = u(t), and

(Dα
q u)(t) =

(
D[α ]

q I[α ]−α
q u

)
(t); t ∈ I,

where [α] is the integer part of α.

DEFINITION 9. [24] The Caputo fractional q -derivative of order α ∈ R+ of a
function u : I → E is defined by (CD0

qu)(t) = u(t), and

(CDα
q u
)
(t) =

(
I[α ]−α
q D[α ]

q u
)

(t); t ∈ I.

LEMMA 2. [24] Let α ∈ R+. Then the following equality holds:

(
Iα
q

CDα
q u
)
(t) = u(t)−

[α ]−1

∑
k=0

tk

Γq(1+ k)
(Dk

qu)(0).

In particular, if α ∈ (0,1), then(
Iα
q

CDα
q u
)
(t) = u(t)−u(0).

COROLLARY 1. Let F : I ×E → P(E) be such that SF◦u ⊂ C(I) for any u ∈
C(I). Then problem (1)-(2) is equivalent to the problem of the solutions of the integral
equation

u(t) = u0 +
∫ t

0

(t−qs)(α−1)

Γq(α)
v(s)dqs, v ∈ SF◦u.

REMARK 1. Let g ∈ P1([I,E). Then, for every ϕ ∈ E∗, ϕ(Iα
q g)(t) = (Iα

q ϕg)(t),
for a.e. t ∈ I.
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3. Caputo-Pettis fractional q -difference inclusions

Let us start by defining what we mean by a weak solution of the problem (1)-(2).

DEFINITION 10. By a weak solution of the problem (1)-(2) we mean a measur-
able function u ∈C(I) that satisfies

u(t) = u0 +
∫ t

0

(t−qs)(α−1)

Γq(α)
v(s)dqs,

with v ∈ SF◦u, where

SF◦u = {v ∈ L1(I) : v(t) ∈ F(t,u(t)) , a.e. t ∈ I} (6)

is the set of selectors from F ◦ u.

We introduce the following hypotheses:

(H1) F : I×E → Pcp,cl,cv(E) has weakly sequentially closed graph, where

Pcp,cl,cv(E) = {Y ∈ P(E) : Y is compact, closed and convex};

(H2) For each u ∈C(I), there exists a function v ∈ SF◦u which is measurable a.e. on
I and Pettis integrable on I, where F ◦ u is defined by (6);

(H3) There exists a function p∈L∞(I,R+) such that for all ϕ ∈E∗, we have ‖F(t,u)‖P

= supv∈SF◦u |ϕ(v)| � p(t); f or a.e. t ∈ I, and each u ∈ E;

(H4) For each bounded and measurable set B ⊂ E, β (F(t,B)) � p(t)β (B) for each
t ∈ I.

THEOREM 2. Assume that the hypotheses (H1)− (H4) hold. If

L :=
p∗T α

Γq(1+ α)
< 1, (7)

where p∗ = esssupt∈I p(t), then the problem (1)-(2) has a weak solution on I.

Proof. Consider the multi-valued map N : C(I) → Pcl(C(I)) defined by:

(Nu)(t) =

{
h ∈C(I) : h(t) = u0 +

∫ t

0

(t−qs)(α−1)

Γq(α)
v(s)dqs; v ∈ SF◦u

}
. (8)

For each u ∈ C(I), it follows by the given hypotheses there exists a Pettis integrable
function v ∈ SF◦u, and for each s ∈ [0,t], the function

t �→ (t−qs)α−1v(s), f or a.e. t ∈ I,
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is Pettis integrable. Thus, N is well defined. Let R > 0 be such that

R >
p∗T α

Γq(1+ α)
,

and consider the set

Q =
{

u ∈C(I) : ‖u‖∞ � R and ‖u(t2)−u(t1)‖

� p∗T α

Γq(1+ α)
(t2 − t1)α +

p∗

Γq(α)

∫ t1

0

∣∣(t2 −qs)α−1− (t1−qs)α−1
∣∣dqs, t1,t2 ∈ I

}
.

The set Q is closed, convex end equicontinuous. We shall show in several steps that N
satisfies the assumptions of Theorem 1.

Step 1. N(u) is convex for each u ∈ Q.
Let h1,h2 ∈ N(u). Then there exist v1,v2 ∈ SF◦u such that, for each t ∈ I, and for any
i = 1,2, we have

hi(t) = u0 +
∫ t

0
(t − s)α−1 vi(s)

Γq(α)
ds.

Let 0 � λ � 1. Then, for each t ∈ I, we have

[λh1 +(1−λ )h2](t) = u0 +
∫ t

0

(t−qs)(α−1)

Γq(α)
(λv1(s)+ (1−λ )v2(s))dqs.

Since F has convex values, SF◦u is convex. Hence, it follows that

λh1 +(1−λ )h2 ∈ N(u).

Step 2. N maps Q into itself.
Let h ∈ N(Q), then there exists u ∈ Q such that h ∈ N(u), and there exists a Pettis
integrable function v ∈ SF◦u. Assume that h(t) �= 0. Then there exists ϕ ∈ E∗ with
‖ϕ‖ = 1 such that ‖h(t)‖ = |ϕ(h(t))|. Thus

‖h(t)‖ = ϕ

(
u0 +

∫ t

0

(t−qs)(α−1)

Γq(α)
v(s)dqs

)
.

Hence

‖h(t)‖ �
∫ t

0

(t−qs)(α−1)

Γq(α)
|ϕ(v(s))|dqs � p∗

Γq(α)

∫ t

0
(t−qs)α−1dqs � p∗T α

Γq(1+ α)
� R.

Next, let t1, t2 ∈ I such that t1 < t2 and let h ∈ N(u), with

h(t2)−h(t1) �= 0.

Then there exists ϕ ∈ E∗ such that

‖h(t2)−h(t1)‖ = |ϕ(h(t2)−h(t1))|,
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and ‖ϕ‖ = 1. Then, we have

‖h(t2)−h(t1)‖ = |ϕ(h(t2)−h(t1))|

� ϕ
(∫ t2

0
(t2 −qs)α−1 v(s)

Γq(α)
dqs−

∫ t1

0
(t1 −qs)α−1 v(s)

Γq(α)
dqs

)
.

Thus, we get

‖h(t2)−h(t1)‖ �
∫ t2

t1
(t2−qs)α−1 |ϕ(v(s))|

Γq(α)
dqs

+
∫ t1

0

∣∣(t2−qs)α−1− (t1−qs)α−1
∣∣ |ϕ(v(s))|

Γq(α)
dqs

�
∫ t2

t1
(t2−qs)α−1 p(s)

Γq(α)
dqs

+
∫ t1

0

∣∣(t2−qs)α−1− (t1−qs)α−1
∣∣ p(s)

Γq(α)
dqs.

Hence, we obtain

‖h(t2)−h(t1)‖ � p∗T α

Γq(1+ α)
(t2 − t1)α +

p∗

Γq(α)

∫ t1

0

∣∣(t2−qs)α−1− (t1−qs)α−1
∣∣dqs.

This implies that h ∈ Q. Hence N(Q) ⊂ Q.
Step 3. N has weakly-sequentially closed graph.

Let (un,wn) be a sequence in Q×Q, with un(t)→ u(t) in (E,ω) for each t ∈ I, wn(t)→
w(t) in (E,ω) for each (t ∈ I, and wn ∈ N(un) for n ∈ {1,2, . . .}.
We show that w ∈ Ω(u). Since wn ∈ Ω(un), there exists vn ∈ SF◦un such that

wn(t) = u0 +
∫ t

0

(t−qs)(α−1)

Γq(α)
vn(s)dqs.

We show that there exists v ∈ SF◦u such that, for each t ∈ I,

w(t) = u0 +
∫ t

0

(t−qs)(α−1)

Γq(α)
v(s)dqs.

From the fact that F(·, ·) has compact values, there exists a Pettis integrable subse-
quence vnm ; such that

vnm(t) ∈ F(t,un(t)) a.e. t ∈ I,

and
vnm(·) → v(·) in (E,ω) as m → ∞.

As F(t, ·) has weakly sequentially closed graph, v(t)∈F(t,u(t)). Then by the Lebesgue
dominated convergence theorem for the Pettis integral, we obtain

ϕ(wn(t)) → ϕ

(
u0 +

∫ t

0

(t −qs)(α−1)

Γq(α)
vn(s)dqs

)
,
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i.e., wn(t) → (Nu)(t) in (E,ω) for each t ∈ I, which implies that w ∈ N(u).
Step 4. The Mönch condition holds, i.e.,

V = conv({0}∪T(V )) ⇒V is relatively weakly compact for every subset V ⊂ Q. (9)

Let V ⊂Q such that V = conv(Ω(V )∪{0}). Then, for each t ∈ I, V (t)⊂ conv(Ω(V (t))
∪{0}). Since V is bounded and equicontinuous, the function t → v(t) = β (V (t)) is
continuous on I. By (H4) and the properties of β ([12]) for any t ∈ I, we have

v(t) � β ((NV )(t)∪{0}) � β ((NV )(t)) � β{(Nu)(t) : u ∈V}
� β

{∫ t

0
(t−qs)α−1 v(s)

Γq(α)
dqs : v(t) ∈ SF◦u, u ∈V

}

� β
{∫ t

0
(t−qs)α−1 F(s,V (s))

Γq(α)
dqs

}
�
∫ t

0
(t −qs)α−1 β (V (s))

Γq(α)
dqs

�
∫ t

0
(t−qs)α−1 p(s)v(s)

Γq(α)
dqs � p∗Tα

Γq(1+ α)
‖v‖∞ = L‖v‖∞.

In particular,

‖u‖∞ � L‖v‖∞.

By (7) it follows that ‖v‖∞ = 0, that is, v(t) = β (V (t)) = 0 for each t ∈ I, and then V
is weakly relatively compact in C(I). In view of the foregoing arguments, we deduce
that the conclusion of Theorem 1 applies and hence the operator N has a fixed point,
which corresponds to a weak solution of the problem (1)-(2).

4. Coupled systems of Caputo-Pettis fractional q -difference inclusions

DEFINITION 11. A pair of coupled measurable functions (u,v) ∈ C is said to be
a weak solution of the problem (3)-(4) if it satisfies

⎧⎪⎪⎨
⎪⎪⎩

u(t) = u0 +
∫ t

0

(t−qs)(α−1)

Γq(α)
w(s)dqs,

v(t) = v0 +
∫ t

0

(t−qs)(α−1)

Γq(α)
z(s)dqs,

where w ∈ SF◦v, and z ∈ SF◦u.

THEOREM 3. Assume that

(H01) F,G : I×E → Pcp,cl,cv(E) have weakly sequentially closed graph;

(H02) For all continuous functions u,v : I → E, there exist measurable functions w ∈
SF◦v, z ∈ SF◦u, a.e. on I and w,z are Pettis integrable on I;
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(H03) There exist p,d ∈ L∞(I,R+) such that for all ϕ ∈ E∗, we have

‖F(t,v)‖P � p(t), for a.e. t ∈ I, and each v ∈ E,

‖G(t,u)‖P � d(t), for a.e. t ∈ I, and each u ∈ E;

(H04) For each bounded and measurable set B ⊂ E and for each t ∈ I, we have

β (F(t,B) � p(t)β (B), and β (G(t,B) � d(t)β (B).

Then there exists at least one weak solution for the problem (3)-(4) on I provided that

p∗T α

Γq(1+ α)
< 1, and

d∗T α

Γq(1+ α)
< 1, (10)

where p∗ = esssupt∈I p(t), d∗ = esssupt∈I d(t).

Proof. Consider the multi-valued map N : C → Pcl(C ) defined by:

(N(u,v))(t) = ((N1u)(t),(N2v)(t)),

where N1,N2 : C(I) → Pcl(C(I)) are given by

(N1u)(t) =

{
h ∈C(I) : h(t) = u0 +

∫ t

0

(t−qs)(α−1)

Γq(α)
w(s)dqs; w ∈ SF◦v

}
, (11)

and

(N2v)(t) =

{
h ∈C(I) : h(t) = v0 +

∫ t

0

(t−qs)(α−1)

Γq(α)
z(s)dqs; z ∈ SF◦u

}
. (12)

For each (u,v) ∈ C , there exist Pettis integrable functions w ∈ SF◦v, z ∈ SF◦u, and for
each s ∈ [0, t], the functions

t �→ (t−qs)α−1w(s), and t �→ (t−qs)α−1z(s); f or a.e. t ∈ I,

are Pettis integrable. Thus, the multi-function N is well defined. Let R > 0 be such
that

R > max

{
p∗T α

Γq(1+ α)
,

d∗T α

Γq(1+ α)

}
and consider the set

Λ =
{

(u,v) ∈ C : ‖(u,v)‖C � R and ‖u(t2)−u(t1)‖ � p∗T α

Γq(1+ α)
(t2 − t1)α

+
p∗

Γq(α)

∫ t1

0

∣∣(t2 −qs)α−1− (t1−qs)α−1
∣∣dqs, and ‖v(t2)− v(t1)‖

� d∗T α

Γq(1+ α)
(t2 − t1)α +

d∗

Γq(α)

∫ t1

0

∣∣(t2 −qs)α−1− (t1−qs)α−1
∣∣dqs, t1,t2 ∈ I

}
.
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The subset Λ of C is closed, convex end equicontinuous. As in the proof of Theorem
2, we can show that N(u,v) is convex for each (u,v) ∈ Λ, N(Λ) ⊂ Λ, N has weakly-
sequentially closed graph, and the Mönch condition (9) holds. Hence, the operator N
satisfies all the assumptions of Theorem 1. Therefore; we conclude that N has a fixed
point which is a weak solution of the problem (3)-(4).

5. Examples

Let E = l1 = {u=(u1,u2, . . . ,un, . . .) :
∞

∑
n=1

|un|< ∞} be the Banach space equipped

with the norm ‖u‖E =
∞

∑
n=1

|un|.

EXAMPLE 1. Consider the following problem of fractional 1
4−difference inclu-

sion ⎧⎨
⎩
(

CD
1
2
1
4
un

)
(t) ∈ Fn(t,u(t)); t ∈ [0,1],

u(0) = (1,0, . . . ,0, . . .),
(13)

where

Fn(t,u(t)) =
ct2e−4−t

1+‖u(t)‖E
[un(t)−1,un(t)]; t ∈ [0,1],

u = (u1,u2, . . . ,un, . . .), c :=
e4

4
Γ 1

4

(
1
2

)
,

and F is closed and convex valued. Set

F = (F1,F2, . . . ,Fn, . . .).

For each u ∈ E and t ∈ [0,1], we have

‖F(t,u(t))‖P � ct2
1

et+4 .

Hence, the hypothesis (H3) is satisfied with p∗ = ce−4. We shall show that condition
(7) holds with T = 1. Indeed,

L =
ce−4

Γ 1
4
( 1

2 )
=

1
4

< 1.

Simple computations show that all conditions of Theorem 2 are satisfied. Hence, the
problem (13) has at least one weak solution defined on [0,1].
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EXAMPLE 2. We consider now the following coupled system of fractional 1
4−dif-

ference inclusions⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
CD

1
2
1
4
un

)
(t) ∈ Fn(t,v(t))(

CD
1
2
1
4
vn

)
(t) ∈ Gn(t,u(t))

u(0) = (1,0, . . . ,0, . . .), v(0) = (0,1,0, . . . ,0, . . .)

; t ∈ [0,1], (14)

where

Fn(t,v(t)) =
ct2e−4−t

1+‖u(t)‖E
[vn(t)−1,vn(t)],

Gn(t,u(t)) =
ct2e−4−t

1+‖u(t)‖E
[un(t),1+un(t)]; t ∈ [0,1],

with u = (u1,u2, . . . ,un, . . .), v = (v1,v2, . . . ,vn, . . .) , and c := e4

4 Γ 1
4

(
1
2

)
. Set

F = (F1,F2, . . . ,Fn, . . .), G = (G1,G2, . . . ,Gn, . . .).

It is easy to show that all conditions of Theorem 3 are satisfied. Hence, the problem
(14) has at least one weak solution (u,v) defined on [0,1].
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