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WEAK SOLUTIONS FOR CAPUTO-PETTIS
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Abstract. This article deals with some existence of weak solutions for a class of Caputo frac-
tional g-difference inclusions and a coupled system of Caputo fractional g-difference inclusions
by using the set-valued analysis, and Monch’s fixed point theorem associated with the technique
of measure of weak noncompactness. Two illustrative examples are given in the end.

1. Introduction

Considerable interest has recently been shown in the study of fractional order dif-
ferential equations and inclusions [4, 18, 19, 20, 25, 26]. Motivated by aforementioned
work, many researchers turned to investigate initial and boundary value problems of
fractional g-difference equations; for instance, see [7, 8, 9, 10, 13, 14] and references
therein.

Coupled differential and integro-differential equations appear in mathematical mod-
eling of many biological phenomena and environmental issues. For further details on
the utility of coupled systems, see [3, 16, 23], and references therein.

The technique of measure of weak noncompactness is found to be a fruitful one
to obtain the existence results for a variety of differential and integral equations, for
example, see [1, 2, 5, 11, 21].

In the present work, we investigate the existence of weak solutions for an initial
value problem of fractional ¢-difference inclusions given by

(‘Dgu)(t) € F(t,u(t)), t € 1:=[0,T],T >0, (1)

with the initial condition
u(0) =up € E, 2

where D is the Caputo fractional g-difference operator of order & € (0,1], g € (0,1),
F:IxE — Z(E) is amultivalued map, &?(E) is the family of all nonempty subsets
of areal (or complex) Banach space E with norm || - ||.
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Next we switch onto the study of a coupled system of fractional g-difference in-
clusions:

(CDg‘u) t)EF(,v(t)
{(cpgv)(z) cGum) TP ©)
with the initial conditions

(u(0),v(0)) = (uo,v0) €E X E, 4)

where F,G : I x E — Z2(E) are multivalued maps.
Here we emphasize that we initiate the study of weak solutions for the problems
hand.

2. Preliminaries

Let (C(I),]| - ||) denote the Banach space of continuous functions from 7 into E
endowed with the norm ||u||« := sup,¢; ||u(7)|| and € := C(I) x C(I) be a Banach space
with the norm: ||(u,v)||¢ = ||u||e + ||V||. By (L'(I),]|-||1) we denote the space of
measurable functions v : [ — E which are Bochner integrable with ||v||; = [;||v(¢)]|dz.
Denote by (E,w) = (E,o(E,E*)) the Banach space E with its weak topology, where
E* denotes the dual to E.

DEFINITION 1. A multivalued map G : [ — Z(E) is said to be measurable if
for each @ € E the function 7 — d(®,G(¢)) = inf{|j@—v|| : v € G(¢)} is measurable.

DEFINITION 2. A Banach space X is called weakly compactly generated (WCG,
for short) if it contains a weakly compact set whose linear span is dense in X.

DEFINITION 3. [22] A function u : I — E is said to be Pettis integrable on [ if
and only if there is an element u; € E corresponding to each J C I such that ¢ (uy) =
J;0(u(s))ds for all ¢ € E*, where the integral on the right hand side is assumed to
exist in the sense of Lebesgue, (by definition, u; = [;u(s)ds).

Let P(I,E) be the space of all E— valued Pettis integrable functions on I, and L' (I, E)
be the Banach space of Bochner integrable functions u: I — E. Let P;(I,E) denote the
space P|(I,E) ={u € P(I,E) : ¢(u) € L'(I,R); for every ¢ € E*} normed by

Jul, = [ ot ians
<P€E* H<PH<1

where A stands for a Lebesgue measure on 1.

The following result is due to Pettis (see [[22], Theorem 3.4 and Corollary 3.41]).



CAPUTO-PETTIS FRACTIONAL ¢ -DIFFERENCE INCLUSIONS 143

PROPOSITION 1. [22]Ifu € P(I,E) and h is a measurable and essentially bound-
ed real-valued function, then uh € Py(I,E).

DEFINITION 4. A function h: E — E is said to be weakly sequentially continuous
if h takes each weakly convergent sequence in E to a weakly convergent sequence in
E (i.e., for any (x,) in E with x, — x in (E,w) then h(x,) — h(x) in (E,w)).

DEFINITION 5. Let Z,(Q) ={Y € &(Q) :Y is closed and convex}. A func-
tion F : Q — P ,(Q) has a weakly sequentially closed graph, if for any sequence
(Xn,yn) € O X Q,yn € F(x,) for n € {1,2,...}, with x, — x in (E,®), and y, — y in
(E,®), then y € F(x).

From the Hahn-Banach theorem, we have the following result

PROPOSITION 2. Let E be a normed space, and xy € E with xo # 0. Then, there
exists @ € E* with ||@]| =1 and ¢(xo) = ||xo]|-
For a given set V of functions v: 1 — E let us denote by V(¢) = {v(r) :veV}; t €1,

and V(I) ={v(t):veV, tel}.

LEMMA 1. [15] Let H C C be a bounded and equicontinuous subset. Then the
Sunction t — B(H(t)) is continuous on I, and

Pe(H) = max B(H(r)),

B ( Jutsias) < [pac)as

where H(t) = {u(t):ue€ H}; t €1, and B¢ is the De Blasi measure of weak noncom-
pactness defined on the bounded sets of C.

and

Recall that the map f3 : Qg — [0,0) defined by
B(X) =inf{e > 0 : there exists a weakly compact Q C E such that X C eB; +Q}

is the De Blasi measure of weak noncompactness, where Qp is the bounded subset of
the Banach space E and B is the unit ball of E (for details, see [12]).

In the sequel, we rely on the following fixed point theorem.

THEOREM 1. [21] Let E be a Banach space with Q a nonempty, bounded, closed,
convex and equicontinuous subset of a metrizable locally convex vector space C such
that 0 € Q. Suppose T : Q — P ,(Q) has weakly sequentially closed graph. If the
implication

V =com({0}UT(V)) =V is relatively weakly compact, 3)

holds for every subset V. C Q, then the operator T has a fixed point.
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Let us now recall some basic concepts of fractional g-calculus.

DEFINITION 6. [17] The ¢g-Gamma function satisfying the relation: T'y(14+&) =
[E]4T4(&) is defined by

_g)E-1)
Iy(8) = %; EeR-{0,—-1,-2,...},

where

oo 1 — gkt 1— £
_NE-D) 19 _ 7
(1-q) g(l_qk+g),[&}q —

DEFINITION 7. [6] The Riemann-Liouville fractional g-integral of order o €
R, :=0,0) of a function u : I — E is defined by (I,(I)u)(t) =u(r), and

‘(1 —gs)t* Y
1%u)(t) = / —_— dgs;tel.
( q I/L)( ) 0 Fq((x) I/L(S) qs

DEFINITION 8. [24] The Riemann-Liouville fractional g-derivative of order o €

R, of a function u : I — E is defined by (Dgu)(t) =u(r), and

(DCu) (1) = (D[;‘]zg“]‘“u) (1) 1€l

where [¢] is the integer part of o.

DEFINITION 9. [24] The Caputo fractional g-derivative of order oo € R4 of a
function u : I — E is defined by (“Dju)(r) = u(t), and

(CDgu) (1) = <I[£“]_°‘D£f‘]u> (t);tel
LEMMA 2. [24] Let o € R.. Then the following equality holds:

[e]—1 £k
kza Ty(1+k)

(I3 “Dgu) (1) = u(r) - (Dku)(0).

In particular, if oo € (0,1), then
(1 CDgu) (1) = u(t) — u(0).

COROLLARY 1. Let F: I X E — P(E) be such that Spo, C C(I) for any u €
C(I). Then problem (1)-(2) is equivalent to the problem of the solutions of the integral
equation

ye=1)

" (t—gs
ut:u—I—/ivsds,vESo.
)=+ [ s, v € S

o)

REMARK 1. Let g € Pi([I,E). Then, forevery ¢ € E*, o(Ifg)(t) = (I pg)(),
for ae.tel.
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3. Caputo-Pettis fractional ¢-difference inclusions
Let us start by defining what we mean by a weak solution of the problem (1)-(2).

DEFINITION 10. By a weak solution of the problem (1)-(2) we mean a measur-
able function u € C(I) that satisfies

‘(1 —gs)!* Y
u(t) = ug —i—/o Wv(s)dqs,
with v € Sgoy,, wWhere
Spou={ve LY (I):v(t) € F(t,u(r)) , ae.t €1} (6)

is the set of selectors from F ou.

We introduce the following hypotheses:
(Hy) F:IXE— P 0(E) has weakly sequentially closed graph, where

Pepetev(E)={Y € Z(E) 1Y is compact, closed and convex};
(Hp) For each u € C(I), there exists a function v € Spo, which is measurable a.e. on
I and Pettis integrable on I, where F ou is defined by (6);

(H3) There exists a function p € L(I,R) such thatforall ¢ € E*, we have ||F(¢,u)| »
= SUp,cs,.., @) < p(t); forae.t €1, and eachu € E;

(Hy) For each bounded and measurable set B C E, B(F(¢,B)) < p(¢t)B(B) for each
tel.

THEOREM 2. Assume that the hypotheses (H,) — (Hy) hold. If

p*TO(
Li=——"<1, 7
I,(1+oa) ™

where p* = esssup,; p(t), then the problem (1)-(2) has a weak solution on 1.

Proof. Consider the multi-valued map N : C(I) — Z,(C(I)) defined by:

o (f — S(a—l)
(Nu)(t) = {hec(l);h(;):uo+/o %

) v(s)dgs; v € Spou} . ®)

For each u € C(I), it follows by the given hypotheses there exists a Pettis integrable
function v € S, and for each s € [0,7], the function

t— (t—qs)* W(s), foraetel,
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is Pettis integrable. Thus, N is well defined. Let R > 0 be such that
p* TO(

R>—+———|
I,(1+a)

and consider the set

0= { € C(D): lullo < Rand [lu(e2) — u(n)]
p*TOC

pt M -1 -1
<———(h—t a—f— / th—qs)* ' —(t; —gs)” dS,l,l EI}
Fq(1+a)(2 1) ) 0 |(2 q) (1 q) } q 1,82

Iy(a
The set Q is closed, convex end equicontinuous. We shall show in several steps that N
satisfies the assumptions of Theorem 1.

Step 1. N(u) is convex for each u € Q.
Let h,h, € N(u). Then there exist vi,v, € Sro, such that, for each ¢ € I, and for any
i=1,2, we have
/ vi(s)
hi(t) =u +/ r— )1 =2y,
l( ) 0 0 ( ) rq(a)

Let 0 < A < 1. Then, for each ¢ € I, we have

1 (t— gs)@—1)
A+ (1= M) (6) = wo+ | %

Since F has convex values, Sgo, is convex. Hence, it follows that

(Avi(s)+ (1 —A)va(s))dys.

Ahy+ (1= A)ha € N(u).

Step 2. N maps Q into itself.
Let 7 € N(Q), then there exists u € Q such that 1 € N(u), and there exists a Pettis
integrable function v € Sgo,. Assume that A(z) # 0. Then there exists ¢ € E* with
ll@|| = 1 such that ||h(z)|| = |@(h(r))|. Thus

t(t—as (a—1)
()]l = ¢ <M0+/0 %Wﬂdﬁ) .

Hence

(- g5 Pty e T
IOl < [} o)y < s [ a0 s < s <R

Next, let #1,7, € I such that 7; <1, and let 1 € N(u), with
h(t2) — h(t1) # 0.
Then there exists ¢ € E* such that

1A(r2) = h(11) || = |@(h(22) — h(t1))],
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and ||@|| = 1. Then, we have
[A(22) = R()[| = @ (h(t2) — h(t1))]

(/0 t—qs)*! :((so)z)dqs_/otl (11 —qs)alr‘;((s;)dqs>.

Thus, we get

() =) < [ =g 1

_|_/Otl ’(12 _qs)afl _ (tl _qs)afl’ |(P(V(S))‘dqs

Iy(a)

p(s)
Iy(a)

—|—/0[l (- gs)* ' — (1 — qs)O‘*l’ dys.

Hence, we obtain

() =t} < st =)+ s [ =09 = 1= 0)% s
ST+ a) T, () Jo !
This implies that & € Q. Hence N(Q) C O.
Step 3. N has weakly-sequentially closed graph.
Let (un,w,) beasequencein Q x Q, with u,(1) — u(r) in (E, ) foreachr €I, wy (1) —
w(t) in (E,®) foreach (¢ €I, and w, € N(u,) for n € {1,2,...}.
We show that w € Q(u). Since wy, € Q(uy), there exists v, € Spoy, such that

1 (t —gs)@D
wn(t):uo—I—/O %vn(s)dqs.

We show that there exists v € Sgo, such that, for each ¢ €1,

1 (t— gs)@—1)
(1) = uo+ /O %v(s)dqs.

From the fact that F(-,-) has compact values, there exists a Pettis integrable subse-
quence vy,,; such that
Vi, (1) € F(t,uy(t)) ae. t €1,
and
Vn,, (1) = v(+) in (E,®) as m — oo.
As F(t,-) has weakly sequentially closed graph, v(¢) € F(¢,u(r)). Then by the Lebesgue
dominated convergence theorem for the Pettis integral, we obtain

1 (t — gs)@—1)
P(wa(r)) — @ <u0+ /0 %vn(s)dqs> ,

Fy(a)
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i.e., wy(t) — (Nu)(r) in (E, ®) for each ¢ € I, which implies that w € N(u).
Step 4. The Mdénch condition holds, i.e.,

V =comv({0} UT(V)) = Vis relatively weakly compact for every subset V.C Q. (9)

Let V C Q such that V =conv(Q(V)U{0}). Then, foreach t € 1, V (¢) C conv(Q(V (1))
U{0}). Since V is bounded and equicontinuous, the function t — v(¢) = B(V (¢)) is
continuous on /. By (Hy) and the properties of § ([12]) for any 7 € I, we have

v(t) < BINV) () U{0}) < BIINV) (1)) < B{(Nu)(1) :u €V}
v(s)

g ﬂ {/O (t_qs)OC*lW qS:V(t) ESFou, ue V}
¢ o F(S,V(s)) ¢ o (V(s))
< ﬁ{/o (t—gs) 1qus} g/o(,_qs) lwdqs
' w1 P(s)V(s) pTe )
<, e—as) 1 o (a) dgs < Fq(l+a>\\v||m_LHv||m_

In particular,

[[ulloo < LIV |eo-
By (7) it follows that ||v||. = 0, that s, v(r) = B(V(¢)) =0 for each 7 € I, and then V
is weakly relatively compact in C(I). In view of the foregoing arguments, we deduce

that the conclusion of Theorem 1 applies and hence the operator N has a fixed point,
which corresponds to a weak solution of the problem (1)-(2).

4. Coupled systems of Caputo-Pettis fractional ¢-difference inclusions

DEFINITION 11. A pair of coupled measurable functions (u,v) € € is said to be
a weak solution of the problem (3)-(4) if it satisfies

1 (t — qgs)@=1)
u(t)=u0+/0 %w(s)dqs,

t (4 S(afl)
v(t) = vo—i-/o %z(s)dqs,

where w € Sgoy, and z € Sgoy,.

THEOREM 3. Assume that
(Hn) F,G:IXE — P e0(E) have weakly sequentially closed graph;

(Hoz) For all continuous functions u,v : I — E| there exist measurable functions w €
SFovs 2 € SFou, a.e. on I and w,z are Pettis integrable on I,
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(Ho3) There exist p,d € L”(I,Ry) such that for all ¢ € E*, we have
|F(t,v)|| 2 < p(t), fora.e.t €1, and eachv € E,
|G(t,u)|| 2 <d(t), foraet €1, and eachu € E;

(Hos) For each bounded and measurable set B C E and for each t € I, we have

B(F(1,B) < p(t)B(B), and B(G(t,B) <d(t)B(B).

Then there exists at least one weak solution for the problem (3)-(4) on I provided that

T g T (10)
b an b
Iy(1+o) Iy(1+o)

where p* = esssup,;p(t), d* = esssup,.;d(t).

Proof. Consider the multi-valued map N : € — Z(%) defined by:

(N(u,v) () = (N1) (1), (N2v) (1)),
where Ni,N, : C(I) — P, (C(I)) are given by

1 —as (af )
(Niu)(r) = {h eC(I):h(t)= u0+/0 %w(s)dqs; we SFOV}, (11)
q

and

t(t — s(a—l)
(Nov)(2) = {hGC(I):h(t) :v0+/0 %

) z(s)dys; z € Spou} . (12)
For each (u,v) € ¢, there exist Pettis integrable functions w € Sgo,, z € Sroy, and for
each s € [0,¢], the functions

oa—1

1 (t—qs)* 'w(s), and t (t —qs)* '2(s); forae.tel,

are Pettis integrable. Thus, the multi-function N is well defined. Let R > 0 be such
that

R>ma{ pre T }
X )
Iy(1+a)T,(1+a)
and consider the set
A—{(uv)e‘g'ﬂ(uv) <RandHu(l)—u(t)H<ﬂ(t —1)*
- ’ . ) ¢ XX 2 1 \Fq(1+a) 2 1
p* n a—1 a—1
—|——/ th—qs)"  —(t1 —qs)? |dys, and ||v(t2) — v(t
T, (@) Jo |(t2 — gs) (11 —qs) | dg [v(z2) = v(n1)]|
d*T® d* g
<——(h—1)" / th—qs)* ' — (11 —qs)* dys, 1,n el y.
l"q(1+(x)(2 1) +1"q((x) A (12— gs) (11— qs)* | dgs, 11,12
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The subset A of ¥ is closed, convex end equicontinuous. As in the proof of Theorem
2, we can show that N(u,v) is convex for each (u,v) € A, N(A) C A, N has weakly-
sequentially closed graph, and the Monch condition (9) holds. Hence, the operator N
satisfies all the assumptions of Theorem 1. Therefore; we conclude that N has a fixed
point which is a weak solution of the problem (3)-(4).

5. Examples
Let E=1'={u=(uj,ua,...,up,...): 2 |un| < =0} be the Banach space equipped
n=1
with the norm ||ul[g = Y |uy].

n=1

EXAMPLE 1. Consider the following problem of fractional %— difference inclu-
sion

(CD%un) (t) € Fu(t,u(t)); t €0,1],
w(0) = (1,0,...,0,...),

13)

where
ct2e—41

Ealtw®)) = S olE

[un () — 1,u,(2)]; £ € [0,1],

4
e 1
w=(uy,up,...,up,...),c:= ZF% <§> ,

and F is closed and convex valued. Set

F=(F,F,....F,,...).

For each u € E and ¢ € [0, 1], we have

IE (@ u(@))ll» <

el t4”

Hence, the hypothesis (H3) is satisfied with p* = ce™*. We shall show that condition
(7) holds with 7' = 1. Indeed,

Simple computations show that all conditions of Theorem 2 are satisfied. Hence, the
problem (13) has at least one weak solution defined on [0, 1].
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EXAMPLE 2. We consider now the following coupled system of fractional % — dif-
ference inclusions

EN

(CD%un) (1) € Falt.v(0))

(Cp'vn) (1) € Galt,u(t))
u(0) = (1,0,...,0,...), v(0) = (0,1,0,...,0,...)

1€[0,1], (14)

=l

where
cr2e—4t
Fav0)) = T bn(e) = L),
¢ 267471
Golt,ut)) = HIHW[”"(I)’ 1+ (1)) 1 € [0,1],

& 1

with u = (uy,ua,...,up,...), v=(v1,v2,...,Vs,...), and c := 5T (3). Set
F=(F.Pp....Fy,...), G=(G1,Ga,...,Gp,...).

It is easy to show that all conditions of Theorem 3 are satisfied. Hence, the problem
(14) has at least one weak solution (u,v) defined on [0, 1].
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