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MULTIPLE SOLUTIONS FOR FRACTIONAL HAMILTONIAN
SYSTEMS LOCALLY DEFINED NEAR THE ORIGIN

MOHSEN TIMOUMI

(Communicated by Y.-K. Chang)

Abstract. In this article, we are interested in the existence of infinitely many solutions for a class
of fractional Hamiltonian systems
{,Dfﬁ(me‘u)(t) +L(t)u(t) = VW (r,u(t)), t €R

u € H*(R), O

where L(¢) is neither uniformly positive definite nor coercive, and W(¢,x) is locally defined
and subquadratic or superquadratic near the origin with respect to x. The proof is based on
variational methods and critical point theory.

1. Introduction

In recent years, also equations including both left and right fractional derivatives
are discussed. Apart from their applications in many engineering and scientific disci-
plines such as physics, mechanics, chemistry, biology, economics and so on, equations
with left and right derivatives are an interesting and new field in fractional differential
equations theory. In this topic, many results are obtained to deal with the existence and
multiplicity of solutions of nonlinear fractional differential equations by using tech-
niques of nonlinear analysis, such as fixed point theory [3, 27], topological degree
theory [4, 8] and comparison methods [13, 28].

In the previous decades, the critical point theory has attracted mathematicians and
physicists as an effective tools for studying the existence and multiplicity of periodic
and homoclinic solutions for differential equations with variational methods, for exam-
ple, see [14, 17] and the references cited therein. Motivated by the classical works in
[14, 17], for the first time, Jiao and Zhoo in [9], studied the existence of solutions for
the following variational problem

(D (oD u)(t) = VW (t,u(t)), t € [0,T]
u(0) = u(T),
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via critical point theory and variational methods. Inspired by this work, Torres [19]
consider the fractional Hamiltonian system

{tDZ,(_wD;"u)(t) +L({t)u(t) =VW(tu(t)), t € R

(FH.S)
ue H*R),

where _..D{ and ,DZ are left and right Liouville-Weyl fractional derivatives of order
% < o < 1 on the whole axis respectively, L € C (R,RN 2) is a symmetric matrix-valued
function, W € C'(R x R¥,R) and VW (t,x) = 4 (r,x). Under some suitable condi-
tions on L and W and using Mountain Pass Theorem, Torres [19] proved the existence
of a nontrivial solution for (F.5.%). Since then, the existence and multiplicity of
solutions for problem (%) via critical point theory, have been studied by many
mathematicians, see [1, 2, 5, 6, 7, 15, 18-26]. Instead of [5, 22], in all these papers,
the matrix L(r) is assumed to be positive definite and the potential W (¢,x) is required
to satisfy some kinds of growth conditions at infinity with respect to x, such as su-
perquadratic, asymptotically quadratic or subquadratic growth condition. In [5], the
author studied the existence of infinitely many solutions for (.%.#.%") when the non-
linearity VW (z,x) is locally defined and bounded by a constant in R x B, (0) for a
positive constant p. However, in [22], Wan studied the multiplicity of solutions for
system (F.2.7) when the function L is uniformly positive definite and the potential
W (z,x) is superquadratic near the origin.

In this paper, we will prove the existence of infinitely many solutions for (% ¢ .%)
when L is neither uniformly positive definite nor coercive and the potential W (¢,x) is
only locally defined near the origin. More precisely, Section 2 is devoted to recall some
results of the Liouville-Weyl fractional calculus and formulate the variational setting.
In Section 3, using a Variant Symmetric Mountain Pass Lemma due to Kajikiya [10],
we are interested in the case where W (¢,x) is only locally defined and subquadratic
near the origin with respect to x. Moreover, in Section 4, applying a Variant Fountain
Theorem due to Zou [29], we are interested in the case where W (z,x) is only locally
defined and superquadratic near the origin with respect to x.

2. Preliminaries

In this Section, we will recall some basic definitions and results about the frac-
tional calculus.
2.1. Liouville-Weyl fractional calculus

The Liouville-Weyl fractional integrals of order 0 < o < 1 on the whole axis R
are defined as (see [11,12,16])

—Iu(t) = ﬁ [w(t — %)% u(x)dx, (2.1)
and
() = ﬁ /t (=) Lu(x)dx. (2.2)
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The Liouville-Weyl fractional derivatives of order 0 < o < 1 on the whole axis R
are defined as the left-inverse operators of the corresponding Liouville-Weyl fractional
integrals (see [11, 12, 16])

Dfult) = a0, (23)
and 4
DZu(t) = —E(tli,_au)(t). (2.4)

Denote by LP(R) (1 < p < o), the Banach spaces of measurable functions from R
into RV equipped with the norms

o = ([ Ju(o)? ),

and L*(R) the Banach space of measurable functions from R into R under the norm

||u|| - = esssup {|u(t)| : 1 € R}.

PROPOSITION 1. 1) Let p,q € [1,0], ¢ > 0. The operators _..[* and I% are
bounded from L?(R) to L(R) if and only if

__P
1—-ap’

1
O<oa<l, I<p<—,¢q
o
2) If a > 0, for “sufficiently good” function u, the relations

(D} (eolu)) (1) = u(t), (DE(Zu))(1) = u1) (2.5)

are true. In particular, these relations hold for u € L' (R),
3)Let o, >0 and p > 1 be such that a+ f§ = ;—) If ue LP(R), then

(ceelf () (6) = 17 Pult), (B (IC)) (1) = 12 Pu(r),  (2.6)
4HIf o> B >0, then
(CDP () (1) =— I Pue), (DE(ID) (1) = 127 Pulr).  (2.7)

PROPOSITION 2. For o > 0, the following properties

Lo Carrw)na = [ (12e)0)- v, 28)
/R u(t) - (D% (1)t = /R (:D%u) (1) -v(1)d, (2.9)

are verified for “sufficiently good” functions ¢, y,u,v. In particular, (2.8) holds for
functions ¢ € LP(R) and y € L4(R), while (2.9) holds for u € [J%(LP(R)) and v €
=l (LY(R)) when p > 1, ¢ > 1 and 5 + 7 =1+ o with

AZ(LP(R)) ={u: 3@ e L’ (R),u=,1%0¢},
similarly, _../*(L7(R)) can be defined.
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2.2. Fractional derivative spaces

Let u be the Fourier transform of u
ls) = / S (1) dr.

For 0 < ¢ < 1, considering the semi-norm
lulg = ||Is% @] 2

and the norm 1
2 244
[ul| o = (lluell 72 + [ulg) 2

we define the fractional Sobolev space H*(RR) as follows

where Cj’(R) denotes the space of continuous functions u# from R into RN such that
u(t) — 0 as |t| — oo.

Moreover, let C(R) denotes the space of continuous functions from R into RV .
Then we obtain the following Sobolev lemma.

LEMMA 1. ([21], Theorem 2.1) If a > 3, then H*(R) C C(R), and there exists
a positive constant C = Cy, such that

oal] =Suﬂg\u(l)\ < Collullg ,u € H*(R). (2.10)
te

REMARK 1. From Lemma 1, we know that if u € H*(R) with % <o <1, then
u € LP(R) forall p € [2,0], because

-2 2
[ o) < = @11)

Let x be the selfadjoint extension of the operator ;D% (_..D¥)+ L with the domain
P(x) C L*(R). Let {E(v):—e < Vv < +oo} and |x| be the spectral resolution and

the absolute value of y respectively, and | x|% the square root of |y|. Set U =1—

E(0)— E(—0). Then U commutes with y, |x| and \x\%,and x = U |x| is the polar
1 1

decomposition of y. Let X% = 2(|x|?), the domain of |x|?, and denote on X% the

inner product

1 1
(u,v)xa = (|2 w, 1% |2 V)2 + (,v) 12

and norm ||u|ya = (u,u) éa , where as usual {.,.);> denotes the inner product of L*(R).
Then X is a Hilbert space. It is easy to check that C(R) is dense in X% and X is
continuously embedded in H*(R) since L is bounded from below and hence is ¥ in
L*(R).

Consider the following assumptions
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(Ly) the smallest eigenvalue of L(z) is bounded from below;
(Ls) There exists a constant ¢ > 1 such that

meas({t € R/|t| " L(t) < bly}) < oo, Vb >0,

where meas denotes the Lebesgue’s measure on R. Here, for two N x N symmetric
matrices M| and M,, we say that M| < M, if

min (M} —M>)x-x<0

XERN |x|=1

and M, > M, if M| < M, does not hold.

REMARK 2. Let L(z) = (t?>sin?¢ — 1)Iy. It is easy to see that L satisfies (L;) and
(Lo) but it is neither uniformly positive definite nor coercive.

In the next, the following compactness embedding lemma will be needed.

LEMMA 2. Suppose that L satisfies (L) and (Lg). Then X% is compactly em-
bedded in LP(R) for 1 < p < . In particular, for all p € [1,e], there is a constant
Tp > 0 such that

lullpr < Tpllullxe, Yu € X (2.12)

Proof. a) First, we consider the case that () > 1 for all + € R. Evidently, we
have || = x and

2 2 2
[[ue] o =/R[I—oon‘u(t)\ +L(t)u(t) - u(t) + |u(t)|]dr.
By Lemma 1, we see that
[l < Co [l o, Vi € X

and hence for all p € [2,0[ and u € X%, we have

2
[l < [ull=> [ o) dr < 4l

Now, for any € > 0, by condition (Ls), we choose r¢ > 1 such that meas(Be) < €,
where

Be = {t ER\| —re,re[/|t] °L(t) < éIN}.

Let
De =R\ (BeU] — 1, 7¢])
and
M=, inf 1|7 L()E .
Then - <.

Ue
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Let (1) C X% be a sequence such that ux — u in X% weakly. The Banach-
Steinhaus Theorem implies that

M = sup ||lug — u|yo < oo.
keR

Since X* C H*(R) C LP(R) for p € [2,e°] with continuous embedding, it holds

M, = sup |lug — u|p < ee.
keR

Sobolev’s embedding Theorem implies that u; — u uniformly in I¢ = [—re,re].
Step 1. We claim that X% is compactly embedded in L*(R). In fact, we have

/ |uk—u\2dt:/ \uk—u\2dt—|—/ |ug — u| dt
[t|>re Be D¢

< meas(Be) ||ux — ul7- —|—/D 1£|% |ug — u)? dt
€

1
Smeas(Bg)Huk—quzf—F—/ L(t) (ux — u) - (ug — u)dt
He JD,

eM2 + ¢ ||ug — || 2a

<
<e(M2+M?).

Since u; — u uniformly in I, we get uy — u in L?(R) as k — oo.
Step 2. p €]2,00[. We claim that X* is compactly embedded in L”(R). In fact,
we have

o=l = [ o= e < o= = [ g~ P s
<SM2 2 ug—ul72 .

By Step 1, we deduce that u; — u in L7 (R).
Step 3. p € [1,2[. We claim that 4y — u in L (R). Let s = 2i Then p >
and sp > 1. For v € LP(R), we have

/ |v|”dt:/ |v|”dt+/ V[P d
[t|=re Be D¢

:/ |v|1’dt+/ _ |v|pdt—|—/ _ V|7 dt
Be {teDe /1t*|v(1)|<1} {teDe /It[*|v(1)|>1}
< (meas(Be)H ey + [ et [ ()

{reDe /I[*[v(1)[>1}

< (meas(Be))? ||v Hsz+/ |r|—"dr+/ (e ) e ~*7

<\/E||v||§2p+z/ \t|“’dt+/H 11|25 |y Pt
Te

Zre

1+6

< Velv|? 2}%76*/ 1% |v[
L2P 1 [ >re
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2rl=9 1
e +—/ L(t)v-vdt
o1 pe Ji>r

1-o
2r,

o—1

<VEIVID, +

2
<VeEvID, + +elvlxe-

Choose r, large enough such that r}:“’ < /€, we obtain
[ b < V(I di+ 2+ VE v ).
Since 2p > 2, we have ||ug — ul|;2p < My, forall k € N and
/III% g — | dt < \/E(Mgp + % + \/EM2> , VkeN.
As above, we have [7_|u — ul’dt — 0 as k — oo. Hence up — u in LP(R).

b) Now, we consider the general case which does not need the condition /(r) > 1
forall 7 € R. It follows from (L;) that there is a positive constant a such that [(r) +-a >

1 forall € R. Since X* = 2((x —l—al)%), we can introduce a norm on it

2 112 2
Jull2 = || e+, + el

From the first case a) it follows that (X*,]|.||,) is compactly embedded in LP(R) for
p € [1,e0], so it suffices to show that ||.||y« is equivalent to ||.||,. In fact, for u €
D(x) =Z(x +al), we have

e+ antul| = (o) 2 +alull

"

o
= (x| Uu,u)2 +allul| ;2
= (U |2, 212 )2+ a2 (2.13)
<|

2 2
L+l

1% u
< sup(1,a) |u]|e
and )
= (lusu) o = (O +ah)Uuu) — a{Uu,u)yo

1212w
1112 2.14
<[ Ge+antal ,+alui (2.14)

< sup(1,a) [lul|7 -

Since Z(y) is dense in X, it follows from (2.13) and (2.14) that ||.| y« and |.||, are
equivalent. The proof of Lemma 2 is completed.

Since the selfadjoint operator  is bounded from below in L?(R), then Lemma
2 implies that it has a compact resolvent. Consequently, the spectrum &()) con-
sists of eigenvalues numbered in 4| < A; < ... — +oo (counted in their multiplic-
ities), and a corresponding system of eigenfunctions (e¢;) en, (xe; = Aje;), forms
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an orthonormal basis in L?>(R). Let k= (resp. k°) be the number of A ;i < 0 (resp.
Aj=0), k =k +k0 and let X~ = span{ey,,..., e }, X~ = span{ekﬂrl,,...,e];}
and X+ = Clyaspan {eEH, s } , where ClyaS is the closure of the set S in X% . Then
X*=X"@X"@X". We introduce on X* the following inner product
1 1
(,v) = (1212w, 2|2 v) 2 + (0 0%) 2

and the associated norm

2 2
o1l

> = |12

where u=u"+u’ +ut,v=v" 04T e X X @ XT. Clearly, |jul?, <A ||ul®
forall u € X*, where A :max{l,l]irll,mkfrl}. Since [[u]3a = |Ju= +u® ||, +[|ul
for all u € X%, one has ||ul|* < [Jullxe < (14A)[u]*, ie. the norms |||y« and |.|

are equivalent. From now on the norm |.|| on X% will be used. By Lemma 2, for all
p € [1,00], there is a positive constant 17,, such that

ullp < np [lull, Vi € X (2.15)

For later use, let
1 1
a(u,v) = (x> Uu,|x|?v)2, Yu,v € X*

be the bilinear form associated with y. Forall u € 2(x), v € X*, one has
a(u,v) = /R(_NDf‘u(t)._otho‘v(t) +L(t)u(t)-v(r))dt (2.16)
and since () is dense in X%, (2.16) is verified for all # € X*. Moreover, we have
a(u,u) = Hzﬁ”z—Hu*Hz (2.17)

forallu=u"+ul+uteX*=X"aX'@xt.

3. Local subquadratic conditions

In this Section, we are interested in the existence of infinitely many solutions of
(F 7.7) when the potential W(z,x) is only locally defined and subquadratic in x.
More precisely, let W : R x B5(0) — R be a continuous function, differentiable with
respect to the second variable with continuous derivative VW (¢,x) = %—V)‘C/ (t,x), where
§ is a positive constant and Bg(0) is the open ball in RV centered at zero with radius
0, we make the following conditions
(W) W(2,0) =0 and there is constants v €]0,1[, y € [+,e[, >0 and a € L"(R,R™)
such that

VW (2,x)| <a(t) +blx|”, V(t,x) € R x B5(0);
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Wt
(W2) lim LAt 72x)| = oo, uniformly for all 7 € R;
=0 |x]
(W) W(t,—x) = W(t,x), ¥(t.5) € R x B5(0).

Our main result in this Section reads as follows.

THEOREM 1. If (L), (Ls) and (Wy)—(W3) hold, then (¥ 7.7) admits in-
Sinitely many nontrivial solutions (uy) satisfying max;cr |u(t)| — 0 as k — oo.

REMARK 3. Theorem 1 generalizes Theorem 1 in [5].

REMARK 4. Let 0 < v < 1 and b > 0 be some given constants, define

1

3 2 b vl
—— ) " In(1 — R 1.
t2+1> n( +\x\)+v+l\x\ ,tER, x| <

W) = (
It is easy to see that W satisfies (W) and (W3) with 6 = 1. An easy computation
shows that

VW (t,x)| < a(t)+bx]", Vi €R, |x| <1

2)
where a(t) = (5 )V(T . Moreover, for y= %

1
71 >, we have

Hence assumption (W) is satisfied. Therefore by Theorem I, the corresponding system
(F A ) possesses infinitely many solutions.

Proof of Theorem 1. Condition (L;) implies the existence of a constant by > 0
such that L(t) +2boly > Iy for all t € R. Let L(t) = L(t) + 2boly and W(t,x) =
W (t,x) + bo |x|*. Set

(FA) {th(ngu)(z) +L(Ou() = VW (u(r), 1 € R

ue H%(R),

then (F 2 .7) is equivalentto (F 7 .). Moreover, it is clear that W satisfies (W;)—

(W3) with b in (W) is replaced by b = b+2by8' ", as soon as W checks them, and
L satisfies the conditions (L) and

(Lo) I(t) = inf L(t)x-x > 1.

=1

Hence, in this Section, we will always assume without loss of generality that L satisfies
(Lp) and (Lg).
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Let r 6]07 8] be a constant and choose a cut-off functlon p € C'(RT,R*") such
that p(s) =1 for 0<s<r, p(s) =0 for s >2r and —=2 < p/(s) <0 for r <s < 2r.
Let

W@@:p@mWUJLV@ﬂERxRN (3.1)

Combining (W;) and the definition of p yields
’WQ@‘ a(t) x| +bx|" T, V(1,x) eR x RN (3.2)

and
’VWUJw<SM@+thLWLﬂERXRM (3.3)

Consider the following modified fractional Hamiltonian system

E# {,DS‘C(MD;"u)(t) +L(Ou(t) = VW (t,u(t)), t €R
ue H*R),

and the associateed variational functional
Flu 2/ (|- D%u(t) 2+ L u(t m—/qu
= 5 llP ~ &)

for all u € X%, where
:/W(t,u)dt, ueXx’.
R

To prove Theorem 1, the following Variant Symmetric Mountain Pass Lemma will be
needed.

Let X be a Banach space and let A be a subset of X. A is said to be symmetric
if u € A implies —u € A. For a closed symmetric set A which does not contain the
origin, we define the genus y(A) of A by the smallest integer k for which there exists
an odd continuous mapping from A to R¥\ {0}. If such a k does not exist, we define
Y(A) = 4oo. Moreover, we set y(¢) = 0. Let

Iy, = {A C X/Ais a closed symmetric subset, 0 ¢ A, y(A) > k}.

LEMMA 3. [10] Let A and B be closed symmetric subsets of X that do not
contain the origin. Then the following hold.

a) If A C B, then y(A) < y(B).

b) The N -dimensional sphere SN has a genus of N + 1 by the Borsuk-Ulam theo-
rem.

LEMMA 4. [10] Let X be an infinite-dimensional Banach space and f € C'(X,R)
satisfies the following

(f1) f(0) =0, f is even and bounded from below and [ satisfies the (PS)-
condition;
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(f2) Foreach k € N, there exists Ay C T'y such that

sup f(u) <0

MGAk
Then [ possesses a sequence of critical points (uy) such that

Slur) €0, ux #0, Vk € N and llm ur =0.

k——o0

_ LEMMA 5. Suppose that (Lo), (Ls) and (Wy) hold. If u, — u in X%, then
VW (t,u,) — VW (t,u) in LY(R).

Proof. By negation, Lemma 2 implies that there is a subsequence (u,, ) such that
up, — u in LY7(R) and u,, — wa.e. in R as k — oo (3.5)
and ,
/‘VW(t,unk)—VW(t,u)| dt > g, Yk €N (3.6)
R

for some positive constant &,. By (3.5) and up to a subsequence if necessary, we can
assume that 37, ||un, — u|, v, <oo. Let w(t) = X7, un, (1) —u(r)| forall 7 € R, then
we LY"(R). By (W;), there holds for all k € N and r € R

‘VW(z,unk(t))—Vﬁ/(t,u(t))‘y
< (’VW(t,unk(t) ’+ ‘VVT/ ' u(l))’)y
27 (|YW (2,1, (1)) [T+ [VW (2,u())7)
27 (a(t) + b [un (1)) + (ale) + b lut)])7)
22012(a(t))Y + b7 un (1)) "7 + b7 [u(e)]*]
220D [2(ae))” + b7 ([t (1) = (o) |+ Ju(t)) 7+ B (1))
220D [2(a(e)" + 67277 ( }unk ) = ()] |u()["7) + bV ()] 7]
crl(a(0)?+ w7 + |u(@)"] € L'(R)

where ¢ is a positive constant. Combining this with (3.5), the Lebesgue’s Dominated
Convergence Theorem implies

YA/ A/ANY/ANV/AN/A

fim / ‘VVT/(t,unk(t))—VW(t,u(t))‘ydt:O

k—oo JR

which contradicts to (3.6). Hence VW (t,u,,) — VW (,u) in LY(R)and the proof of
Lemma 5 is completed.

LEMMA 6. Let (Ly), (Ls) and (Wy) hold. Then g € C'(X*R) and g’ : X* —
(X*)* is compact, and hence f € C'(X* R). Moreover

g’(u)VZ/RVW(t,u)-vdt (3.7)
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and

£y = /R (_D%u(t) - DOV() + Lt Yut) - v(t))dt — /]R VW (t,u) - vdr

N (3.3)
— (u,\;)—/RVW(t7u)-vdt

Sfor u,v € X* and nontrivial critical points of f on X% are solutions of (%)
Proof. Forany u € X%, Set K(u) : X* — R the linear operator defined by
(K (1)) :/RVVT/(W)-vdz, veXxe. (3.9)
By (2.15), (3.3) and Holder’s inequality, one has
\<K(u),v>\</ V7 (0| vl ds

5/ t)+blul’]|v|drt

<5/a(z)|v\dt+5b/ ] |v) dr
1 y=1
<5(/ ydt7/| vldt 7

+55( [ )] a1 ([ o)) anh

<Slall vl +5b [[ull v V][ v

<5y, HalleLbnvvjfll el "TIvI Vv e X

Hence K(u) is bounded.
By (3.3), forany s € [0,1], 7 € R and u,v € X%, there holds

VW (t,u+sv)v| < 5la(t) [v| +blu+sv|* |v|]
< 5la(e) v+ b(Jul” v+ )]

which is integrable in R. Consequently, for all u,v € X%, by the Mean Value Theorem
and Lebesgue’s Dominated Convergence Theorem, there holds

_ |
lim S =W // VW (t,u+ 0sv) - vdOdt

s—0 s s—0JR JO

(3.10)
:/RVW(t,u)-vdt=<K(u)’V>-

This implies that g is Giteaux differentiable on X% and K (u) is its Giteaux derivative
at u.



MULTIPLE SOLUTIONS FOR FRACTIONAL HAMILTONIAN SYSTEMS 201

_ Next, we prove that K is compact. Suppose u, — u in X%, then by Lemma 3,
VW (t,u,) — VW (t,u) in LY(R). By Holder’s inequality and (2.15), it holds

(1K (un) — K (u) [ xay = e (VW (,un) — VW (1,u)) - vdt

< sup /‘VWtun) VWtu dt%/\v\?’ldIT
[[vll=1

~ ~ 1
< ”%(/ V7 () —VW(t,u)‘ )7 — 0 as n— oo,
=1 JR
This means that K is compact and weakly continuous and then continuous. Thus g €

C'(X*,R) and (3.7) holds with g’ = K is compact. In addition, due to the form of f,
it is clear to see that f € C!(X%,R) and

£y = /R [LoD%u(t) - DOv(t) + L(t)u(t) - v(1)]dt — /R VW (t,u) - vdt, Yu,v € X°.
Finally, if u is a critical point of f, for any v € X% C C(R), we have

/R (_D%u(t) oo DOv(1)dt = — /R L()u(t) - v(t) — VW (2,u(r)) - v(1)]dt
which with Proposition 2 (2.9) implies for all v € X*

L GDECDEu) 1)) -0t = = [ [L(0u(e)-v(0) = VW (0.(e)) (1)
Since Ci’(R) is dense in X*, then we get

iDE(—wDfu)(t) = —L(t)u(t) + VW (t,u(1)),

i.e., u is a solution of (M)

LEMMA 7. If (Ly), (Ls) and (Wy) hold, then f is bounded from below and
satisfies the (PS)-condition.

Proof. Firstly, by (2.15), (3.2) and the Holder’s inequality, it holds for all u € X*

/'W fu 'dt / (t) Ju| + [u]" T )ar

1
< el lleel 2, +ull

< Ll||a||u||uu+bnv“HuHV“

W) >1||u\\2—/ W (10

1
IIMH =1y llallyllul = bnyLy a7 Ve X

Thus

(3.11)
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Since v < 1, it follows that f is bounded from below.
Let (u,) C X* be a (PS)-sequence, that is

|f(un)| <M, VneN, f'(uy) — 0 as n— oo (3.12)
for some constant M > 0. By (3.11) and (3.12), we get

1 2 1
M=5 (|24 Nz lally ]l = B0 eV

which implies that (u,) is bounded in X* since v < 1. Hence, taking a subsequence
if necessary, we may suppose that

u, = u in X* and u, — u in L7T as n—s oo, (3.13)
for some u € X%. Next, we have
||un—uH2=(f’(un)—f’(u))(un—u)+/R(VW(t,un)—VVT’(t,u))~(Mn—u)df~ (3.14)

It is clear that
(f (un) — f () (up —u) — 0 as n — oo, (3.15)

By Holder’s inequality, (2.15) and Lemma 5, one has

/R(va/(z,un) — VW (1)) -t — )t

(3.16)
< ‘VVT/(uunk)—VW(t,u)H lin—u| v —0 as n— oo,
LY L1

Combining (3.14)—(3.16), we deduce that u, — u in X% and completes the proof of
Lemma 7.

LEMMA 8. If (Ly), (Ls) and (Wa) hold, then for each k € N, there exists an
Ay C X% with y(Ay) = k satisfying sup,ca, f(u) <O.

Proof. Let (e,) be an orthonormal basis of X*. For any k € N, let
Xy = @X _Ep, Ey = Rey,.
Since X} is with finite-dimensional, there is a positive constant 3; such that
Jull < Billul2 . Vir € Xi. (3.17)
By (W), there is a constant R > 0 such that
W(t,x) > B2 |x]*, v € R, |x| <R. (3.18)

Let u € X* with [ju|| < n%' By (2.15), we know that |u(z)| < R for all r € R, thus by
(3.18), it holds B
W(t,u(r)) = BE lu()|, vt €R. (3.19)
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Therefore, by (3.17) and (3.19), for all u € X; with 0 < ||u|| = 7, = min{r,R} n%o’ one
has

1) =3 P = [ W)

1
< Sl = [ B lute)Pa
R

1 5 2 1
< 2l =~ 22
which implies
1
e/l =) < A= {uex?/ s < -5 . (3.20)

Thus by Lemma 3, (3.20) implies

Y(Ax) = v({u € Xi/ |Jul = u}) > k,

hence, by the definition of Iy, we have A, C I'y. Moreover, the definition of I'; implies

1
sup f(u) < =55 <0,
UEAL 2

which ends the proof of Lemma 8.

Finally, assumptions (W) and (W3) imply that f(0) =0 and f is even. It follows
from this and Lemma 7 that f verifies the condition (f;) of Lemma 4. Lemma 8 shows
that the condition (f;) of Lemma 4 is verified. Therefore, by Lemma 4, f admits a
nontrival sequence (uy) € X% satisfying f(ux) = 0 for all k € N and uz — 0 as

k — oo. Lemma 6 implies that u; is a nontrivial solution of (#.57.) for all positive
integer k. By (2.15), it follows that sup,p |ux ()| — O as k — eo. Hence, there is
a constant ko € N such that for all k > ko, sup,cp |ux(t)| < r, where r is defined as
above. Therefore for all k > ko, uy is a solution of (#.7.%). The proof of Theorem
1 is finished. [

4. Locally superquadratic conditions

In this Section, we are interested in the existence of infinitely many solutions of
(F ) when the potential W (z,x) is only locally defined and superquadratic near
the origin with respect to x. More precisely, let W : R x B5(0) — R be a continuous
function, differentiable in x with continuous derivative VW (¢,x) = %—‘f(z,x), where 0
is a positive constant and B (0) is the open ball in RV centered at zero with radius &,
we consider the following conditions

(W1) W(z,0) =0 and there exist constants ¢ >0 and 0 < 0 < I such that

VW (t,x)| < c|x|?, V(t,x) € R x B5(0);
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(W2) There is a constant ¥ > 2 such that

W(t}x) =0 uniformly for 7 € R;
—0 |x]|
2W (t,x) — VW (2,x) - x < 0, ¥(t,x) € R x (B5(0)\ {0}): (W)

(W4) There is a constant 3 > 2 such that

W (t,x)
x—0  |xP

= +oo uniformly for 7 € R.

(Ws) W(t,—x) =W(t,x), ¥(t,x) € R x B5(0).
Our main result in this Section reads as follows.

THEOREM 2. Suppose that (Ly), (Ls) and (Wy)—(Ws) hold. Then the frac-
tional Hamiltonian system (F 7.7 possesses a sequence of solutions (uy) such that
supep |ur(t)] — 0 as k — oo,

REMARK 5. Theorem 1 generalizes Theorem 1 in [22].

REMARK 6. There are functions W (z,x) that satisfy all assumptions in Theorem
2. For example, W (,x) = |x|* for |x| < 1 with 6 = Ioy=3and Bp=1.

Proof of Theorem 2. Choose 0 < b < # . By (Wh), there is a constant r €]0, g[
Y
such that
W(t,x) <blx|", vVt € R, |x] <2r. (4.1)
Let
W(t,x) = p(|x)W (r,x) + (1 = p ()b |x|” (4.2)

where p € C!'(R*,R™) is a cut-off function satisfying p(s) =1 for 0 < s <r, p(s) =0
for s > 2r and —2 < p/(s) <0 for r <5 <2r.
For later use, the following lemma will be needed.

LEMMA 9. If (W;) and (W3) hold, t hen W (t,x) is continuously differentiable in
X with continuous derivative such that

[V ()] < e (11 + [d7), ¥ir,x) € R < RY; (4.3)

W (t,x) = 2W(t,x) — VW(t,x) -x <0, ¥(t,x) e R x RV; (4.4)

W(t,x) =0<x=0. (4.5)
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Proof. Note first that by the Mean Value Theorem, (W) implies
W (1,x)| < clx|?F!, V(t,x) € R x B (0). (4.6)

By direct computation, we get

VW (1,%) = p (x|) VW (¢,) + p ([x)W (1,0) =
o (4.7)
+ (1= p()oy "= p' (bl
and
W(e.6) = pU)RW (1.0) = VW(0.2)-x)+ Q=N p(ebl’ o
= p'(Ix) (W (#,x) = b|x|") |x]
for all (¢,x) € R x R¥\ {0}. Besides, it is easy to see that (W;) implies
VW (2,0) =0, W(r,0) =0, Vs € R. (4.9)

By (4.6), (4.7) and the choice of the cut-off function p, we have
‘VW(LX)‘ byl Vi eR, x| =2,

and
. 2 2
VW (1,)| < VW (0,01 4 5 W (1, +bylxl?™" + b1l

2
< c\x\e + ;c|x|9Jrl 1+ 4b \x\?’*l +by|x|7’*1
¢ lxl® +4c x| ® 4+ 4b|x|" " + by|x"!
Scla)® + @+ b, v e R, x| <2

Hence (4.3) is satisfied with ¢; = max{5c, (4 +y)b}. Using the fact that p’(|x|) <0
for |x| < 2r and p’(|x|) = 0 for |x| > 2r, then (W3), (4.1) and (4.8) imply (4.4).

It follows from (4.9) that W(t, 0) =0. Conversely, by (W3) and (4.1), we have for
all 0 < |x| < 2r

<
<

2W (t,x) — VW(t,x)-x <0, (2—y)bJx|" <0 and W(t,x) —blx|" <0
therefore; by (4.8) and the definition of the cut-off function p, we obtain
W(t,x) <0,Vi€R, 0< |x| <2r
For |x| > 2r, (4.8) implies
W(t,x)=(2—7y)blx|" <0.

Hence W (7,x) < 0 forall (7,x) € R x R¥\ {0} and then (4.5) is verified. The proof of
Lemma 9 is completed.
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Now, consider the following modified system

(D (_Du) (1) + L(t)u(t) = VW (t,u(t)), t € R —
ue H(R),

and the associated continuously differentiable functional

flu 2/|00D0‘(>|+L() dt—/Wtu

Then by (2.17), f(u) can be rewritten
D TR R TR
) = 3 " = S ™"~ 8 0)

forall u=u +u’+ut eX*=X"aX°@ X", where

u) = /RVT/(W)dz

Next, the following critical point theorem due to Zou [26] will be needed to prove
our Theorem 2.

LEMMA 10. [29] Let X = @ jenX(j) where X(j) are all finite-dimensional sub-
spaces. Let f € C'(X,R) be an even functional satisfying

(A1) There is ko € N such that for every k > ko, there exists Ry > 0 such that
f(u) >0 forevery u € Xy = @ ;1 X (j) with ||lu|| = Ry, and by = infycp, f(u) — 0 as
k — oo. Here, By = {u € Xi/ ||u|| < Ri}.

(A2) Forevery k € N, there exist i, €]0,Ry] and di < 0 such that f(u) < d for
every u € XK =@, X (j) with ||ul| = ry.

(A3) f satisfies the (PS)*-condition, with respect to {X*/k € N}, i.e., every se-
quence (uy) such that u, € X* with f(uz) <0 for all k € N and (f‘Xk)’(uk) — 0 as
k — oo admits a convergent subsequence.

Then, for each k > ko, [ has a critical value & € [by,dy], hence & < 0 and
& —0as k— oo,

LEMMA 11. If (L1), (Ls), (W1) and (W3) hold, then O is the only critical point
of [ such that f(0) =0

Proof. By (W;) and Lemma 9, we know that f/(0) =0 and f(0) =0. Let u be
such that f'(u) =0 and f(u) =0, then we have

0=2f(u) /Wtu

which together with (4.4) and (4.5) implies that u(¢) = 0 for all r € R. The proof of
Lemma 11 is completed.

Now, let X(j) = Re; for each j € N, where {e;, j € N} is the system of eigen-
functions given in Section 2. In the following, we will show that the functional f
satisfies the geometry properties (A;)—(A3) of Lemma 10.
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LEMMA 12. Suppose that (Ly), (Ls) and (Wy) hold. Then there is ko € N and
a sequence Ry — 0" as k — o such that

inf  f(u) >0, Vk > ko

u€Xy ||ul|=Ry
and

f oo
ulélka( u) —0, as k—

where Xy = ®j=xX (j) and By = {u € Xy, ||u|| < Ry} forall k € N.

Proof. By the Mean Value Theorem, (4.6) and the definitions of W (z,x) and the
cut-off function p, we obtain

<l 4 b|x]? (4.10)

’W(Lx)‘ = ‘/01VW(t7sx) - xds

Note that X; C X + for all k> k+1, by definition of k and X*. Thus for each
k> k+1,(4.10) implies

1 ~

= 5l [ Wtwar
0 R (4.11)

2 0
2 5 llull —cllull s =bllullly, Vu e X;.
Set B
k= sup |lule+1, forallk>k+1. (4.12)
uEX;, =1

Since X% is compactly embedded in LO*!(R), then it is well known that
Iy — 0 as k — oo. (4.13)

It follows from (2.15), (4.11), (4.12) and the choice of b that for all k > k + 1 and
u € Xi with JJul| <1

I I
F) = 5 ul® = et {ful) = 2 [l
% 4 (4.14)
Z 7 lul| = 22" a1

Choose Ry = min { 1, (4cl91) ™o } . Then by (4.13), Ry — 0% as k — co. By virtue
of (4.14) and the definition of R;, we have

inf  f(u)>0,Vk>k+1. (4.15)

uEXy, ||ul|=Ry
Furthermore, since f(0) =0 and

flu) = =% [u) P = —cl® RO Vu e By, Yk > k41,
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then

by = inf f(u) — 0 as k — oo.
u€By

The proof of Lemma 12 is completed.

LEMMA 13. If (L1), (Ls) and (W) hold, then for every k € N, there are con-
stants ri €]0, Ry and dj <0 such that

fu) <d forall u € X* = & ;X (j) with |Ju|l = Ry.

Proof. Let k € N. Since X k is finite dimensional, there is a constant ai > 0 such
that
a P < JlullPy , v e x*. (4.16)

By (W,), there exists a constant 0 < v < r such that

W(t,x) =W(t,x) = m|xP, vt eR, x| < v (4.17)

where my = Rlﬁ’z . Now, by (2.15), (4.16) and (4.17), for u € X* with ||ju|| < 7;’—", we
ay k £
obtain . |
— +12 -2 v
F) =5 [ | =5 | _/wamz

1 2 l} 1 2 ﬁ
< 5 lell” =i flullg < 5 Hael” = mgaag [

L2 2
= 5 lul* (1 = 2mya el 2).

1
}

2
Choose ry = (ﬁ) = <Ry and dy = —% < 0.If u € X* with ||ul| = r¢, we have

1 - 2
flu)= Er,%(l —2mkakrl3 2) = —%k =d; <0,

which completes the proof of Lemma 13.

LEMMA 14. Suppose that (Ly), (Ls), (W) and (Wy) hold. Then [ satisfies the
(PS)*-condition with respect to (X*)ren.

Proof. Let u; € X* be a (PS)*-sequence, that is
(f(uy)) is bounded and (fixt)'(ux) — 0 as k — co. (4.18)

We claim that (1) is bounded. Otherwise, by going to a subsequence if necessary, we
can assume that
llug|| — oo as k — oo. (4.19)
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From (4.8), (W3) and the definition of the cut-off function p, we have

2 0) = () (0 = = [ W (e, )
/ W (¢, up)dt —/ W (t,u)dt
{reR/|u(1)|<2r} {reR/ux(0)[=2r}
> (y—2)b lur|" dt, Vk € N.
{reR/|u(6)|=2r}
(4.20)
By (4.18)—(4.20), we have
1
— lug|"dt — 0 as k — oo. (4.21)
k]| Jgrer /ey =20}
Let
_ Juw(t), if fu(r)] < 2r
ve(r) = {o, if ()| > 2r (4.22)
and
wi (1) = ur(t) —vi(r), Yk e N, Vr e R. (4.23)
It follows from (4.18), (4.20) and (4.23) that
Iwell 7y < e3(1+ [lug)), Vk € N. (4.24)
Since X~ @ XY is of finite dimension, we obtain by Holder’s inequality
- 2 _
(e 12|72 = (e + 16 u) 12
= (uy +ul,vi) 2 + (g +ud,wi) (4.25)

‘M,;-HLQHU [Vell = + H”k +”kHU’ [[willzy

<
<callug +ugl| 1+ [[welly), VK EN,

where % + %, = 1. By the equivalence of the norms on the finite dimensional subspace
X~ @X°, (4.24) and (4.25), we have

1
iz +’4kH cs |u +’4kHL2 caes(L+ [lwilly) < ee(L+[lu]|7)
for all k € N. Therefore

Il + ]|

— 0 as k — oo (4.26)
[t

From (4.3), it follows that

)Vsz)‘ (14 [x]"™Y), ¥(t,x) e Rx RY,
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which with (2.15) implies
(e > [ 2= [ |99 )
> (1P =er [ " e = [ Juf |

> | = / 7-1 |
il gl

_ y—1 + _ +
@) [ b e [

> | -eren [ bl
=127 [l = e[|l

> |- taaf e |
—e7 2" [l || = erm [l

)

which combined with (4.21) implies

+
||||L;k PR (4.27)
k

We deduce from (4.26) and (4.27) that

I 74 o (74| B [

1
HukH h ||MkH

— 0 as k—— o0

which is a contradiction. Hence (1) is bounded.

By a standard argument, (u;) possesses a convergent subsequence, which com-
pletes the proof of Lemma 14.

Finally, from Lemmas 12-14, it follows that f satisfies the conditions (A})—(A3)
of Lemma 10. By (Ws), f is even. Thus, Lemma 10 implies that f has a sequence
of critical values & < 0 with § — 0 as k — . Let (1) be such that f(u;) =
& and f'(uy) =0 for all k € N. Then (u;) is a sequence of solutions of system

(F 7). Moreover, (u;) is a (PS)*-sequence in X*. By Lemma 14, f satisfies the
(PS)* condition and hence (u;) admits a subsequence, noted again by (uy), satisfying
up — u in X% as k — . Evidently, we have f’(u) =0 and f(u) = 0. Then by
Lemma 11, u must be 0. Thus uy — 0 in X* as k — . By (2.15) we have
up — 0 in L”(R) as k — . Consequently, for k large enough, u; is a solution of
(FH# ). The proof of Theorem 2 is completed. [
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