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Abstract. In this paper we analyze the error estimations of Opial-type inequalities for convex
functions. The error bounds of these inequalities are studied by using mean value theorems for
generalized kernels. Further applications of these results are obtained in fractional calculus by
letting appropriate kernels.

1. Introduction and preliminary results

Opial obtained the following integral inequality in 1960 [9].

THEOREM 1. Let g € C'[0,h] be such that g(0) = g(h) =0 and g(t) > 0 for
t € (0,h). Then we have

s wlar < [ 7ar

h
Here 1 is a best possibility constant.

It is well known as Opial inequality and researchers have studied it’s generaliza-
tions, extensions and fractional versions. Agarwal and Pang dedicated a book [1] to
this inequality and its further consequences in a very nice way. They thoroughly stud-
ied year wise, its integral generalizations, extensions as well as discrete versions. Also
a whole chapter is dedicated to the applications of Opial and related inequalities in dif-
ferential equations. For a systematic and qualitative study of Opial inequalities readers
are suggested this book [1]. Anastassiou gave Opial inequalities involving fractional
derivatives of functions with applications to fractional differential equations [4, 5].

The aim of this research is to study the differences of generalized Opial type in-
equalities for convex functions. Moreover the findings are associated with fractional
integral and differential operators. In the following first we state Opial type inequalities
for convex functions, for this it is need to define some classes of functions [10]:
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Let U; (v, k) denotes the class of functions u : [a,b] — R having representation

X) = / "k, 1)v(t)dt

where v is a continuous function and k is an arbitrary nonnegative kernel such that
k(x,t) =0 for r > x, v(t) > 0 implies u(r) > 0 for every x € [a,b]. Let Uz(v,k)
denotes the class of functions u : [a,b] — R having representation

x) = / k(o)

where v is a continuous function and k is an arbitrary nonnegative kernel such that
k(x,t) =0 for t <x, v(r) > 0 implies u(r) > 0 for every x € [a,b].

Mitrinovi¢ and Pecari¢ in [8] gave the following Opial-type inequalities for convex
function.

THEOREM 2. Let ¢ : [0,00) — R be a differentiable function such that for g > 1,

the function ¢(x'/) is convexand ¢(0) =0. Let u € Uy (v,k) where ([*(k(x, t))pdt)l/p
<M and %—l—}] = 1. Then

, 1/q
/a"|u<r>|"f<z>(u<z>>|v<z>|‘fdt<]‘%¢<M(/ahv<t>|th) ) O

If the function (I)(xl/ ) is concave, then the reverse inequality holds.

THEOREM 3. Let ¢ : [0,00) — R be a differentiable function such that for g > 1,

the function ¢(x'/) is convexand ¢(0) =0. Let u € Uy (v,k) where ([*(k(x, t))”dt)l/p
<M and %—!—5: 1. Then

[ 0 Qo < s [ oo- 0 amv(har. - @
If the function (I)(xl/ ) is concave, then the reverse inequality holds.
Recently, Farid et al. gave the following generalized Opial type inequality [6]:
THEOREM 4. Let ¢, g:[0,00) — R be differentiable convex and increasing func-

tions with ¢(g(0)) = 0. Also let u € Uj(gov,k) and |k(x,t)| < M, where M is a
constant. Then the following inequality holds

[0 g QuDlgovioar < ]iv,<z> (g (o gov<r>|dt))

T / 6(e(M(b—a)lgov(H)]))dr. (3)
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The aim of this paper is to study the nonnegative differences of Opial-type in-
equalities stated in aforementioned theorems. Further these differences are studied
for fractional integral operators. Therefore, we define fractional calculus operators:
Riemann-Liouville fractional integral, Caputo and Canavati fractional derivatives and
their compositions identities as follows:

DEFINITION 1. [7] Let f € Ly[a,b]. Then the left-sided and right-sided Riemann-
Liouville fractional integrals of order o > 0 with a > 0 are defined as:

19 f(x) = ﬁ/ﬂx(x—t)o‘_lf(x)dn x>a

and . .
I x:—/ t—x)* " f(x)dr, x<b,
10 = g [ 0w

where T'(.) is the Gamma function.

The following lemma summarizes conditions in the composition identity for the
left-sided Riemann-Liouville fractional derivative.

LEMMA 1. [3]Let B> a >0, m=[B]+1, n=[a]+ 1. Then the composition
identity
D% f(x) = m / (x— )P 1DP f(x)d, x € [a,b] (4)
is valid if one of the following conditions holds:
(i) f €1 (Lilab)) = {f:f =1l 0.9 € Lifa,b]}.
(i) I"P f e AC™a,b] and DP *f(a) =0 for k=1,...,m.
(iii) DP7'f € ACa,b], DP ¥ € Cla,b] and DE ¥ f(a) =0 for k=1,...,m.

(iv) f€AC"a,b],DE £, D% feLija,b],p—agN,DPFfa)=0fork=1,...,m
and DX7*f(a) =0 for k=1,...,n.

(v) fEAC™a,b],DE. £, D%, feLa,b],f—a=1N,DP *fla)=0fork=1,...,1.
(vi) f€AC"a,b],DE. £, D%, f € Lija,b] and f*(a)=0 for k=0,...,m—2.

(vii) f € AC’“[a,b],D5+ D% feLa,b]l,B ¢N and Dgilf is bounded in a neigh-
borhood of a.

DEFINITION 2. Let @ > 0 and o ¢ {1,2,3,...}, n=[a] + 1, f € AC"[a,D].
Then left-sided and right-sided Caputo fractional derivatives of order o are defined as
follows:

x )y
CDEN 0 = o | et x>

I'(n— x—t)o-ntl
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and

(“Dg 1) () = F(_l)n)/xb . fi:))éx)nﬂdn x<b.

(n—a

In the following lemmas composition identities for the Caputo fractional deriva-
tives are given, [2].

LEMMA 2. Let >0 >0, m=[B]+1 and n=[a]+1, for o, ¢ No; n=[c]
and m = [B], for a,B € No. Let f € AC"[a,b] be such that f¥)(a) =0, for i =
nn+1,...,m—1. Let CDf+f,CDg+fEL1[a,b]. Then

1 ! —a-1 Cpp
m‘/a (X—l)ﬁ o Da+f(x)dt7 S [a,b].

LEMMA 3. Let >0 >0, m=[B]+1 and n=[a]+1, for o, ¢ No; n=[c]
and m = [B], for o, € Ng. Let f € AC"[a,b] be such that % (b) =0 for i =
nn+1,....m—1. Let CD57f7CD57f6L1[a7b}. Then

CD3+ f(x) =

1 b
cpo _ / _\B-a-1 cpp .
Ol A P p(dr, xefad
Next we consider the subspace CY% [a,b], which is defined by
C%la,b) = {f € C" Ya,b) : J";*f"~V) € C"[a,b]}.

DEFINITION 3. [7] Let f € C%[a,b]. Then the left-sided Canavati fractional
derivative is given by

Cno _ 1 i * _ yn—o—1 g(n—1) _in (n—1)
DS = fgy i, 0T W = G ),

The following lemma is useful to give mean value theorems for differences of
Opial-type inequalities.

LEMMA 4. Let ¢ € C*(I), where I C (0,00), and

my < ¢"(y) <My for all yel. (5)
Then the functions @y, ¢, defined as
M 2 2
Gil1) === 0(), () =600~ "I, ©)

¢()

are convex functions. Further if my < < My, then ¢;,i = 1,2 are increasing.

Rest of the paper is organized as follows:

In Section 2, nonnegative differences of generalized Opial-type inequalities for
arbitrary kernels via convex functions given in Theorem 4 are analyzed. By using these
differences mean value theorems are obtained. Furthermore, these mean value theorems
are investigated for different specific kernels and results for various fractional integral
and derivative operators are achieved.
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2. Main results

We define linear functionals gIE‘g)(mv;M ) for i = 1,2, from nonnegative differ-
ences of Opial-type inequalities for convex functions given in Theorem 4 as follows:

o8 evitt) = 0 (¢ (v ["leoviar) ) -t [0 (o)D) (u())lgov(oiar,
 (u,v; M) /¢ M(b—a)|gov(t)]))dr
M—a) [0 (6(ue)))g ()]0 v(o)ar

REMARK 1. Under the assumptions of Theorem 4 it is clear that AF? (u,v;M) >0
fori=1,2.

The following results consist mean value theorems for linear functionals AF? (u,v;M),
i=1,2.

THEOREM 5. Let ¢, g: [0,00) — R be functions with assumptions of Theorem

4. If ¢ € C*(I), where 1 C (0,00) is compact interval and m; < @ < My, where

ingq)”(t) =my and sup¢”(t) = My, then there exists an & € 1,i= 1,2, such that the
xe xel
following equation holds:

9"(Si)
2

O (u, v M) = JFEuviM),  i=1,2. (7)

Proof. By using ¢; from Lemma 4 instead of ¢ in (3), the following inequality
holds:

[ (1 500)) — 6 (601 ¢ o) vl ®)

ﬁ(?( (M/ g0 |dr))2—¢(g(M[gov<r>|dr))>
<m<%(/;<gw<b—a>|gov| ) ar— [ ol((o - a|gov<>|>>dr>.

From first inequality after simplification one can obtain

gIF¢(u ;M) M1

©))
gIF" (u,v; M) 2
Similarly using ¢, from Lemma 4 instead of ¢ in (3) one can obtain
A]Fd’(u v;M) ﬂ. (10)

Y (v M) 2
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By combining inequalities (9) and (10), the following inequalities are obtained:

2 (gﬂr;”(u,v;M))

; <M.
oY (u,viM)

my <

Therefore, there exists an &; € I such that the following equation is valid:

2 <gF‘{’(u,v;M))
A'F)lcz (ua V’M)

9"(&1) =

which gives

(1, v; M) = ¢ (251) Y (u,v:M). (11)

Similarly from (8) one can obtain the following inequality for second functional:

2 (gﬂr;’(u,v;M))

<M. (12)
g]F’2‘2 (u,v; M)

my <

Therefore, there exists an &, € I such that the following equation holds:

2 <gFg’(u,v;M))

o (52) = gF)zcz (u7v;M)

which gives

JFS (u,v: M) = @ S (u,viM). (13)

Hence (7) holds simultaneously.

THEOREM 6. Let ¢1,¢> and g be the functions with assumptions of Theorem
4. If ¢1,¢o € C*(I), where I C (0,0) is compact interval, gF?z(u,v;M)(bl(")(t) >
gIF;p' (u,v;M)(bz(")(t), n=12tel and gFfz(u,v;M) #£0, i = 1,2, then there exists an
& el, i=1,2, such that we have

FP (wviM) 9 (&)
gIE‘?Z(mv;M) 7 (&)

i=1,2.

Provided denominators are not equal to zero.

Proof. Let a function i € C*(I) be defined as h = a¢; — b¢, where a and b are
defined by
a= g]F?Z(u,v;M), i=1,2.

b= JF"(u,v:M), i=1,2.
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The function i will be increasing and convex, by using Theorem 5 with ¢ =/ we have
0= (adf (&) —b43 (&) (FY (u,v:M), i=1.2.
As g]Fj.‘z(u, v;M) #0,i = 1,2, therefore we have
b _ (&)

a  ¢7(&)
Hence the required equation is achieved.
In the upcoming section nonnegative differences of generalized Opial-type integral

inequalities are studied in fractional calculus by defining particular kernels.

3. Fractional versions of differences of generalized integral
Opial-type inequalities

Here nonnegative differences are presented for Riemann-Liouville fractional inte-
grals, Caputo and Canavati fractional derivatives. Also their compositions identities are
used to get further formations.

THEOREM 7. Let ¢, g: [0,00) — R be functions with assumptions of Theorem
4. If ¢ € C*(I), where 1 C R, is compact interval and let v € Ly[a,b] has Riemann-
Liouville fractional integral of order o and o > 1, then there existsan & €1, i=1,2,
such that the following result holds

"ee.
gIF:p(Ig+V,V;M): %él)gﬂrfz(l;a,v,v;M)’ i:l,z7 (14)
_ No—1

where M = &
I(a)

Proof. Let us define for x € [a,b], the kernel k(x,z) as follows:

1 ~1
W(x—t)o‘ ,a<t<x,

0, x<t<bh.

k(x,t) = {
Also if u is defined by

u(x) =I%v(x) =

—a)/ax(x—t)“*lv(x)dt. (15)

Then we have
lk(x,1)] <

1

For oo > 1, (x—a)®"" is increasing on [a, b], therefore we have

(b—a)*!
\k(x,t)| < W =M

Applying Theorem 5 for this particular kernel (14) can be achieved.
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THEOREM 8. Let ¢1,¢> and g be the functions with assumptions of Theorem 4.
If ¢1,¢0 € C*(I), where I C R is compact interval and let v € L]a,b] has Riemann-

Liowville fractional integral of order o.. If o > 1 and g]Fj-‘z (I%v,v;M) #0, i = 1,2,
then there exists an & €1, i = 1,2, such that we have

UV vM)  9l(E)

- ) .:1,2, 16
Ry vm) &) (16)
(b—a)*!

where M = o)

. Provided the denominators are not equal to zero.

Proof. 1t can easily be proved by using the kernel just defined in proof of afore-
mentioned theorem, function defined in (15), and Theorem 6.

THEOREM 9. Let ¢, g: [0,00) — R be functions with assumptions of Theorem
4. If ¢ € C2(I), where I C R, is compact interval and let v € AC"[a,b] has Caputo
fractional derivative of order o. If o <n—1, then there exists an & €1, i =1,2, such
that the following result holds

g
JFY (CD% v,V M) =%€’) JFEEDE VM), =12, (17)
b— n—o—1
where M = ﬂ.
I'n—a)

Proof. Let us define the kernel k(x,z) for x € [a,b] as follows:

1 —o—
m(x—t)" o 17a<t<x7

k@J):{

0, x<t<b.
Also the function u is defined by
u(x) = “DFv(x) = ﬁ/:(x—t)”_a_lv(")(x)dt. (18)
Then we have o
i) < S

It is easy to see that for n > o+ 1, (x —¢)" %! is increasing on [a,b], therefore

(b _ a)n—a—l

Tn—a) M

[k(x,1)] <

Using the function defined in (18) and value of M, Theorem 5 gives required result.
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THEOREM 10. Let ¢1,¢> and g be the functions with assumptions of Theorem 4.
If ¢1, ¢, € C2(I), where 1 C R, is compact interval and let v € AC"[a,b] has Caputo
fractional derivative of order o. If a« <n—1 and gFfz (CDZ‘+ vV M) £0, i=1,2,
then there exists an & € 1, i = 1,2, such that we have

Y (€D v,v": M) _97(8) 12 (19)
JFPEDY vM)  05(8) o

(b _ a)nfafl

here M =
where =)

. Provided the denominators are not equal to zero.

Proof. 1t is easy to prove by using Theorem 6.

THEOREM 11. Let ¢, g:[0,00) — R be functions with assumptions of Theorem
4. Also let m= [B]+1 and n=[a]+1, for a, ¢ No; n=[o] and m = [B], for
a,B € Ny and v € AC"[a,b] such that f)(a) =0 for i=nn+1,....m—1. Let
CD5+V € Lyla,b] and CDS‘+V € Ly[a,b]. Then the following result holds for o0 < § — 1

9"(S)) e .
{9 (DY, Db viM) = 2 F (D, pPvim), =12, (0
—q)B-o-1
where M = %
I(B~a)

Proof. Let us define the kernel k(x,#) for x € [a,b] as follows:

1 _\B-a—1
k(x,t):{g(ﬁ—a)(x ) "i:fz
, x<t<b.

Also let us define the function u by

1 X
_ cpe :7/ — )P 1P (wyar. 21
I/L(X) lfrv(x) l"(ﬁ _a) p ()C t) a+v(x) t ( )
Then we have
()c—a)ﬁ_o‘_1
k(e)| < 247
k)| < S
For B> a+1, (x—a)P~%!is increasing on [a,b], therefore
(b—a)p—o-1
ko) < 247y
)] < P

Using function defined in (21) and value of M in Theorem 5, we get required result.
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THEOREM 12. Let ¢1,¢> and g be the functions with assumptions of Theorem
4. If ¢1,¢2 € C*(I), where 1 C R is compact interval. Also let m = [B]+1 and
n=lal+1, for o, ¢ No; n=[ct] and m = [B], for a,B € Ny and v € AC"[a,b]
such that fV(a)=0 fori=n,n+1,....m—1. Let CD5+v6Lq[a,b}, CD2‘+VEL1[a,b},
a< -1 and g]ITf;Z(CD2‘+v, CD5+V;M) #0, j=1,2. Then there exists an §j €I,
Jj=1,2, such that we have

A]F(fl (“Dg,v, CDS*‘);M) _ (&)
S

= , J=12, (22)
gIFj.’z (€D%, v, CDS+ v;M) ¢5(S5)
(b—a)p=o! . .
where M = W. Provided the denominators are not equal to zero.

Proof. Tt is easy to prove by using function defined in (21) and using Theorem 6.

THEOREM 13. Let ¢, g:[0,00) — R be functions with assumptions of Theorem
4. Alsolet o > 1, m=[B]+1 and n=[a]+1. Let v €C£+[a,b] such that {9 (a) =0
fori=n—1,n,....m—2. Let C~D£+v € Lyla,b]. Then for oo < B —1 the following
result holds:

o C cnB 0"(&)) ¢ B
eF; ("Dgiv, “D. v;M) :T Fx (*D%\v, p VM), j=12,
(b—a)ﬁ_"‘_1
where M = ~——————
rg—a)

Proof. Let us define the kernel k(x,z) for x € [a,b] as

Also let us define the function u by

1 X ~
_ Cpe :7/ — B CpP ()t 23
) = D0 = s [ -1 v 23)
Then we have P
(x—a)” "
k(xt)| € —=5———
)| < S
For B> o+ 1, (x—a)P~% ! is increasing on [a,b], therefore
(b_a)[}—a—l
k)| < 24—y
)] < P

Using function defined in (23) and value of M in Theorem 5, we get required result.
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THEOREM 14. Let ¢1,¢> and g be the functions with assumptions of Theorem

4. If ¢1,02 € C*(I), where I C R is compact interval. Also let ov > 1, m = [B] +1

and n=|a]+1. Let v e Cg[a,b} such that f(i)(a) =0fori=n—1,n,....m—2.

Let CNDEQ/ € Lyla,b] and gIF’;2 (6D3+v7 Cng/;M) #0, j=1,2. Then there exists an
Ejel, j=1,2, suchthat for a < B — 1 we have

A’F?l (CD(;+Va CD5+V;M) _ (P{/(éj)

FPCD%, Dl vim)  01(&)

J=12, (24)

(b—a)f—o!
I(f—a)

Proof. 1t is easy to prove by using function defined in (23) and Theorem 6.

where M = . Provided the denominators are not equal to zero.

THEOREM 15. Let ¢, g:[0,00) — R be functions with assumptions of Theorem
4. Alsolet o> 1, m= [B]+ 1 and n = [o] + 1. Suppose that one of the following
conditions (i)—(vii) in Lemma 1 hold for {3, o, v} and let Dfp/ € Lyla,b]. Then there
exists an & €1, i = 1,2, such that the following result holds

"
(JFO (DY vDﬁ+vM) (é’) Y (DS, DB viM), i=1,2. (25)

Proof. The proof is similar to the proof of Theorem 11. Also the value of M is
same as in Theorem 11.

THEOREM 16. Let ¢1,¢> and g be the functions with assumptions of Theorem 4.
If ¢1,¢2 € C2(I), where I C R, is compact interval. Also let o0 > 1, m = [B]+ 1 and
n = [a] + 1. Suppose that one of the following conditions (i)—(vii) in Lemma 1 hold for
{B,o,v}. IfD5+v € Lyla,b] and gIFfZ(DZ&v,Div;M) #0,i = 1,2, then there exists
an & €1, i = 1,2, such that we have
JFUDAV,DP vy (e

= = 1,2. (26)
FE(D v, DP vimy  05(8)

Provided the denominators are not equal to zero. The value of M is same as in Theorem
11.
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