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POSITIVE SOLUTIONS FOR SEMIPOSITONE SINGULAR
a—-ORDER (2 < a < 3) FRACTIONAL BVPS ON THE
HALF-LINE WITH D? -DERIVATIVE DEPENDENCE

ABDELHAMID BENMEZAT

(Communicated by N. N. Leonenko)

Abstract. This article deals with existence of positive solutions to the fractional boundary value
problem

D%u(t) + f(t,u(t),DPu(r))=0,1>0

u(0) = D% 2u(0) = lim, .. D* 'u(t) = 0
where o € (2,3), B € (0,a—2], D* is the standard Riemann-Liouville fractional derivative
and the function f: (0,-+c0)® — R is continuous semipositone and may exhibit singular at u = 0

and at DPu =0 The main existence result is obtained by means of Guo-Krasnoselskii’s version
of expansion and compression of a cone principal in a Banach space.

1. Introduction

In the last few decades, fractional differential equations have gained a considerable
interest and importance, since they arise from many physical applications. Physical
experimentation showed that the integral and derivative operators of fractional order
do share some of the characteristics exhibited by the processes associated with com-
plex systems having long-memory in time and fractional calculus provide an excellent
framework to describe the hereditary properties of various materials and processes. For
recent developments in the theory of fractional calculus and its applications, we refer
to[1,4,8,9,12,13, 14, 15, 16].

Often, for physical considerations, the positivity of the solution is required. This
why existence of positive solutions for various classes of boundary value problems as-
sociated with fractional differential equations has been the subject of many papers, see,
[2, 6,7, 10, 11, 17, 18] and references therein. Because of a lack of compactness, the
case where such bvps are posed on unbounded intervals and having a singular depen-
dence on the variable space, is somewhat complicated, and to the best of our knowledge,
there are no works considering existence of positive solutions for such a case. Thus, the
purpose of this paper is to fill in the gap in this area.
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We are concerned in this paper with existence of positive solutions to the fractional
boundary value problem (fbvp for short),

D%u(t) + f(t,u(r),DPu(t)) =0, t €1 (L1)
u(0) = D% 2u(0) = lim; . D* 'u(t) =0 ’

where I = (0,+), a € (2,3], B € (0,a—2], for v=a or 3, DV is the standard

Riemann-Liouville fractional derivative and f : 1> — R is a continuous function.
Throughout, we assume that the nonlinearity f satisfies the following hypotheses:

There exists ¢ : RT — R™ continuous such that
f(t,u,v)+q(t) >0 forall r,u,vel (1.2)
and [y sq(s)ds < oo,

for all p > 0 there exists two functions @y : I — 1
and ¥, : I? — T such that ¥, is nondecreasing
with respect to its variables,

S 0w (107 < 0y (1) W (2)
forallt>0andwz>0w1th|( w,z

foer ()‘Pp(r%x )3T Yo— (?)
where for 6 > 2

~ oY) ey 1972
Yo (1) = e and yg(t)—mm(t a-1)

(1.3)

2| < pand
(1)) dt < oo forall re (0,p],

Notice that the nonlinearity f may exhibit singular at the solution and at its deriva-
tive. It is well known that the bvp (1.1) is called positone if g(r) =0 forall r €I , and
semipositone if g(f9) > 0 for some 7y € I.

Our approach in this work is based on a fixed point formulation of the fbvp (1.1)
and the main existence result in this work is then proved by the Guo-Krasnoselskii’s
version of expansion and compression of a cone principal in a Banach space.

The paper is organized as follows: Section 2 is devoted for preliminaries and in
Section 3 we provide a fixed point formultion for the fbvp (1.1). In Section 4, we
present the main result and its proof and we end the paper by an illustrative example.

2. Preliminaries

2.1. Abstract background

In this subsection we recall the Guo-Krasnoselskii’s version of expansion and com-
pression of a cone principal in a Banach space and the related absract background. Let
(E,||-||) be a real Banach space. A nonempty closed convex subset C in E is said to
be aconein E, if CN(—C) ={0g} and tC C C forall > 0.

Let Q be a nonempty subset in E, a mapping A : Q — E is said to be compact if
it is continuous and A (Q) is relatively compact in E.
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THEOREM 2.1. (Theorem 2.3.4 in [5]) Let_P be a cone in E an_d let Q, €y be
open bounded subsets of E such that 0 € Q1 C Q) CQy. If T : PN (Qz ~ Ql) — P is
a compact operator such that, either

1. ||Tu|| < ||u|| for u € PNAQy, and ||Tul| = ||u|| for ue PNIQy, or
2. ||Tul| = ||u|| for u e PNIQy, and ||Tul| < ||u|| for u e PN IQ;.

Then T has a fixed point in PN (ﬁz\Ql) .

2.2. Riemann-Liouville fractional derivative

In this subsection we recall some basic facts related to Riemann-Liouville frac-
tional derivative. Let B be a positive real number, the Riemann-Liouville fractional
integral of order 3 of a function f: (0,+e) — R is defined by

B0 = g5 | =9 r(0)ds

where T'(f3) is the gamma function, provided that the right side is pointwise defined on
(0,+-0). For example, we have for any real o > —1, I(l)it" = %t‘”ﬁ.
The Riemann-Liouville fractional derivative of order 3, of a continuous function

f:(0,4e) — R is given by

410 gy (i) L =

where n =[]+ 1, [B] denotes the integer part of the number f3, provided that the right
side is pointwise defined on R .

As a basic example, we quote for 6 > § — 1, Dﬁ+t" = %t“ B. Thus, if
u € C(0,+oo)NIL! (0, +o0), then

ﬁ .

B o I Pu(r) if o > B,
prreute = {

Iﬁ D(l;u( 1) =u(r) +Zi-jm+lc,-tﬁ_i, ci€R.

In particular, the fractional differential equation Dg+ u(t)=0has u(r) = Zi [lﬁ L B,

¢i € R, as unique solution.
For a detailed presentation on fractional differential calculus, see [8] or [13].

3. Fixed point formulation

Firstly, we introduce the necessary framework for the fixed point formulation of
the fbvp (1.1). Throughout, we let E be the linear space defined by

p
E=JucC(RY):DPucBC(RY), and tim —) iy D00 oL
t—o0 (1—|—t) t—»oo(l_'_t)a* -B
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Equipped with the norm ||-|| where for all u € E,

[Jul| = max ([[ae]] , [[ull,)
ult

[[ul[; = sup,~o )T
[DBu(r)]

||”H2 = Sup;~o (140)* P

E becomes a Banach space.
In all what follows P is the cone of E defined by

P= {u €E:u(t) > Yolt) ull, and DPu(e) > yo_p(t)|Jull, forall #> o}.
Letfor 6 > 1, Gg : R™ x R* — R be the function given by

1 -1 _ (1 _5)0-1 <s < =)
Golt.s) = {t (t—ys) 0<s<r<

NORGES 0<t<s<oo.

LEMMA 3.1. Forall 6 > 2, the function Gy is continuous and has the following
properties:

Gy(0,5) =0 forall s>0, (3.1)
te—l
0 < Gy(t,s) < @ forall t,s >0, (3.2)
. G9 ([,S) 1 . Gg ([,S)
P, = > .
th_r}r(} 0T o) ;E{Poo 0T 0 forall s> 0, (3.3)
G
W(Z,s) >0 forall t,s >0, (3.4)
G
Go(t,s) > YQ(I)L’GSZI forall t,7,s >0. (3.5)
(I+71)

Proof. Properties (3.1)—(3.4) are easy to check, so let us prove (3.5). Set for n >

0 and s € (0,n), @y (s) =n®!1—(n—s)9"'. The function ¢, has the following
properties:
/
@y (s) >0 forall s€(0,n),
tim P18 _ (6 1792 and 1im 2118 _ o2,
s—0 5 s—n N
(1+m)*" > @y (s) forall s € (0,1), (3.6)

if n < & then @n (s) < @ (s) forall se (0,n).

Moreover, we have

N

((pn (S)>’: hnsgs) forall s (0,n),
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where
hn (s)=(n—5)%2(n+(6-2)s) —n®!
hy (0)=0,  hy(n)=-n°"and

(s) = — (8- 1)(0 - 2)s(n —)°3 <.
Therefore, we have

!
<¢”T(S)) <Oforalls € (0,n).

Notice that
1 O (s) if0<s <1< oo

Golt,s) = () {(pt(t) if0<t<s<oo

and we obtain from the above properties of the function ¢y that forall 7, 7,5 > 0,

o (1) ! Yo (1)
¢:(7) g (14 1)%! g (1+1)%

6 _oW/s_ 2 w0

Go(1,s) oc(s)  @e(s)/s T (0-1)792 7 (141)°
o (1)

(s)

(3.7)

7! Yolt) .
>(I+T) IZ(I—FT)O‘_l ifr<s<t
20, @O, T B B0 e
‘ +7

Ending the proof. [J

LEMMA 3.2. Assume that Hypothesis (1.2) holds and let ¢ be the function de-
fined by ¢(t) = [,"" G(t,s)q(s)ds. Then

o = max (sup(0(0)/ 1 (1)) sup (D010) - 1)) ) <=

t>0

Proof. Setfor 6 = o or a—f3,

[eife=a,
%0 = DP¢ifo=a—B.

Properties (1.1) and (3.3) combined with Lebesgue dominated convergence theorem

lead to
o (1) Po(t) .. /+°°Ge(t,s) 1 /+°°
P ) 1ot~ fy eer A0 =gy gy 49

For ¢ large and 6 = o or o — 3, we have by the mean value theorem

(6—-1)T'(0)de(t) _T(6)9s(t)

Yo (1) 192
0-1

t9 1_ t— 400
—/ — T (s)ds—H/ q(s)ds

~+oo
(6—1)/sq ds+/ s)ds < oo,
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The proof is complete. [

The following lemma is an adapted version to the case of the space E of Cor-
duneanu’s compactness criterion ([3], p. 62). It will be used in this work to prove that
some operator is compact.

LEMMA 3.3. A nonempty subset M of E is relatively compact if the following
conditions hold:

(a) M is boundedin E,

‘u :& X and {u:u :L X
(b) thesets{u. (1) (l-l—t)OFl, EM} d{ cu(t) (l—l—t)a_ﬁ_l’ EM}

are locally equicontinuous on [0,+e°) and

(140" 141)
are equiconvergent at --oo.

(c) the sets {u:u(t) = M xGM} and {u:u(t) = ()6(72/31’ xGM}

LEMMA 3.4. Assume that Hypotheses (1.2) and (1.3) hold. Then for all r,R € 1
with R > r > ¢* there exists a compact operator Ty : PN (B(0,R)~B(0,r)) — P
such that if v is a fixed point of T.g then u=v — @ is a positive solution to the bvp

(1.1).

Proof. Let r,R > 0 be such that R > r > ¢* and set Q@ = PN (B(0,R) ~ B(0,r)).
In all this proof, we denote by @ the function defined by

D(s) = o (s) Pr ((r— 07) Ya(s), (r— 0") Yo (5)) +a(s),

where @g and Wy are the functions given by Hypothesis (1.3) for p =R and ¢* is the
constant given by Lemma 3.2. The proof is divided into four steps.

Step 1. In this step we prove the existence of the operator 7,.g. We have from the
definition of the cone P and Lemma 3.2 that, for all v € Q and all # > 0,

v() = ¢ (1) = (Ivll; = 9") Yo (6) = (r = 07) Yo (1) > 0 and
DPv(t) = DPo (1) = (IIvll, — %) Y (1) = (r— 0%) Y (1) > 0.

Therefore, for all v € Q the expression
Frawr (1) = £ (1.9() =6 (1), DPv (1) = DP9 (1)) +q 1) (3:8)

is well defined.
Let u € Q, for all s > 0 we have

R ORLIO N Dﬂv<s>—Dﬂ¢<s>> )

fr,Ru(S) :f<s7(1+s> (l—l—S)OHl, (1_|_s)0€—l3—1

< D(s),
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leading to
o0 101 o0 101 o0

0 Ga(l‘,S)fnRv(t)dsgm o frrv(s)ds gm |

D(s)ds < oo
and
foo (0Bl rte (0-B-1 e
Go—p(t,s)frrv(t)ds < Ta—p) Jo frrv(s)ds < Ta—p) Jo D(s)ds < oo.
Let v and w be the functions defined by
oo oo
v(t) = Gu(t,s) frru(s)ds and w(r) = A Go—p (t,8) fr.ru(s)ds.

Clearly, v and w are continuous and for all # > 0, we have from (1.1)

) = +MM u(s)ds LL - s)ds
W_/O (1+Z)a—1fr,R (s)d gl"(a)(l_H)a*l ( A D( )d)

~+oo
< W/O D(s)ds < oo,

1 toc—ﬁ—l too
S T(a—p) (1+0)% P! ( 0 Ms)ds)
1 oo
< W/O D(s)ds < oo
and
totfl +o0
e Jo frru(s)ds

_ _qo-B C(a) 19 Pt i
=-I fnRu—’_F(a—ﬁ) ) Jo Sfrru(s)ds
o0

=, Go—p(t,s) frru(s)ds = w(t).

DByv(t) = —DPI%f, gu+ DP

Moreover, it follows from (3.4) that for all 7,7 > 0
Foo
v(t) = A Gul(t,s)frru(s)ds
Yo (1) e
T (1+10)* o
v(7)

(1+1)%7!

Go(tT,8)f(s,u(s))ds

= Yo (1)
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and
D) = wlt) = [ Gt 9)finu(s)ds
S Yo—p (t) e
- (1—1—1')""1 0
v(1)
(1+7)* "

Go—pfrru(s)ds
= Yo—B (t)

Passing to the supremum on 7, we obtain
V(1) = Yo () [V, and DPv(1) = o (1) |[v]|, forall >0,

thatis v € P.
Thus, we have proved that the oerator 7 : Q — P, where for u € Q and t > 0

Tu(t) = 0+m G(t,s) frru(s)ds

is well defined.

Step 2. In this step we prove that the operator T.g is continuous. Let (u,) be a
sequence in Q such that lim, ., =u in E. For all n > 1, we have

Tr. uy (1 —Tu(t
ITova— Tl :sup<| ki (1) <>|>

>0 (140!

1 +oo
< m/o | fr-RUn(S) — frru(s)| ds
and
|DP T, gy () — DPTu (1)|
|Trrvn = Trwvll, = SuP 1+t o—B-1
1 oo
(a—ﬁ)/o ‘erMn( )_fr.,RM(S)|ds,

Because of

|frrvn(s) = frrv(s)| — 0, as n — oo
for all s > 0 and
~+oo

[frrvn(s) = frrv(s)| < 2@ (s) with A D (s5)ds < oo,

the Lebesgue dominated convergence theorem guarantees that lim,, ... || T;.rv, — Trrv||, =
lim, . ||T.gv, — T;.gv||, = 0. Hence, we have proved that T is continuous.
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Step 3. In this step, we prove that 7.z is compact. For all u € , we have

|T.ru(t)] 1 /+°° Gyl(t,s)
T rull, = su . < ru(s)ds
I Tieel z>g(1+t)a_l I'(a) Jo (1+t)°“1f’R ()
! +m(D d
< — 0o
) o (8)ds <
and
|DPT,.gu(t)] 1 + Go_pl(1,5)
T;.ru||, = su : < / wru(s)ds
75zl ,>13(1+t)°‘*ﬂ*1 I'(a—PB)Jo (1+t)°‘*1f’R ®)
1 el
< ——= O] oo,
=P J (s)ds <

The above estimates show the condition (a) in Lemma 3.3 is satisfied.
Let [£,n] be an interval of R*. For all u € Q and all #;,, € [§,1] with 0 <
th —t1 < 1, We have

Trru(2)  Trru(ny)
(1+1‘2)a71 (1—|—l‘1)a71

1 7 Ih—s ol HH—s ol
< _ — D(s)d
F(a)/o <1+t2> 1414 (s)s
—1 o—1 o—1
h—1 ¢ %) I
D — D
+<1+t2> [Pl + <1+t2) <1+t1> ®la-
and
DPT, gu(ty) _ DPT,gu(ny)
(1+0)*" (14!
< 1 /tl (tz—s)a_ﬁ_l (ll—s>a_ﬁ_l q)( )d
< — s)ds
I'(a—PB)Jo 1+t I+1
-1 a—1 a—1
th—t1\“ 5 1
b —_— — D
+<1—|—t2) | |oc—[3+ <1+t2> (14—1‘1) ‘ ‘a—ﬁ’

where for 8 = ot or o0 — f3, | @[y, = ﬁfo “D(s)ds.
For 6 = o or oo — 3, we have by the mean value theorem:

fth—s -1 fH—s -1
1+1 1414
-2
th— H—
<(6-1) n 28 nh—s
1+n 14+t 1+1n

<(6-1) (%)62 (—1)

n 6-2 (tz—tl)(1+s)
<(9—1)<1+n> (1+5) (1+1)
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t 61 f 61
1+n 1+1

and

6-2
con () (o
1+n 1+ 141
n

The above calculations lead to
Trru(z) — Trgu(h)
(1—|—l‘2)a71 (1+tl)a71

n a-2 th—1 o—1
<20-n)({) ele-m+ (2 e,

a—2
< (2(05— 1) (%) + 1) ||y (2 —11)

DPT, pu(t2) DT, gu(ty)

(14+6)% P (144 P!
a—pB-2 bt o—p—-1
<2(a—B—l)< n ) |<1>|a_ﬁ<tz—n>+(2 ) @),

and

1+n 1+1
n o—pB-2
< <2<a—ﬁ—1> (%) +1) 0lup(2—1):

Thus, Condition (b) in Lemma 3.3 is satisfied.
We have for any u in Q and > 0

(140! g/0 (14+1)%! | fr-ru(s)| ds
oo Ga([,s) B
s /0 W‘D(S)ds = Hi (1)
and
DB TnRu(t) +oo Ga—ﬁ (t,5)
(I‘FI)TIH S [) (l-i-t)Tﬁ_l ‘fr,RM(S)|ds

Feo Ga_ﬁ (t,s) B
gA ai;ﬂﬁm@m_mm

Property (3.3) of the function Gy and the dominated convergence theorem lead to
limy oo H (1) = limy_. H>(¢) = 0, proving the equiconvergence. In view of Lemma
3.3 TQ is relatively compact in E.
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Step 4. In this step, we prove that if v € Q is a fixed point of 7.z then u=v—¢
is a positive solution to the fbvp (1.1). Hence, we have

~+o0

u(t) = [ Galt,s) (f(s.u(s).DPu(s)) +4(s)) ds+0(0)

o—1

= —I%f(s,u(s). DPu(s)) + ¢

F((x)/o f(S;M(S),Dﬁu(S))dS’

leading to
D 2u(t) = D% 2u(r) = — /O (0= 5) £(s,u(s), DPu(s))ds + 1 /O " fls.u(s), DBu(s))ds.
D () = — /O " (s,u(s), DBu(s))ds + /O ™ fs,u(s), DPus))ds

+o0

I
~—
\_h

<
—

1)
3

>

=
<
~—

1)
)
=

QU

1)

and we obtain from (3.1), u(0) = [, G(0,s)f(s,u(s))ds = 0.
These show that u is a positive solution to the fbvp (1.1), ending the proof. [l

4. Main result

The main result of this paper needs to introduce the following notations. For m €
L' (T) with m(¢) >0 ae. >0 and o > 1, we let

oo Golt,s oo Gy_p(t,s)
A o) = (sup o (15 2o (9 s ) s (I 2 m ) as ) ).

. all,s Gy (t,s)
A(m,0) = min (Supt>0 (flt;c (IG_,_t()[a—)l m(s) ds) »SUP;~0 (flt;c (I_H)%m(s) ds)) .

THEOREM 4.1. Suppose that Hypotheses (1.2) and (1.3) hold,
() there exist a function a € L' (1) and Ry > max (¢*, A (a)) such that
Fle, (040", (1+0)%P ) 4 q() <alr)
forae t €l andall u,v €1 with |(u,v)] <Ry,

(b) there exist ¢ > 1, a function b € L' () and a constant Ry € (¢*,A(b,0)) with
Ry # Ry such that

Fa (0" (10" P 4 q(1) 2 b (1),
forae te[l/o,0], all u€ Yoo (Ro—0*),Ry], andallve [Ya,/},c (Ry—¢%),Ro],

where Yo,6 = minse[l/c,o] (Yo (5)) and Yopc = minse[l/o,c] (7&—[3 (5)) .
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Then, the fbvp (1.1) admits a positive solution u such that for all y € [0,a —2),

lim; 4o M = +oo. Moreover,

i) ifforall p >0

/O+Nta),, () ¥p (MYa(t), rYo_p(t)) dt <eo forall re (0,p]

then

lim
f—too =2

ut) +¢() 0ifée(0,1),
7_l6(07+00)’ l:f5:1,
ii) if thereis 6 € (0,1) such that for all p >0 and all r € (0,p]

lim * ey, (1) ¥y (1u(t),rYe_p(t)) =0

[— o0
~+oo
/O 2@y (1) ¥p (rYalt),rYe_p(t)) dt < oo

then

Proof. Without loss of generality, assume that Ry < R, and let T = T¢, g, be the

operator given by Lemma 3.4 and for all v € PN (B(0,R;) ~ B(0,R)))

Sy rov(s) = f(5,v(5) = (), DP v(s) = DP p(s)) +4(s).

Forall ve PNdB(0,R;) and all ¢ € I, the following estimates hold,

Tv(r) _/+°° Gult,s)
(140" Jo (140!

" Galts) a(s)ds
<f§5</0 (14+0)*! Ud)

DBT(r) = Gap(t,9)
ap :/0 (g prr/rmy(s)ds

te Gyt
< sup / %a(s)ds .
>0 \ /0 (l—l—t)

Passing to the supremum in the above estimates, we get

SR RV(8)ds

and

o Gglt,s
17wl < supysg (Ji7 Z2lira(s) ds) and

o G plts)
I7vla < sup (I Postlira(o) as).

4.1
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leadig to
ITv]| < Ala) <Ry = |[v]].

Forall ve PNJB(0,R;) and s € [1/0,0],
TN
(1+5)*
B _pB
Ry > DPy(t)—D ¢1(S)
(1 +s)a_ﬁ_
Assumption (b) and (4.2) lead to the following estimates

S Gglt,s
1Ty > fgg (/1/0 #le,sz(s)dQ

o Gglt,s) S ds
- </1/o (1+s)“—1b( ) )

° GO{— )
vl > sup ( [ (ﬁm,sz(s)ds)

>0 1+ s)a7ﬁ71

o G, glt,
> sup / %b(s)ds .
>0 \/1/o (1 +5)

From the above estimates, we obtain

1TVl = max ([|Tv]|2, [Tv]2) = A(b,0) = Ry = ||v]|.

[\€)
V

- (b*) %5(5) = (RZ - ¢*) Yoo
4.2)
> (R2 - (P*)?a,ﬁ (S) = (R2 - ¢*) Yo.B.0-

and

Thus, it follows from Assertion 1 in Theorem 2.1 that T, g, admits a fixed point
v such that R; < ||v|]| < Ry. Then by Lemma 3.4, u = v — ¢ is a positive solution to the
bvp (1.1).

Now, v = u+ ¢ satisfies

v(t) v(t)\ T Gy (1,5)
t—y =1t (W) —IEA TthRZV(S)dS
oo
> 1 Go—y(1,5) fr, R,V(s)ds = t5w(1),
0

where € € (0,00 —y—2) and

~ 1 (e (=)l <yt
GO(*V(I’S): { ( )

(o) | %771 <s.
Since oo —y—2>0 and
a—y—1 [, ., ., .
W) = W/O (1% 72— (1= $)%2) fi, gyv(s)ds

o0
—Ha_y_z/ Iry Ry V(s)ds >0,
t
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we have that lim,_, 1o w() =1 € (0,40, leading to

V() e
i 57 = i, Gw(0) =

At this stage suppose that the condition in Assertion i) hold, then

u(t)+o(t)  v() :/+°° Gy (1,5)
0

(02 j0-2 102 Jri Ry v (s)ds
~-o0

1 t tOC—l —(t— o—1 ¢
r(a)/o ti_z s) le,sz(s)ds+W | IR, RyV(8)ds

1 ttafl_(t_ )0671 1 Foo
< r(a) A 12 s le,RZV(S)dS+ W,/t Sthsz(s)ds.

Clearly, lim;_, o f,+°° Sfr,,r,v(s)ds =0 and we have by the mean value theorem

a—2 o—1 a—1
t— % —(r—
(a—l)s(—ts> g—t(i_z s) <(o—1)s.

proving that for all s >0

e

This with Lebesgue dominated convergence theorem lead to

lim u)+9) _ (@—1) /tSthRzV(S)ds.
0

e ()

At the end, suppose that the condition in ii) is satisfied, then

u(t)+o(r) v(r) /*‘X’ Gy (1,5)
0

tOC*é*l = ta7671 - tOC*é*l

IR R V(s)ds

1 1=l _ (t _S)oc—l t5 o0
= ds 4+ ——
l—‘(a) /O tOC*éfl thRZV(S) s+ r(a) A

1 tta—l_(t_s)a—l 1 ERSY 5
S F(oc)/o P fRuRzV(S)dSer/t s° fry Ry V(8)ds.

Clearly, lim, . .. [[7s% fg, r,v(s)ds = 0 and we have by L'Hopital’s rule

1 t tO(*l_ t— o—1
Lo 1 (-9
f—+oo taféfl l—‘(a) t—+e Jo taféfl

o—1)st%?

I ’(
< —— lim / -
[(o) t—>+eJg  to=6-1
oa—1) . trs\1-6
- (r(a))tﬂ‘fw /0 <Z> S fr oV ($)ds.

TRy R, V(s)ds

SR RV(8)ds

SRRy V(8)ds
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Thus, we conclude by Lebesgue dominated convergence theorem that

lim ut) + () _ 0.
t——foo tafé—l

The proof is complete. [

Set for o > 1

fs= liminf ( min f(”(1+’>°“1w,(1+t)°“5‘1z)>.

|(w2)|—+e \ t€[1/0,0] w+2z
We obtain from Theorem 4.1 the following corollary:
COROLLARY 4.1. Suppose that Hypotheses (1.2) and (1.3) hold,
(c) there exists Ry > ¢* such that A(ay) < Ry where

ai (s) = g, (s)¥r, (R1 = 0") Ya(s), (R = ") Yo p (5)) +a(s),

(d) there exists 6 > 1, such that fsA(bo,0) > 1, where bo(s) =inf (Yo () , Yo—p (5)) -

Then, all the conclusions in Theorem 4.1 hold.

Proof. Clearly, Condition (a) in Theorem 4.1 is satisfied for a = a;. We have to
prove that Condition (b) is also satisfied. Let € > 0 be such that (fs —€)A(bg,0) > 1.
There exists R.. such that

Fe, (40w (140 P0) > (fo ) (w+2)
forall 7 € [1/0,0] and all w,z with |(w,z)| > Re. Let

e ¢ Us-0ii00))
Yo (fo—€)A(by,0)—1

R, =1+sup <R1,¢*+

and
b(t)=(fo—&)(Ro—0") Ya (s) +q(s).

where Y5 = min (Yu,0,Y,8,5) and notice that
(fo —€)A(bo,0) (R2— ") > Ry.
We have then
A (b,0) = min (sup-o (1o 2 ((fo — &) (Ra— 9°) Fu (5) +4(s))ds)
b= ([0 (LB ((fo =€) (R = %) i (s) + a(s)) s )
2 (fo—€)A(bo,0) (R —¢7) > Ra.

The proof is complete. []
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5. Example
In this example we consider the case of the fbvp (1.1) where

Fltow) = e (g(t,u,0))" +% e G5.1)

with
u + A%
(14+0)*" (1412 P!

We obtain from Theorem 4.1 the following corollary:

g(t,u,v) = ,p<0Oandcel.

COROLLARY 5.1. Assume that p(oc—f —1) > —1 and cA(by,0) > 1+ ¢* for
some ¢ > 1 and

- min (’)711 (t) ) ’)70(7ﬁ (t))
bo(t) = 7= =
1+min (Yo (t), Yop (1))
where @* is that in Lemma 3.2. Then the fbvp (1.1) within f given in (5.1), has a
) £00) o

positive solution u such that lim,_, 1. prom

Proof. We have to show that all assumptions of Theorem 4.1 are satisfied. Clearly,
Hypothesis (1.2) is satisfied for (1) = ¢=* and we have

o— o—B—1_ _ i c(w+2) i
F, (1 +0)%  w, (1+1) ) =e <(W+Z)p+m_e )’

leading to
f(t7ektw,ektz)’ =le” (w+2)" —e7)|
<e'((w+2)+c+1).
Set forall p >0
wp(1)=¢" and ¥y (wz)=w+z)l +c+1.

Then
@p (5) Wp (PYer (5):PYa—p (5)) = €7° (1 +c+pPB(s))

where 0(s) = (Yo (5) + Yop (5))" satisfies

0(s) ~ s B=DP at 0 and 6(s) ~
Since (o — B —1)p > —1, we have

/OJM @p () Wp (PYar (5) . pYer—p (5)) ds < eo.
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The above calculations show that Hypothesis (1.3) is fulfilled.
Now, for

aj(t)=e (R—¢")P0(t)+c+1)+e ™

straightforward computations lead to
*\ P 3
Aa) SAR) = (R—9") +c+3,

where Ao = [, "e™*0 (s)ds
For R large, we have

B 3
A(R1—|-¢ ):%Rll)-i-C‘f‘E <R

and Condition (a) in Theorem 4.1 is satisfied.
At this stage, for all u € P with R = |ju]| > ¢* and ¢ € [1/0, 0] we have

f(e.u(t) = (1), DPu(e) — D"¢(t))+ (1)
g(t,u(t)—¢(t),DPu(t) —DPo(1))
L+g(tut)—9(), Dﬁu() DB¢(1))
~ (lull = ¢*)min (Yo (1), Yo—p (2))
1+ (lul| — ¢*) min (Yo (1), Yo (1))

> ce”

=

and set B B
_, min (% (1), Ye-p (1))

1+ min (%c (t) 777057[3 (t))
Therefore, we have for R= 1+ ¢*

by(t) =ce

= Cbo(l).

A(by,0) =cA(by,0)>1+¢" =R

and Condition (b) in Theorem 4.1 is satisfied.
At the end, for all p > 0 and all r € (0, p] we have

+o0

/+msa) () Wp (Y (5) . 17 (s))ds=/ se (14 c+rP0(s))ds < oo
0 p () Yp (7Y (S), 7Yo-p A .

We conclude from Assertion i) in Theorem 4.1 that

L u(0)+0(0)

Jim —2— =1€(0,+). O
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