
Fractional
Differential

Calculus

Volume 10, Number 2 (2020), 255–266 doi:10.7153/fdc-2020-10-16

ON WEIGHTED FRACTIONAL INEQUALITIES USING GENERALIZED

KATUGAMPOLA FRACTIONAL INTEGRAL OPERATOR

SATISH K. PANCHAL, VAIJANATH L. CHINCHANE AND ASHA B. NALE

(Communicated by S. K. Ntouyas)

Abstract. In this paper, we obtain some new weighted fractional inequalities which are presented
by M. Houas in the paper (Certain weighted integral inequalities involving fractional hyperge-
ometric operator, Scientia, series A: Mathematical Science 27(2016),87-97), using generalized
Katugampola fractional integral operator.

1. Introduction

Fractional Calculus is traditionally associated to non-integers where the order of
derivative or integral is considered to be non-integer. Fractional calculus have found
significant and important applications in science and technology. The fractional inte-
gral inequalities gained more attention due to it’s application in continuation solution,
uniqueness of solution of fractional differential equations. During the past few years,
many researchers have investigated well known fractional integral inequalities and its
applications using Riemann-Liouville, Hadamard, Saigo, Erdélyi-Kober, Katugampola,
k-fractional integral, k-Hadamard integral and generalized k-fractional integral, see
[2, 3, 4, 5, 6, 8, 9, 12, 13, 14, 15, 17, 18, 21]. In [7], Curiel and Galue introduced the
Gauss hypergeometric function operator. Recently, V. L. Chinchane, et al. [4], Baleanu
et al. [3] proposed fractional integral inequalities using the generalized k-fractional
integral operator in terms of the Gauss hypergeometric functions. In [10], M. Houas
obtained certain weighted integral inequalities involving the fractional hypergeometric
operators.

Recently, A. B. Nale, et al. [16] investigated new fractional integral inequalities for
convex functions using generalized Katugampola fractional integral. T. A Aljaaidi, et
al. [1] and J. V. Sousa et al. [22] have established Grüss-type inequalities using gener-
alized Katugampola fractional integral. E. Set, el al.[19] established several Chebyshev
type inequalities using generalized Katugampola fractional integral operator. Motivated
from above work, the aim of this paper is to obtain some new weighted fractional in-
tegral inequalities using generalized Katugampola fractional integral operators. The
paper has been organized as follows. In Section 2, we define basic definitions and
proposition related to generalized Katugampola fractional derivatives and integrals. In
Section 3, we give weighted fractional integral inequalities by employing generalized
Katugampola fractional integral operator. In section 4, we give concluding remarks.
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2. Preliminaries

In this section, we give some basic definition and mathematical preliminaries of
Generalized Katugampola fractional integral, see [1, 13, 19, 22].

DEFINITION 2.1. Consider the space X p
c (a,b)(c ∈ R,1 � p � ∞) , of those com-

plex valued Lebesgue measurable functions f on (a,b) for which the norm || f ||X p
c

<
∞ , such that

|| f ||X p
c

=
(∫ b

x
|xc f |p dx

x

) 1
p

, (1 � p < ∞),

and
|| f ||X p

c
= supessx∈(a,b)[x

c| f |].
In particular, when c = 1

p , the space X p
c (a,b) coincides with the space Lp(a,b).

DEFINITION 2.2. The left and right sided fractional integrals of a function f
where f ∈ X p

c (a,b) , α > 0 and β ,ρ ,η ,k ∈ R , are defined respectively by

ρJ α ,β
a+;η,k f (x) =

ρ1−βxk

Γ(α)

∫ x

a

τρ(η+1)−1

(xρ − τρ)1−α f (τ)dτ, 0 � a < x < b � ∞, (2.1)

and

ρJ
α ,β
b−;η,k f (x) =

ρ1−βxkρ

Γ(α)

∫ b

x

τk+ρ−1

(τρ − xρ)1−α f (τ)dτ, 0 � a < x < b � ∞, (2.2)

if the integral exist.

To represent and discuss our new results in this paper we use the left sided frac-
tional integrals, the right sided fractional can be proved similarly, also we consider
a = 0, in (2.1), to obtain

ρJ
α ,β

η,k f (x) =
ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α f (τ)dτ. (2.3)

The above fractional integrals has the following composition (index) formulae

ρJ
α1,β1
a+;η1,k1

ρJ
α2,β2
a+;η2,−ρη1

f (x) = ρJ
α1+α2,β1+β2
a+;η2,k1

f (x),
ρJ

α1,β1
b−;η1,−ρη2

ρJ
α2,β2
b−;η2,k2

f (x) = ρJ
α1+α2,β1+β2
a+;η1,k2

f (x).
(2.4)

Here, we recall definition of beta function as:

DEFINITION 2.3. The beta function B(α,β ) is defined ([20], section 1.1)

B(α,β ) =

{∫ 1
0 tα−1(1− t)β−1dt (R(α) > 0;R(β ) > 0)

Γ(α)Γ(β )
Γ(α+β ) (α,β ∈ C/Z

−
0 )

(2.5)
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For the convenience of establishing our results we define the following function as
in [19, 22], using (2.5) and let x > 0,α > 0,ρ ,k,β ,η ∈ R , then

Λρ ,β
x,k (α,η) =

ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α dτ =
Γ(η +1)

Γ(η + α +1)
ρ−β xk+ρ(η+α). (2.6)

REMARK 2.1. The fractional integral (2.1) contain five well-known fractional in-
tegral as its particular cases, see [1, 12, 13, 16, 19, 22].

1. Setting k = 0,η = 0,a = 0 and taking the limit ρ → 1 in (2.1), the integral
operator (2.1) reduces to the Riemann-Liouville fractional integral.

2. Setting k = 0,η = 0 and taking the limit ρ → 1 in (2.1), the integral operator
(2.1) reduces to the Liouville fractional integral.

3. Setting β = α,k = 0,η = 0 and taking the limit ρ → 0+ with L’ Hospital rule in
(2.1), the integral operator (2.1) reduces to the Hadamard fractional integral see
[11].

4. Setting β = 0,k = −ρ(α + η) in (2.1), the integral operator (2.1) reduces to the
Erdelyi-Kober fractional integral.

5. Setting β = α,k = 0 and η = 0 in (2.1), the integral operator (2.1) reduces to
the Katugampola fractional integral.

3. Main results

Here, we obtain new fractional integral inequalities using generalized Katugam-
pola fractional integral operators.

THEOREM 3.1. Let f be positive and continuous function on [0,∞) , such that

(σξ f ξ (τ)− τξ f ξ (σ))( f ϖ−λ (τ)− f ϖ−λ (σ)) � 0, (3.1)

and w : [0,∞) → R+ be positive continuous function. Then for all α � 0, x > 0 ,
β ,ρ ,η ,k ∈ R , we have

ρJ α ,β
η,k [w(x) f ξ+λ (x)]ρJ α ,β

η,k [w(x)xξ f ϖ (x)]

� ρJ α ,β
η,k [w(x) f ξ+ϖ (x)]ρJ α ,β

η,k [w(x)xξ f λ (x)].
(3.2)

Proof. Since f be positive and continuous function on [0,∞) , then for all ξ > 0,
ϖ � 0, λ > 0, τ,σ ∈ (0,x) , x > 0, from (3.1)

σξ f ϖ−λ (σ) f ξ (τ)+ τξ f ϖ−λ (τ) f ξ (σ)

� σξ f ϖ+ξ−λ (τ)+ τξ f ϖ+ξ−λ (σ).
(3.3)
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Multiplying both sides of equation (3.3) by ρ1−β xk

Γ(α)
τρ(η+1)−1

(xρ−τρ )1−α w(τ) f λ (τ) , τ ∈ (0,x) ,
x > 0 which is positive, and integrating the obtained result with respect to τ from 0 to
x , we get

ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α σξ f ϖ−λ (σ)w(τ) f λ+ξ (τ)dτ

+
ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α τξ f ϖ (τ) f ξ (σ)w(τ)dτ

� ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α x)σξ f ϖ+ξ−λ (τ)w(τ) f λ (τ)dτ

+
ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α τξ f ϖ+ξ−λ (σ)w(τ) f λ (τ)dτ,

(3.4)

consequently,

σξ f ϖ−λ (σ) ρJ
α ,β

η,k [w(x) f λ+ξ (x)]+ f ξ (σ) ρJ
α ,β

η,k [w(x)τξ f ϖ (x)]

� σξ ρJ
α ,β

η,k [w(x) f ξ+ϖ (x)]+ f ξ+ϖ−λ (σ) ρJ
α ,β

η,k [wxxξ f λ (x)].
(3.5)

Multiplying both sides of equation (3.5) by ρ1−β xk

Γ(α)
σ ρ(η+1)−1

(xρ−σρ )1−α w(σ) f λ (σ) , σ ∈ (0,x) ,
x > 0 which is positive and integrating the obtained result with respect to σ from 0 to
x , we get

ρJ
α ,β

η,k [w(x) f ξ+λ (x)] ρJ
α ,β

η,k [w(x)xξ f ϖ (x)]

+ ρJ
α ,β

η,k [w(x)xξ f ϖ (x)]ρJ
α ,β

η,k [w(x) f ξ+λ (x)]

� ρJ
α ,β

η,k [w(x) f ξ+ϖ (x)] ρJ
α ,β

η,k [w(x)xξ f λ (x)]

+ ρJ α ,β
η,k [w(x)xξ f λ (x)] ρJ α ,β

η,k [w(x) f ξ+ϖ (x)].

(3.6)

This completes the proof of inequality (3.2). �

Now, we give our main result.

THEOREM 3.2. Let f be positive and continuous function on [0,∞) and satisfies
(3.1). Let w : [0,∞) → R+ be positive continuous function. Then for all α,θ � 0,
x > 0 , β ,π ,ρ ,η ,k ∈ R , we have

ρJ θ ,π
η,k [w(x)xξ f ϖ (x)] ρJ α ,β

η,k [w(x) f ξ+λ (x)]

+ ρJ α ,β
η,k [w(x)xξ f ϖ (x)]ρJ θ ,π

η,k [w(x) f ξ+λ (x)]

� ρJ θ ,π
η,k [w(x)xξ f λ (x)]ρJ α ,β

η,k [w(x) f ξ+ϖ (x)]

+ ρJ α ,β
η,k [w(x)xξ f λ (x)]ρJ θ ,π

η,k [w(x) f ξ+ϖ (x)].

(3.7)
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Proof. Now multiplying both sides of (3.3) by ρ1−πxk

Γ(θ)
σ ρ(η+1)−1

(xρ−σρ )1−θ w(σ) f λ (σ) , σ ∈
(0,x) , x > 0, this function remains positive under the conditions stated with the theo-
rem. Integrating the obtained result with respect to σ from 0 to x , we get

f ϖ (τ)ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−π w(σ)σξ f ϖ (σ)dσ

+
τξ f ϖ−λ (τ)ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−π w(σ) f ξ+λ (σ)dσ

� f ϖ+ξ−λ (τ)ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−π w(σ)σξ f λ dσ

+
τξ ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−π w(σ) f ϖ+ξ (σ)dσ ,

(3.8)

consequently

f ξ (τ) ρJ θ ,π
η,k [w(x)xξ f ϖ (x)]+ σξ f ϖ−λ (x) ρJ θ ,π

η,k [w(x) f ξ+λ (x)]

� f ξ+ϖ−λ (τ) ρJ θ ,π
η,k [w(x)xξ f λ (x)]+ τξ ρJ θ ,π

η,k [w(x) f ξ+ϖ (x)].
(3.9)

Multiplying both sides of equation (3.9) by ρ1−β xk

Γ(α)
τρ(η+1)−1

(xρ−τρ )1−α w(τ) f λ (τ) , τ ∈ (0,x) ,
x > 0 which is positive, and integrating the obtained result with respect to σ from 0 to
x , we get

ρJ θ ,π
η,k [w(x)xξ f ϖ (x)]

ρ1−β xk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α τξ w(τ) f ξ+λ (τ)dτ

+ρ J θ ,π
η,k [w(x) f ξ+λ (x)]

ρ1−β xk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α w(τ)τξ f ϖ (τ)dτ

�ρ J θ ,π
η,k [w(x)xξ f λ (x)]

ρ1−β xk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α w(τ) f ϖ+ξ (τ)dτ

+ρ J θ ,π
η,k [wx f ξ+ϖ (x)]

ρ1−β xk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α w(τ)τξ f λ (τ)dτ,

(3.10)

This completes the proof of Theorem 3.2. �

THEOREM 3.3. Let f , h be positive and continuous functions on [0,∞) , such
that

(hξ (σ) f ξ (τ)−hξ (τ) f ξ (σ))( f ϖ−λ (τ)− f ϖ−λ (σ)) � 0, (3.11)

and let w : [0,∞) → R+ be positive continuous function. Then for all α � 0, x > 0 ,
β ,ρ ,η ,k ∈ R , we have

ρJ α ,β
η,k [w(x) f ξ (x)] ρJ α ,β

η,k [w(x)hξ (x) f ϖ (x)]

� ρJ α ,β
η,k [w(x) f ϖ+ξ (x)]ρJ α ,β

η,k [w(x)hξ (x) f λ (x)].
(3.12)
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Proof. Let (τ,σ) ∈ (0,σ) , x > 0, for any ϖ > λ > 0, ξ > 0. Then from (3.11)

hξ (σ) f ϖ−λ (σ) f ξ (τ)+hξ (τ) f ξ (σ) f ϖ−λ (τ) � hξ (σ) f ϖ+ξ−λ (τ)+hξ (τ) f ϖ+ξ−λ (σ).
(3.13)

Multiplying of both sides of (3.13) by ρ1−β xk

Γ(α)
τρ(η+1)−1

(xρ−τρ )1−α w(τ)fλ (τ) , then integrating the

resulting inequality with respect to τ over (0,x) , we obtain

hξ (σ) f ϖ−λ (σ)ρJ
α ,β

η,k [w(x) f ξ+λ (x)] + f ξ (σ)ρJ
α ,β

η,k [w(x)hξ (x) f ϖ (x)]

� hξ (σ)ρJ α ,β
η,k [w(x) f ϖ+ξ (x)]+ f ξ+ϖ−λ (σ)ρJ α ,β

η,k [w(x)hξ (x) f λ (x)].
(3.14)

Multiplying of both sides of (3.14) by ρ1−β xk

Γ(α)
σ ρ(η+1)−1

(xρ−σρ )1−α w(σ)fλ (σ) , then integrating

the resulting inequality with respect to σ over (0,x) , we obtain

ρJ α ,β
η,k [w(x) f ξ+λ (x)]

ρ1−β xk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α w(σ)hξ (σ) f ϖ (σ)dσ

+ρ J α ,β
η,k [w(x)hξ (x) f ϖ (x)]

ρ1−β xk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α f ξ+λ (σ)w(σ)dσ

� ρJ
α ,β

η,k [w(x) f ϖ+ξ (x)]
ρ1−β xk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α f λ (σ)w(σ)hξ (σ)dσ

+ρ J α ,β
η,k [w(x)hξ (x) f λ (x)]

ρ1−β xk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α w(σ) f ϖ+ξ (σ)dσ ,

(3.15)

which implies that

ρJ
α ,β

η,k [w(x) f ξ+λ (x)]ρJ
α ,β

η,k [w(x)hξ (x) f ϖ (x)

+ ρJ
α ,β

η,k [w(x)hξ (x) f ϖ (x)]ρJ
α ,β

η,k [ f ξ+λ (x)w(x)]

� ρJ
α ,β

η,k [w(x) f ϖ+ξ (x)]ρJ
α ,β

η,k [ f λ (x)w(x)hξ (x)]

+ρ J α ,β
η,k [w(x)hξ (x) f λ (x)]ρJ α ,β

η,k [w(x) f ϖ+ξ (x)].

(3.16)

This completes proof of inequality (3.12). �

THEOREM 3.4. Let f , h be two positive and continuous functions on [0,∞) and
satisfying (3.11). Let w : [0,∞) → R+ be positive continuous function. Then for all
α,θ � 0, x > 0, β ,π ,ρ ,η ,k ∈ R , we have

ρJ θ ,π
η,k [w(x)hξ (x) f ϖ (x)]ρJ α ,β

η,k [w(x) f ξ+λ (x)]

+ρ J θ ,π
η,k [w(x) f ξ+λ (x)]ρJ α ,β

η,k [w(x)hξ (x) f ϖ (x)]

� ρJ θ ,π
η,k [w(x)hξ (x) f λ (x)]ρJ α ,β

η,k [w(x) f ϖ+ξ (x)]

+ρ J θ ,π
η,k [w(x) f ξ+ϖ−λ (x)]ρJ α ,β

η,k [w(x)hξ (x) f λ (x)].

(3.17)
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Proof. Multiplying the inequality (3.14) by ρ1−πxk

Γ(θ)
σ ρ(η+1)−1

(xρ−σρ )1−θ w(σ) f λ (σ) , σ ∈
(0,x) , x > 0, this function remains positive under the conditions stated with the theo-
rem. Integrating the obtained result with respect to σ from 0 to x , we get

ρJ α ,β
η,k [w(x) f ξ+λ (x)]

ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ w(σ)hξ (σ) f ϖ (σ)dσ

+ρ J α ,β
η,k [w(x)hξ (x) f ϖ (x)]

ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ f ξ+λ (σ)w(σ)dσ

� ρJ
α ,β

η,k [w(x) f ϖ+ξ (x)]
ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ f λ (σ)w(σ)hξ (σ)dσ

+ρ J α ,β
η,k [w(x)hξ (x) f λ (x)]

ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ w(σ) f ϖ+ξ (σ)dσ ,

(3.18)

which implies that

ρJ θ ,π
η,k [w(x)hξ (x) f ϖ (x)]ρJ α ,β

η,k [w(x) f ξ+λ (x)]

+ρ J θ ,π
η,k [w(x) f ξ+λ (x)]ρJ α ,β

η,k [w(x)hξ (x) f ϖ (x)]

� ρJ θ ,π
η,k [w(x)hξ (x) f λ (x)]ρJ α ,β

η,k [w(x) f ϖ+ξ (x)]

+ρ J θ ,π
η,k [w(x) f ξ+ϖ (x)]ρJ α ,β

η,k [w(x)hξ (x) f λ (x)].

(3.19)

Hence result is proved. �

Next, we shall propose a new generalization of weighted fractional integral in-
equalities using a family of n positive functions defined on [0,∞) .

THEOREM 3.5. Let fr , i = 1, . . . ,n be n positive and continuous functions on
[0,∞) such that

(σξ f ξ
r (τ)− τξ f ξ

r (σ))( f ϖ−λr
r (τ)− f ϖ−λr(σ)) � 0. (3.20)

Let w : [0,∞) → R+ . Then for all α � 0, x > 0 , β ,ρ ,η , k ∈ R , ξ > 0 , ϖ � λr > 0 ,
r ∈ {1, . . . ,n} , the following fractional inequality

ρJ α ,β
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)] ρJ α ,β
η,k [w(x)xξ f ϖ

r (x)Πn
i�=r f λi

i (x)]

� ρJ α ,β
η,k [w(x)xξ Πn

i=1 f λi
i (x)]ρJ α ,β

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)],

(3.21)

is valid.

Proof. Suppose fi , i = 1, . . . ,n be n positive and continuous functions on [0,∞) ,
then for any fixed r ∈ {1, . . . ,n} and for any ξ > 0, ϖ � λr > 0, τ,σ ∈ (0,x) , x > 0,
from (3.20), we obtain

σξ f ϖ−λr
r (σ) f ξ

r (τ)+ τξ f ξ
r (σ) f ϖ−λr

r (τ)

� σξ f ϖ+ξ−λr
r (τ)+ τξ f ϖ+ξ−λr

r (σ).
(3.22)
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Now multiplying both sides of (3.22) by ρ1−β xk

Γ(α)
τρ(η+1)−1

(xρ−τρ )1−α w(τ)Πn
i=1 f λi

i (τ) , then inte-

grating the resulting inequality with respect to τ over (0,x) , we obtain

σξ f ϖ−λr
r (σ)

ρ1−β xk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α [w(τ) f ξ
r (τ)Πn

i=1 f λi
i (τ)]dτ

+ f ξ (σ)
ρ1−β xk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α [w(τ)τξ Πn
i�=r f λi

i (τ)]dτ

� σξ ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α [w(τ) f ϖ+ξ
r (τ)Πn

i�=r f λi
i (τ)]dτ

+ f ϖ+ξ−λr
r (σ)

ρ1−βxk

Γ(α)

∫ x

0

τρ(η+1)−1

(xρ − τρ)1−α [w(τ)τξ Πn
i=1 f λi

i (τ)]dτ,

(3.23)

consequently

σξ f ϖ−λr
r (σ)ρJ α ,β

η,k [w(x) f ξ
r (x)Πn

i=1 f λi
i (x)]

+ f ξ (σ)ρJ α ,β
η,k [w(x)xξ Πn

i�=r f λi
i (x)]

� σξ ρJ α ,β
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)]

+ f ϖ+ξ−λr
r (σ)ρJ α ,β

η,k [w(x)xξ Πn
i=1 f λi

i (x)].

(3.24)

Again, multiplying the inequality (3.24) by ρ1−β xk

Γ(α)
σ ρ(η+1)−1

(xρ−σρ )1−α w(σ)Πn
i=1 f λi

i (σ) , σ ∈
(0,x) , x > 0, this function remains positive under the conditions stated with the theo-
rem. Integrating the obtained result with respect to σ from 0 to x , we get

ρJ α ,β
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)]
ρ1−β xk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α w(σ)σξ f ϖ
r (σ)Πn

i�=r f λi
i (σ)dσ

+ ρJ α ,β
η,k [w(x)xξ Πn

i�=r f λi
i (x)]

ρ1−β xk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α w(σ) f ξ
r (σ)Πn

i=1 f λi
i (σ)dσ

� ρJ
α ,β

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)]

ρ1−βxk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α w(σ)σξ Πn
i=1 f λi

i (σ)dσ

+ ρJ α ,β
η,k [w(x)xξ Πn

i=1 f λi
i (x)]

ρ1−β xk

Γ(α)

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−α w(σ) f ϖ+ξ
r (σ)Πn

i�=r f λi
i (σ)dσ ,

(3.25)

therefore,

ρJ
α ,β

η,k [w(x) f ξ
r (x)Πn

i=1 f λi
i (x)]ρJ

α ,β
η,k [xξ f ϖ

r (x)Πn
i�=r f λi

i (x)]

+ ρJ
α ,β

η,k [w(x)xξ Πn
i�=r f λi

i (x)]ρJ
α ,β

η,k [w(x) f ξ
r (x)Πn

i=1 f λi
i (x)]

� ρJ
α ,β

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)]ρJ

α ,β
η,k [w(x)xξ Πn

i=1 f λi
i (x)]

+ ρJ
α ,β

η,k [w(x)xξ Πn
i=1 f λi

i (x)]ρJ
α ,β

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)].

(3.26)
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This ends the inequality (3.21). �

THEOREM 3.6. Let fi , i = 1, . . . ,n be n positive and continuous functions on
[0,∞)and satisfying (3.20). Let w : [0,∞)→ R

+ be positive continuous function. Then
for all α,θ � 0, x > 0 , β ,π ,ρ ,η , k ∈ R , ξ > 0 , ϖ � λr > 0 , r ∈ {1, . . . ,n} , we have
that the inequality

ρJ θ ,π
η,k [w(x)xξ f ϖ

r (x)Πn
i�=r f λi

i (x)]ρJ α ,β
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)]

+ ρJ
α ,β

η,k [w(x)xξ f ϖ
r (x)Πn

i�=r f λi
i (x)]ρJ θ ,π

η,k [w(x) f ξ
r (x)Πn

i=1 f λi
i (x)]

� ρJ
α ,β

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)]ρJ θ ,π

η,k [w(x)xξ Πn
i=1 f λi

i (x)]

+ ρJ θ ,π
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)]ρJ
α ,β

η,k [w(x)xξ Πn
i=1 f λi

i (x)],

(3.27)

is valid.

Proof. We multiplying the inequality (3.24) by ρ1−πxk

Γ(θ)
σ ρ(η+1)−1

(xρ−σρ )1−θ w(σ)Πn
i=1 f λi

i (σ) ,
σ ∈ (0,x) , x > 0, this function remains positive under the conditions stated with the
theorem. Integrating the obtained result with respect to σ from 0 to x , we get

ρJ α ,β
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)]
ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ w(σ)σξ f ϖ
r (σ)Πn

i�=r f λi
i (σ)dσ

+ ρJ α ,β
η,k [w(x)xξ Πn

i�=r f λi
i (x)]

ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ w(σ) f ξ
r (σ)Πn

i=1 f λi
i (σ)dσ

� ρJ α ,β
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)]
ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ w(σ)σξ Πn
i=1 f λi

i (σ)dσ

+ ρJ α ,β
η,k [w(x)xξ Πn

i=1 f λi
i (x)]

ρ1−πxk

Γ(θ )

∫ x

0

σρ(η+1)−1

(xρ −σρ)1−θ w(σ) f ϖ+ξ
r (σ)Πn

i�=r f λi
i (σ)dσ ,

(3.28)

which gives the inequality (3.27). �

THEOREM 3.7. Let h, fi , i = 1, . . . ,n be positive and continuous functions on
[0,∞) , such that

(hξ (σ) f ξ
r (τ)−hξ (τ) f ξ

r (σ))( f ϖ−λr
r (τ)− f ϖ−λr

r (σ)) � 0. (3.29)

Let w : [0,∞) → R+ be positive continuous function. Then for all α � 0, x > 0 ,
β ,ρ ,η ,k ∈ R , ξ > 0 , ϖ � λr > 0 , r ∈ {1, . . . ,n} , the following fractional inequality

ρJ
α ,β

η,k [w(x) f ξ
r (x)Πn

i=1 f λi
i (x)] ρJ

α ,β
η,k [w(x)hξ (x) f ϖ

r (x)Πn
i�=r f λi

i (x)]

� ρJ α ,β
η,k [w(x)hξ (x)Πn

i=1 f λi
i (x)]ρJ α ,β

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)],

(3.30)

is valid.
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Proof. Let τ,σ ∈ (0,x) , x > 0, for any ξ > 0, ϖ � λi > 0, r ∈ {1,2, . . .n} then
from (3.29), we have

hξ (σ) f ϖ−λr
r (σ) f ξ

r (τ)+ f ξ
r (σ)hξ

r (τ) f ϖ−λr
r (τ)

� hξ (σ) f ϖ+ξ−λr
r (τ)+ f ϖ+ξ−λr

r (σ)hξ (τ).
(3.31)

Multiplying both sides of (3.31) by ρ1−β xk

Γ(α)
τρ(η+1)−1

(xρ−τρ )1−α w(τ)Πn
i=1 f λi

i (τ) , then integrating

the resulting inequality with respect to τ over (0,x) , we obtain

hξ (σ) f ϖ−λr
r (σ)ρJ α ,β

η,k [w(x) f ξ
r (x)Πn

i=1 f λi
i (x)]

+ f ξ
r (σ)ρJ

α ,β
η,k [w(x)hξ (x) f ϖ

r (x)Πn
i�=r f λi

i (x)]

� hξ (σ)ρJ
α ,β

η,k [w(x)hξ (x)Πn
i=1 f λi

i (x)]

+ f ϖ+ξ−λr
r (σ)ρJ

α ,β
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)].

(3.32)

Multiplying both sides of (3.32) by ρ1−β xk

Γ(α)
σ ρ(η+1)−1

(xρ−σρ )1−α w(σ)Πn
i=1 f λi

i (σ) , then integrating

the resulting inequality with respect to σ over (0,x) , we have

2ρJ α ,β
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)] ρJ α ,β
η,k [w(x)hξ (x) f ϖ

r (x)Πn
i�=r f λi

i (x)]

� 2ρJ α ,β
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)]ρJ α ,β
η,k [w(x)hξ (x)Πn

i=1 f λi
i (x)].

(3.33)

This completes the proof of Theorem 3.7. �

THEOREM 3.8. Let h, fi , i = 1, . . . ,n be positive and continuous functions on
[0,∞) , such that

(hξ (σ) f ξ
r (τ)−hξ (τ) f ξ

r (σ))( f ϖ−λr
r (τ)− f ϖ−λr

r (σ)) � 0. (3.34)

Let w : [0,∞) → R+ be positive continuous function. Then for all α,θ � 0, x > 0 ,
β ,π ,ρ ,η ,k∈R , ξ > 0 , ϖ � λr > 0 , r ∈ {1, . . . ,n} , the following fractional inequality

ρJ θ ,π
η,k [w(x)hξ (x) f ϖ

r (x)Πn
i�=r f λi

i (x)] ρJ α ,β
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)]

+ρ J α ,β
η,k [w(x)hξ (x) f ϖ

r (x)Πn
i�=r f λi

i (x)] ρJ θ ,π
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)]

� ρJ α ,β
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)]ρJ θ ,π
η,k [w(x)hξ (x)Πn

i=1 f λi
i (x)]

ρJ θ ,π
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)]ρJ α ,β
η,k [w(x)hξ (x)Πn

i=1 f λi
i (x)],

(3.35)

is valid.

Proof. Multiplying both sides of (3.31) by ρ1−πxk

Γ(θ)
σ ρ(η+1)−1

(xρ−σρ )1−θ w(σ)Πn
i=1 f λi

i (σ) , then

integrating the resulting inequality with respect to σ over (0,x) , we have

f ξ
r (τ)ρJ θ ,π

η,k [w(x)hξ (x) f ϖ
r (x)Πn

i�=r f λi
i (x)]+hξ (τ) f ϖ−λr

r (τ)ρJ θ ,π
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)]

� f ϖ+ξ−λr
r (τ)ρJ θ ,π

η,k [w(x)hξ (x)Πn
i=1 f λi

i (x)]+hξ (τ)ρJ θ ,π
η,k [w(x) f ϖ+ξ

r (x)Πn
i�=r f λi

i (x)].
(3.36)
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Multiplying both sides of (3.36) by ρ1−β xk

Γ(α)
τρ(η+1)−1

(xρ−τρ )1−α w(τ)Πn
i=1 f λi

i (τ) , then integrating

the resulting inequality with respect to τ over (0,x) , we have

ρJ θ ,π
η,k [w(x)hξ (x) f ϖ

r (x)Πn
i�=r f λi

i (x)] ρJ α ,β
η,k [w(x) f ξ

r (x)Πn
i=1 f λi

i (x)]

+ρ J
α ,β

η,k [w(x)hξ (x) f ϖ
r (x)Πn

i�=r f λi
i (x)] ρJ θ ,π

η,k [w(x) f ξ
r (x)Πn

i=1 f λi
i (x)]

� ρJ
α ,β

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)]ρJ θ ,π

η,k [w(x)hξ (x)Πn
i=1 f λi

i (x)]
ρJ θ ,π

η,k [w(x) f ϖ+ξ
r (x)Πn

i�=r f λi
i (x)]ρJ

α ,β
η,k [w(x)hξ (x)Πn

i=1 f λi
i (x)].

(3.37)

This completes the proof. �

4. Concluding remarks

Several fractional integral inequalities have been investigated by employing the
different fractional integral operators. In this paper, we established weighted fractional
integral inequalities using generalized Katugampola fractional integral operators. This
works give some contribution to the theory of fractional integral inequalities and frac-
tional calculus.
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