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EXISTENCE RESULTS FOR NON-INSTANTANEOUS
IMPULSIVE FRACTIONAL FUNCTIONAL
DIFFERENTIAL EQUATION WITH INFINITE DELAY

JAYANTA BORAH* AND SWAROOP NANDAN BORA

(Communicated by R. Ashurov)

Abstract. In this article, we investigate the existence of mild solution of a class of impulsive
fractional functional differential equations with infinite delay in a Banach space. By employing
fractional calculus and fixed point theorems, the results are obtained under the assumption that
the linear part of the equations generates a compact analytic semigroup.

1. Introduction

Study of evolution equations subjected to impulsive action, which starts abruptly
and stays active on a finite time interval, has been a subject of interest in the last few
years due to its applicability in practical problems. The pioneering work of such a
model, known as non-instantaneous impulsive differential equation, is reported in the
work of Herndndez and O’Regan [8]. Thereafter, several researchers have carried out
the research in this field and some interesting results have been obtained [1, 2, 3, 4, 5,
7, 14, 15].

Many physical models pertaining to memory and hereditary properties have been
modeled more successfully with the help of fractional calculus compared to classical
settings. The investigation of qualitative as well quantitative properties of the solutions
of fractional differential equations is an active subject of research. For the theory and
recent development on fractional differential equations, one can refer to some mono-
graphs [10, 16, 21].

Integro evolution equations in abstract spaces generalize many partial differen-
tial equations and integro differential equations appearing in scientific and engineering
problems. So it is meaningful to discuss the nature of solution of this type equations in
qualitative ways.

Chang [3] discussed the controllability of a first order impulsive functional dif-
ferential systems with infinite delay in Banach spaces. Mophou and N’Guérékata [12]
established the existence of mild solution of some fractional differential equations with
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nonlocal conditions. Hu et al. [9] established the existence of mild solution of a class
of Riemann-Liouville fractional evolution equation with nonlocal conditions and infi-
nite delay in a Banach space, in which the linear part is the infinitesimal generator of
a compact analytic semigroup. Mahmudov and Zorlu [11] investigated the approxi-
mate controllability of fractional evolution equations with compact analytic semigroup.
The controllability of a impulsive neutral functional integro differential equation in a
Banach space was established in [17] . Motivated by above consideration, here we in-
vestigate the existence of mild solution of a class of fractional evolution equation with
infinite delay of the following form:

Dx(t) = —Ax(t) + f(t xt7/ B(t,s,x5)ds), t € Ji = (si,ti1], i=0,1,...,N, (1)
x(t) = gi(t,x), t€l;=(t;,s1], i=1,2,..., N, 2)
X(Z) = ( ) (_°°70L (3)

where x(.) takes values in a Banach space (X,].||);0<a<1; —A:D(A)CX — X
the infinitesimal generator of a compact analytic semigroup Q(#) of uniformly bounded
linear operatorson X; 0 =159 <t] <51 <fp... <ty <sy <tyy1; =T is apartition of
the interval J = [0,T]; the functions g; € C((t;,si] x Z0,Xp) foreach i =1,2,....N
and f:[0,T] x &y x Xg — Xp suitable functions. Here & is a phase space and X
is a fractional power space defined in the next section. For a function x defined on
(—eo,T] and any r € J, we denote x;(.) to represent the portion of the function from
—oo to present time ¢, that is,

x(0)=x(t+0), 6 (—0].

In section 2 we recall some definitions and preliminaries which are required to develop
the article. In section 3, we give sufficient conditions for the existence of mild solu-
tion of the system (1)—(3). At the end an example is presented to validate the results
obtained.

2. Preliminaries

The definition and the theorems related to analytic semigroup theory is taken from
te book by Pazy [13].

Let 0 € p(A). Then for any 0 < B < 1, we can define AP as a closed linear
operator on its domain D(AB) as follows:

_ L e
-5 /0 B=10(1)ds. )

The operator defined by (4) is a bounded linear operator and each A= is an injective
continuous endomorphism of X. So it is possible to define AP, for 0 < B < 1, as a
closed linear operator on its domain D(AP). The subspace D(AP) is dense in X, and
the expression

lullp = [1APu]
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defines a norm on D(AP) which makes it a Banach space. We denote Xg = D(AP).
For 0 <y< B <1, Xg — Xy and the embedding is compact whenever the resolvent
operator of A is compact.

LEMMA 1. AP and O(1) have the following properties:
o There exists a constant M > 1 such that ||Q(t)|| < M.
e O(t): X — Xg foreacht >0 and > 0.
° AﬁQ(t)x = Q(t)Aﬁx for each x € Xg and t > 0.
o Foreveryt >0, ABQ(t) is bounded in X and there exists Mg > 0 such that
14P0(0)|| < Mpr~P.
o AP is a bounded linear operator in X with D(AP) = Im(A~B).

LEMMA 2. [19] The restriction Qg(t) of Q(t) to Xg is exactly the part of Q(t) to
Xg. Also {Q(t) };>0 is afamily of strongly continuous semigroup on Xg and ||Qp(t)| <
0| <M forall t >0.

Now we introduce some definitions and fundamental results of fractional calculus
from the work by Wang and Zhou [21].
Let J = [a,b], —oo < a < b < o be a finite interval on the real axis R.

DEFINITION 1. The Riemann-Liouville fractional integral ,D; *f(¢) of order o >
0 is defined by

_ I _
() =a D7 S0 = g [ =9 o),
provided the right-hand side is point-wise defined on [a, b].

DEFINITION 2. The Caputo fractional derivative of order ¢« > 0 for a function
f€Cl, neN is defined as

gD,‘"f(t) -, D;(nfa)an(,) — ﬁ/a[(z—s)"‘“‘lf”(s)ds, t>a, n=[o]+1.

If there is no confusion about the base point of both the operators defined above,
we simply remove it.

Finding the solution of a differential equation with infinite delay at any time not
only requires the knowledge of state at current time but also that of the state in past.
Thus the choice of the phase space is one of the most important characteristics in the
solution of such equations. In view of Hale and Kato [6], it is a usual practice to take
the phasespace as a semi-normed space satisfying some axioms. Here we define the
phase space in the following ways.
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DEFINITION 3. % is a linear space of functions from (—c,0] to Xz endowed
with a semi-norm ||.|| 2,, which satisfies the following axioms:

(A1): If x: (=, T] — X, T > 0 is such that xy € &, and for every t € [0,T),
the following conditions hold:

o x; € P,
o [Ix(t)llp < Cllxl

o |Ixi|l 2, < Ci(t)supepo 1 [Ix(t)[| g +Callx0l| 2y, Where C >0 isaconstant, Cy,Cy:
[0,00) — [0,e0), C; is continuous and C; is locally bounded and C),C; are inde-
pendent of x(.).

(A2): For a function x(.) in (A1), x; is a H-valued function for ¢ € [0,7T).
(A3): The space &y is complete.

LEMMA 3. Let fi,f>» : J — R be positive real continuous functions. Assume that
there exist a constant ¢ > 0 and a continuous nondecreasing function h: R — (0,00)
such that

h(t) <c+ / " (fa(s))ds, Ve €.
Then t
§210) SH_I(/Q fl(s)ds), Vield

/j% >/ahf1(s)ds.

v d
Here H™! refers to the inverse of the function H(y) = / Wy) fory>c.
c Ay

provided

LEMMA 4. (Burton-Kirk’s fixed point theorem) Let X be a Banach space and
Fy, F5 be two operators satisfying

(a) Fy is a contraction and

(b) F is completely continuous.

Then, either the operator equation x = F{(x) + F>(x) possesses a solution, or the
set & ={x€X :AF(3)+AF(x) = x, for some 0 <A < 1} is unbounded.

By PC(J,Xg) we denote the Banach space of piecewise continuous functions from
J into Xg with the norm
Il pe sy = supllAPx(1)]].
teJ
To deal with the impulsive as well delay conditions, we consider the space &1 = {x:

(—oo,T] — Xp to be such that x; € C(Ji,Xg), for k=0,1,2,...,N; x(1 ™), x(1 ™) exist;
x(t”) =x(t), k=0,1,2,....,N; xo =¢ € Pp and sup |[|x(t)|g < e} endowed with
1€[0,7]

the norm
¥l 2, = Il sy + 18112,
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If x& P, thenforany i =0,1,2,...N, the function %; € C([t;,#;11],Xp) is constructed

as follows:
x(1), for t € (t;,t;41],
f)=9 .
x(tl- ), for t =1;.
For % C PC(J,Xg), we denote %; = {%; : x € #}.

LEMMA 5. [8] A set % C PC(J,Xp) is relatively compact in PC(J,Xg) if and
only if each set B; is relatively compact in C([tistiv1],Xp)-

DEFINITION 4. [22] Consider the fractional evolution equation

Dx(t) = —Ax(t) + f(t,x), t€J, 0< o<1, (5)
x(t) = ¢ € P. (6)
For f:Jx %y — X and A generating an analytic semigroup {7 (¢)},>0., a continu-

ous function x : J — Xg satisfying the integral equation x(r) = 7 (1)¢(0) + [y ( —
$)f(s,x5)ds is called a mild solution of (5)-(6), where

/ga (196)d0, (1) = a/oweéa(O)T(tO‘G)dO,
Ea(0) = ~(0) " ¥ @u(0)

o
_ 1 & T 1
CRURES) (_1)"*19*“"*1%5111(,”:05)7 6 € (0,0),

RI=

20,

with &, as the probability density function defined on (0,), that is,

£4(8) 0, 6 € (0,00) and/ E,(6)d6 = 1.

LEMMA 6. [19] The operators 7 and . have the following properties:
1. For fixedt > 0 and any x € X,3, we have

Mo

< <———— .
170)xls < Mkl 17 1)l < s 141

2. Jp(t) and S(t), t >0 are uniformly continuous, where

_ /Owga(e)Qﬁ (196)d6 and S5 (1) = a/ow 0E4(6)0p(1%6)d6.
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3. Existence of PC-mild solution

In this section we first formulate the definition of PC-mild solution of our problem
and then prove the existence of solutions with infinite delay.

Motivated from the definition 4 and the work in [8], we define the mild solution as
follows:

DEFINITION 5. A function x € &7 is said to be PC-mild solution of the problem

(D)-3) if

¢(t)a re (_°°7O]a
0 T (t)xo+ [o -7 (t — ) f(s,x5, J§ B(s, T,xc)dT)ds, t € J,
)=
* gi(t,x)), tetel;, 1<i<N,

T (t — si)gi(si,xs;) + fst, St —9)f(s,%5, Jo B(s,T,x¢)dT)ds, t €J;, 1 <i<N.
We introduce the following hypotheses:
(H1) f:J x Py x Xg — Xg is continuous and there exist oq € (0,x) and Q €
1
L (J,R™) such that

1F (w1, 0) = (2 9,v) g < QOIwr = w2l 2 + [ = viigl,

forall yi,yo € Py, u,v€Xg,t€Jiand i=0,1,...,N.
(H2) B:D:={(t,s) € J xJ:5 <t} x Py — Xp is continuous and there exists
constant Mg such that for all (¢,s) € D,x,y € &,

t
| (B, y0) = B0, yldsllp < Ml ya = ol

(H3) There exist constants L,, > 0, for all y,y» € #y, t€Jiand i=1,...,N
such that

lgi(t, w1) —gi(t,v2)llp < Lg, [ w1 — w2l 2,
and g; € C(J; x Po,Xp), forall i=1,2,...,N.

THEOREM 1. Assume that the hypotheses (H1)—(H3) hold and ¢ € Xg. Then
the system of equations (1)—(2) has a unique PC-mild solution x € Pr, provided

M .t (I+a)(1—0y) B
© = max ¢, — Q| , M[CL,
I'a) (1+a) L7y,

1

61(1 +Mp) (ti+ —S,‘)(l+a)(l_al)
I'a) (1+a)™*

12l ],izl,...,N}<1. 7
L% J;
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Proof. We define the operator
F Py — Pr  as
¢(t)a re (_°°7O]a
f(t)q)(O) +f(t) (l _S)aily(t_s)f(s7xS7f(l)YB(S717xT)dT)dS7 re [Oatl}v
(.X)l = gi(taxl)7 re (tiaSiL
90 _Si)gi(si7'x-Yi) +fs[l (t _S)aily(t - s)f(s,xs,f(‘)YB(s,T,xT)dT)ds,
teldi, 1<i<N.

Y

Consider the extension @ of ¢ € F as
¢(t)7 re (_°°v0]7
(1) =4 Z(1)9(0), 1€0,n],
0, t€(n,T].

Then ® € Hr.

Let x(t) = z(¢t) + @(¢), —eo <t < T. If x satisfies the integral equation (3), then
20 =0, x; = z; + @;, for every ¢ € J and the function z(z) satisfies

Jo(t =) LA (1 —5)f (5,25 + Ds, [3 B(5.T,20 + D )dT)ds, 1 €Ty,
Z(t): gi(t,Z[ +q)l)7 e (tiasi};
St =) A (= 9)f (5,26 + Dy, [ B(s, T, 20 + Pr)dT)ds, tE€J;, 1<i<N.

Let
Pr={z€ Pr:z0=0}.
For any z € Pr, we have
121l 5, = supllz(7)lg-
ted

Thus (27, |.| 2, ) 1s a Banach space. We define the operator .7 : Pr — Pr by
0, 1€ (—e0,0],

Jo e = )" (6 = 5) f (5,25 + Py, [§ Bs,T, 20 + P )dT)ds, t € Jy,
git,x), t € (t,si],

y(t_s)gl(shzﬂ—’—‘bﬁ +/ ot ly(t_s)f(stS—Fq)S?

S
/ B(s, 7,2t +®7)d1)ds, 1t €J;, 1<i<N.
0

It is clear that the operator .# determines the fixed point of the operator .%. We show
that .% is a contraction mapping.
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For x,y € Pr and 1 € [0,7], we get
~ ~ 1 s
|Fu(t) —Fv(t)|p = H/o Y(t—s)[f(s,us-i-cl)s,/o B(s,T,ur + ®;)d7)
~fs,v+ @, [ Bl T ve+ @e)dds]
M 4 _
< Fay )y €9 Rl il

S )
+H/0 B(sﬁ,uf—i—cl)f)dr—/o B(s, T,v; + ®7)d||lds

M 4 o
< r(a)/()(t—s) 1Q(S)(1+M3)||us—vs||'@0ds
4 a1 40 1m0

<[ QI o supllu(e) —v(z)l[p
L% Jy ey

M (Fal-a)
< Q Uu—v| .z .
oy O (g 190,

For t € Ji7
| Fu(e) — Fo(t)llg
<||T (= si)gi(sisu(si) + D(si)) — T (t — 5i)gi(si,v(si) + s, || p
i H/[y(t _S) (f(s’us_kq)“‘/ol\B(SaT;u‘r‘|‘q)7:)dT)

—fs,vs+ %/0 B(s,T,ur +®;)d7))ds||g

M 4 _
< Lo M|y, — vy || 7y + W/ (1 — $)°71Q(s) (1 + M) lus — vs | s

(ti+l _Sl_)(l+a)(l—061)
(1+a)'™™ ”
xQl| p o sup [lu() —v(t)llg

Ui e (s ti11]

-~ M
< Lo Msupl||lu(t) —v(t)|lg+Cir=——(1+M
e Msuplu(e) (o)l + Ci s (14+-Mp)

él (l +MB) (li+1 — Si)(1+a)(l_al)

Mg+ S Iy Tl
For ¢ € (t;, 1], 3 y

[ Zu(t) — Fv(t)|| < CiLgllu—v|| 5,
Thus,

||j\u—j\vH:¢,T < Olu—v| 5,

Therefore, F is a contraction on ﬁr and there exists a unique PC-mild solution of

(H-3). O
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In the previous theorem, we established the existence and uniqueness of PC-mild
solution by using Lipschitz conditions on both source as well as impulse functions. In
our next result, we relax the Lipschitz condition on the source function and use Burton-
Kirk’s fixed point theorem to obtain the existence of PC-mild solution.

Consider the ball B, = {z€ Pr : ]| 55, <r}.

Clearly B, is a closed, bounded convex set in 337 .

In the sequel we make the following assumptions:

(H4) For each t € J, the function f(z,.,.) : &y x Xg — Xp is continuous and for
each y € Z), u € Xg, the function f(.,y,u) : J — Xg is strongly measurable.

(H5) There exist a function m € L(J,R") and a non decreasing function Wy €
C([0,50),R™) such that

D “me C(J;,RT), lim ;D *m(t) =0, i=0,1,2,...N,

t—>5i
and
£ (t,x,Bx)||[g < m(t)Ws(||x¢|| ), x€ & andalmostall ¢ € J.

THEOREM 2. Assume that assumptions (H3)—(HS5) hold. If ||gi(,0)|lg, i =
1,2,...N are bounded, Ly = max ClML < 1 and the following condition holds:

1<i<N

lit1 < ds
Kl/ (t—$)" "m(s)ds < ——, i=0,1,...N,
8i Ko Wf(s)

where

CiM||gi(t,0)||g +Ci]|0(0)] g+ C:
for 1 € ], Ko M0 +Cill9 )l + Clgl

1 —C\MLy,
CiM
K| = 1 and
T(0)(1— CiMLy,)
. . M .
Jor t €[0,1], Ko=MCi[[¢(0)|lp+Cal|¢]| 2, K1 = mch

then the problem possesses at least one mild solution on (—eo,T].

Proof. To apply the fixed point theorem, let us split our operator .% : B, — B,,
introduced in the previous theorem, into two parts given by

F =Y I+ ﬁ
i=0 i=0

where J:f:@T —n@r, i=0,...,N; j=1,2 are given by

Jllx {0 gt t Zt+q)t) y(t_si)gi(shzsi—'—q)s?i%
2 ( ) {fvi‘y(z_s)f(S’Z-Y+q).Yaf(§B(Sa17ZT —|—d),)d7:))ds, tEJl-,
x(t) =

S

0, I¢Ji.
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The proof is split into several steps as follows:
Step I. To show that .%2 maps a bounded set into a bounded set in 7.
Note that for z € B,,

25+ @yl 2, < Cur+CiM[[9(0)][ + Ca[ 0] 2, =: 7

LetueB, Fori>z1landtecJ;,i=0,1,...N, we get

B 1 s
17 u(t)||p = Y(t—s)f(s,zs—i-d)s,/o B(s,T,2c + ®¢)d7))ds|

Si

M ! _
< oy | =9 Wl + @), )ds
M t
< ——Wp(r)sup | (1 —s)* 'm(s)ds
F( ) ‘ ted; Jsi
M t
< FryWrlr)su 1—9)* 'm(s)ds
() il )teJI,-) si ( ) (s)
=:1

)
where

M r
I =max<{ ——W¢(r*)su t—)" tm(s)ds, 0Ki<N.
{rw) ), e }

Then for each z € B, we have || Z2(u)]| 5 <.
For convenience, from next step onwards, we take B(z+ ®)(s) = [5 B(s,T,zr +
D;)dr.
Step II. To show that [c;f?x :Xx€B,);, i=0,1,...,N, is an equicontinuous family
of functions on C([t;,#i11],Xp)-
Let, 1,1, € (S,',IH_J, s;i<li<l, and x € B,. Then
1(F72x) (L) = (F) ()l

=9 S =)+ B+ B)(9)ds
= [ = A =560 s+ @B+ ) s)s
= = )2+ @B+ @) 6|
I =) =515+ @B+ )6
[ 9 S 0,2+ 0 B D) )]

>
+ ”/S_ (=) (S (o= 5) = S (1 = 9))]f (5,2 + Dy, Bz + D) (5)) s
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Mo b B
S m/ll (b= )% m(s)Wr ||z + Ds| 27, )dls

U

iy L 0= = =) W2+ ), )

h
+[ (L —5)* YLl —s5) = L (1 — ) |m(s)We (|| zs + Ds| 2, )ds
)
S %/11 (l— )" 'm(s)Wy(r*)ds

h

ey =9 = =) (W ()

L
+ / (I = )% .S (1o — 5) — S (I — 5) [ m(s)Wy (r*)ds

Iy
o [ =) (s [ ms)as|

Mo i . "
m/ﬁ O O

W) [0 =9 F ) (s

Si

=0L+L+15

/

+2W(r")

Since ;,D; *m € C(J;,R"),

11—>0 as lz—>ll.

For [} < Iy,
2Ma (b
L <We(r') =——— I —s)*! ds.
W) gy . () s
Asf (1} —5)* 'm(s)ds < oo, we have I, — 0 as I, — .

For &€ > 0 small enough,
1 —¢€
b= W) [ (=9 S =) = 1y =) |ms)ds

I
W) [ (0=9)" A (=)= (1 =) m(s)ds

I —¢

1 —¢
W) [T =9 mls)ds_sup 1S (=)= S (1 =9)]

s€[si 01 —€]

0
W) [ (1 =9 | (=) = (1 =) |m(s)ds

l—¢
—Wf(r*)/s_ (1 =) HS (I =) = S (I = )| m(s)ds

45
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N

1 —¢€
W‘f(r*)/_\.. (I =) m(s)ds  sup ||L (I, —s)— L (I —s)|

SE[S,',ll —8]

I I —¢
+Wf(r*)%[ [ t=9 tmds— [ 09 sy
1 —¢€
< Wf("*)/ (1 —=)*'m(s)ds sup |L(l—s)~S (L —s)l|
Si S€[si,l1—€]
I I —¢
+Wf(r*)%[/s_ (=) t(s)ds— [ (11— e —5)* Mm(s)as
I —¢
W)y [ (== = (=" m(s)ds
=: L1+ 13+ 1.

Since {Q(#)}, > 0 is a compact operator, it is an equicontinuous family, so /3; — 0 as

I, — 1. Iy — 0, 3 — 0 as &€ — 0 by virtue of I, and I5. Therefore, ||(.Z7x)(l2) —

(Z2x)(1))]] — 0 is independent of x € B, since I, — I;. By a similar argument,

equicontinuity can be verified in 7} < 0 < 7, < T, whereas it is trivial for 71 < 7, <0.
Thus, [.%2B,]; is equicontinuous and hence .%, is completely continuous.

Step IIl. .F?%: P — P is continuous.
Let {"}_, be asequence in & with 7" —z¢€ Z.
By condition (H3), we have

mli_IEQf(tath + @, B(Z"(t) +D(t)) — f(t,2 +Ds,B(x(t) + D).
For any 1 € J;
(=) "M IS (5,2 + @y, B (5) + D)) — [ (5,2 + Dy, B(z(s) + Py))|
< (1=9)" " m(sW; ().
)a—l

By (H4) the function s — (t — )™ "m(s) is integrable for s € [s;,2;+1].
Hence by Lebesgue’s dominated convergence theorem, we get

/ (6= )% 5,20 + @y, B2 () + B(s)) — f (5.2 + Dy, B(a(s) + D)) s — 0,
as m— oo.

Thus for 1 € J;,

12" @) = (Fl2) )]

< MrWy(r') /S: (6 =) |1 f (5,28 BE" (s) + (s)))) = £ (5,2(5), B(z(s) + (s))) | ds

— 0, as m — oo,

Therefore, le’“ — ﬁilz pointwise on J; as m — oo,
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Thus %2 is continuous in Z2.

Step IV. Lett € (s,,tl+1) be fixed and s(< 1) € (s;,;4+1) be such that € € (s;,).

To prove U F; 2z (1), z € B, is relatively compact in Xp.
TE[s,1]
For any 6>0, define the set

Ve ={(F7)

2)(t) :z€ B, },

A0 =0 [ [ 06— El0)0(1 —9)0) (5.2 + 1. Ble+ 0)(5))dsa0

= aQ(e°0) S_H /:e(r—s)“*léa(e)g((r—s)ae — &%)
f(s,z5+ @5, B(z+ ) (s))dsd6.

Since Q(£%8),(€%8) > 0 is compact, the set VZ(7) is relatively compact in Xg.
On the other hand, for any z € B,
(F22) (1)~ (FDe2)(Dllg
<al [ ["o(—9 t&lo)0((T-)"(0)

f(s,zs+(I)S7B(z+cl)s)(s)dsd6||ﬁ—i—aH/T /we(t_s)afl
E,(0)0((t —5)° (9))f(s & + @y, Bz + ®)(s)dsd8 5

(xM/ [ —s)® ds/o 0E0(6)d0
+ Wy (r )W/Tig(r—s)aflm(s)dsao as €—0, 6 —0.

Thus there exist relatively compact sets arbitrary close to the set U ﬁ?B,(T) . There-
TE[s 1]
fore the set | F2B,(t)is relatively compact in Xg.
TE[s,1]

Step V. To prove that .% ! is a contraction in B,.
Let u,v e 337 andr € J;, 1 <i<N. We have

I(F ) (1) = (F ) @)llp < L lus — sl

< CngiHu - VHg’?JT-



48 J. BORAH AND S. N. BORA

Also for u,v € Prandt €, i= 1,2,...,N, we have

I(Fiu)(e) = (FV)@)llp = 1|7 (1 = si)gi(si, ulsi) + P(s:))

— T (1 —s1)gi(si,v(si) + s, I g

S ML, ||us —vsl| 2,
< MCiLy v,

Taking the supremum over 7, we get
1 ) = F )l g5, < Lllu—vll 5.

Hence . ! is a contraction mapping on Pr.
Step VI. To establish a priori bounds. Here we show that the set

E={z¢ P :ZZAﬁlz—i-lji(%), forsome 0 <A <1}

is bounded.
For each ¢ € [0,1],

2(0) :/Otﬂ(t—s)(t—s)a_lf(s,z_y+GDS,B(1+®)(S))ds.

Hence o .
2001 < g | =9 Wy s+ i)
Now
HZS‘HDSHBZO < ||Z5||320+ H‘DSHWO
< Ci sup [|z(s)]lp +MCi[|9(0)[|p + Col|@]| 2,
t€[0,11]
=:u(r).

Hence (8) becomes

l2(t) 5 < % [ =9 ms Wy ().

Using (9) in the definition of ut, we have

B0 < =G [ =5 (s Wy () ds + MG [9(0) g + ol

()
Thus

B < Ko+ Ki [ (=)™ m(s)Wy(u(s))ds,
where

M
—Ci.

Ko =MC1[[9(0)]|p +Call9 || 2, K1 = (o)

®)

©))

(10)

(11)
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If v(r) = Ko+ Ky J (¢ —5)® "m(s)W(u(s))ds, then
w(r) <v(r), v(0) =Ko and V(1) < Ki(s—1)* " m()Ws(v(1)).

Thus for € [0,1], we have

By lemma 3, we have
1
v(1) gH’l(Kl)/ (t — )% \m(s)ds), 1€ [0,],
0

where

Y o ds
)= Ko Wf(s)'

Hence
s _|_q)5||% < Mj,.

From (9), we get

M

2(1)llp < @)

a /Otl ( _S)a_lm(S)Wf(Mto)dS.

Thus there exists Ly, > 0 such that
2]l < Liy-
For ¢ € (t,si], i=1,2,...,N, we have
2(t) = gi(t,zt + ).
Hence for each 7 € J;
Iz(0)llp < Le; ||z + Dl 22, + [l gi(2,0) [ p-
If ||z + Dyl 22, < p(2), then (12) becomes
12(1)llp < Lg;t (1) + [lgi(z,0) |-
From definition of u(r), we have
w(t) < Co(Lgu(t) + 18it,0)llg +MCil|9(0)l| g + Co[| 91| -
Hence, (14) gives

Ci(lli(@,0)lp +MI9(0)lIp) + Cal| 9]l 2,
1-CiL,

() < =M.
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12)

13)



50 J. BORAH AND S. N. BORA

This shows that there is a constant M;, > 0 such that
w(t) < Myt € (13, 5i)-

Therefore
lz(0)[lp < Lg;My; +1|8i(2,0)| 5

Thus
2]l < Ly;-

Finally for each ¢t € J;,
1
Z(t) = 90 —Si)gi(siaZ.\'i +q).\'i) +/ (t _S)ailyf(&z‘? —|—q)_\,+B(Z+q))(S))dS).
Si
Now

M _
12(0)llp < ML, |z5; + Pl 53, + Mllgi(2,0) g +W/s- (£ —5)*"'m(s)

Wf(”Z\"’q)\H:@o)ds
Using (1), we get

20}l < ML (6)+ M1 0) g+ s [ (=" m(oWy ). (19

From the definition of u, we have

B(0) < €1 (ML 10) +Msie-0) g + g [ (=9 o)Wy (u(5)d)
OO+ Gl

Thus, we get
t

u(0) < KoKy [ (6= m(s) Wy () ds.

Si

where

& _ CiMlgit.0)lls +Cill9 (0l + 2|l
0 1—CML,,

ClM
F(a)(1 - CiiLy)

and K, =

If we denote the RHS of the above inequality by v(t), we have v(0) = Ky, u(t) <
v(1), 1 € [siytiv1], i=1,2,...N and V/(t) < Ky (s — ) 'm(t))W;(v(1)). Thus for 1 €

[Sl'7ti+l}7
V(1) ds

v(i) Wr(s)
By lemma 3, we obtain

_ [t < ds
< Kl/ (t—5)""m(s)ds < | ——.
si Ko Wr(s)

(¢ —s)ailm(s)ds), $ € [siytiv1]s
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where
Y ds

H(y) = ko Wi(s)

Therefore,
|25+ Ds|| 2y <My,

From (14), we get

M -
1200l < ML M+ Mg+ gy |09 mWy (M s =: L.

Thus there exist L, , > 0 such that

12l 5 < Lizoy -
This implies that the set & is bounded. Hence by Burton-Kirk’s fixed point theorem the
operator .% has a fixed point, since x(¢) = z(t) + ®(¢), t € (—oo,T]. This establishes
that x is a fixed point of the operator .7 which is a mild solution of the problem. [J

4. An example

Consider the space X = L?([0, 7], R) and the following fractional partial differen-
tial equation with infinite delay:

92 !
“Dx(t,2) = ;(;2,2) +G(t7xt(.,z),/0 o1 (t,5,%/(.,2))ds), (15)
t € [si,tiv1], z€[0,7],
x(t,2) = Gi(t,x(,2)), i=1,2,...N, (16)
x(t,0) = x(t,m) =0, 1 €[0,T], (17)
x(t,2) = 0(1,2), —eo<1<0, 0<z< T, (18)

where s; € (fi,t;41] (i =1,2,...,N,) in the partition 0 =1y <1, < ... <ty4; =T
of the interval [0,7] with so =0 an x, indicates the portion of the solution x(.,.) :
(=0, T] x [0,7] — X, thatis, for any >0, x(.,.) : (—e0,0] x [0, ] — X is given by

x(0,z) =x(t+0,z), for B € (—o0,0].
Let X = L?[0, 7] and define A : D(A) C X — X by Ax=x", on

dx 9%x
D(A) ={x€X: 57,55 €X and x(0) = x(m) = 0}.

Then A generates a compact analytic semigroup Q(t),, on X and there exists a con-
stant M > 1 such that ||Q(z)| < M.
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Consider the functions

x()z = x(t,z), t €J,z€ 0,7, (19)

g,-(t,(b)z = Gi([,¢(9,2)), 0 c (—oo’OLZ € [O,TC], (20)

f(tv¢a[)tB(t7S7¢)ds)Z = G(t7¢(eaz)a/0t Gl(tvsv¢(67z)ds)7 (21)
0 € (—<,0], z€ 0,7,

#(0)(z) = 9(0,2), 0 € (—,0], z€[0,x], (22)

with the following assumptions:

(i) For each i = 0,1,...N, the function f : [si,7;+1] X Py x X — X defined by
(22) is continuous and we impose a suitable condition on F' to satisfy the hypotheses
(H1)-(H2).

(ii) For each i = 1,...N, the function g; : (#;,s;] x &y — X defined by (20) is
continuous and we impose a suitable condition on G; to satisfy the hypothesis (H3).

With the above setting the system of equations (16)—(18) reduces to the system of
equations (1)—(3) satisfying the hypotheses of Theorem | and hence ensuring a mild
solution on (—ee, T7.

5. Conclusion

In this paper, the problem of existence of mild solution of a class of Caputo frac-
tional evolution equation with non instantaneous impulses considered. With the aid of
contraction mapping theorem and Burton Kirk’s fixed point theorem, we established
couple of theorems on the existence of mild solution.

Acknowledgement. The first author is grateful North Eastern Regional Institute
of Science and Technology, Nirjuli, Arunachal Pradesh, India for granting academic
leave for three years and Indian Institute of Technology Guwahati, Guwahati, India for
providing opportunity to carry out research towards his PhD. We express our sincere
thanks to the referees for his(her) helpful comments.

REFERENCES

[11 A. BoubpAouUl, T. CARABALLO AND A. OUHAB, Stochastic differential equation with non-
instantaneous impulses driven by fractional Brownian motion, Discrete and Continuous Dynamical
Systems-series B. 22 (7) (2017), 2521-2541.

[2] J. BORAH AND S. N. BORA, Existence of mild-solution for mixed Volterra-Fredholm integro frac-
tional differential equation with non-instantaneous impulses, Differential Equations and Dynamical
Systems (2018) 1-12.

[3] Y. K. CHANG, A. ANGURAJ AND M. M. ARJUNAN, Existence results for impulsive neutral func-
tional differential equations with infinite delay, Nonlinear Analalysis: Hybrid System 2 (2008), 209—
218.

[4] P. CHEN, X. ZHANG AND Y. L1, Existence of mild-solutions to partial differential equations with
non-instantaneous impulses, Electronic Journal of Differential Equations 241 (2016), 1-11.

[5] G.R. GAUTAM AND J. DABAS, Mild-solutions for class of neutral fractional functional differential
equations with not instantaneous impulses, Applied Mathematics and Computation 259 (2015), 480—
489.



[6

—

[7

—

[8]

[9

—

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]
[21]

[22]

NON-INSTANTANEOUS IMPULSIVE FRACTIONAL FUNCTIONAL DIFFERENTIAL EQUATION 53

J. K. HALE AND J. KATO, Phase space for retarded equations with infinite delay, Funkcial. Ekvac.
21 (1) (1978), 11-41.

P. KUMAR, D. N. PANDEY AND D. BAHUGUNA, On a new class of abstract impulsive functional
differential equations of fractional order, Journal of Nonlinear Science and Applications 7 2 (2014),
102-114.

E. HERNANDEZ AND D. O’REGAN, On a new class of abstract impulsive differential equations,
Proceeding of American Mathematical Society 141 (5) (2013), 1641-1649.

L. HU, Y. REN AND R. SAKTHIVEL, Existence and uniqueness of mild solutions for semilinear
integro-differential equations of fractional order with nonlocal initial conditions and delay, Semigroup
Forum 79 3 (2009), 507-514.

A. A. KILBAS, H. M. SRIVASTAVA AND J. J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, North Holland Mathematics Studies, Elsevier Science Inc., New York, 204
(2006).

N. I. MAHMUDOV AND S. ZORLOU, On the approximate controllability of fractional evolution
equations with compact analytic semigroup, Journal of Computational and Applied Mathematics 259
(2014) 194-204.

G. M. MOPHOU, G. M. N’ GUEREKATA, Existence of the mild solution for some fractional differen-
tial equations with nonlocal conditions, Semigroup Forum, 79 (2009) 315-322.

A. PAZY, Semigroups of Linear Operators and Applications to Partial Differential Equations, Spinger-
Verlag, New York (1983).

M. PIERRI, D. O’REGAN AND V. ROLNIK, Existence of solutions for semi-linear abstract differential
equations with not instantaneous impulses, Applied Mathematics and Computation 219 12 (2013),
6743-6749.

M. PIERRI, H. R. HENNRIQUEZ AND A. PROKOPCZYK, Global solutions of abstract differential
equations with non-instantaneous impulse, Mediterranean Journal of Mathematics 13 (4) (2016),
1685-1708.

1. PODULBNY, Fractional Differential Equations: An introduction to fractional derivatives, fractional
differential equations, to methods of their solution and some of their applications, Academic Press,
San Diego, (1998).

Z. TA1 AND X. WANG, Controllability of fractional order impulsive neutral functional infinite delay
integro differential systems in Banach space, Appl. Math. Letters 22 11 (2009), 1760-1765.

J. WANG AND X. L1, Periodic boundary value problem for integer/fractional order differential equa-
tions with not-instantaneous impulse, Applied Mathematics and Computing 46 1-2 (2014), 321-334.
J. WANG AND Y. ZHOU, A class of fractional evolution equations and optimal controls, Nonlinear
Analysis: Real World Applications 12 1 (2011), 262-272.

L. ZHANG AND Y. ZHOU, Fractional Cauchy problems with almost sectorial operators, Applied
Mathematics and Computations 257 (2015), 145-157.

Y. ZHou, W. JINRONG AND Z. LU, Basic Theory of Fractional Differential equations, World Scien-
tific (2016).

Y. ZHOU AND F. J1A0, Existence of mild solutions for fractional neutral evolution equations, Com-
puters and Mathematics with Applications, 59, 3 (2010), 1063-1077.

(Received June 6, 2020) Jayanta Borah

Department of Mathematical Sciences
Tezpur University
Tezpur-784028, Assam, India

e-mail: jba@tezu.ernet.in

Swaroop Nandan Bora

Department of Mathematics

Indian Institute of Technology Guwahati
Guwahati-781039, Assam, India

e-mail: swaroop@iitg.ac.in

Fractional Differential Calculus
www.ele-math.com

fdc@ele-math.com



