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GENERALIZED FRACTIONAL OSTROWSKI TYPE
INEQUALITIES VIA ¢ —A—-CONVEX FUNCTION

ALI HASSAN* AND ASIF RAZA KHAN

(Communicated by S. S. Dragomir)

Abstract. In this paper, we would like to state well-known Ostrowski inequality via generalized
Montgomery identity for the ¢ — A -convex function. Also, we would like to state the generaliza-
tion of the classical Ostrowski inequality via generalized fractional integrals, which is obtained
for functions whose first derivative in absolute values is ¢ — A -convex. Moreover we establish
some Ostrowski type inequalities via generalized fractional integrals and their particular cases
for the class of functions whose derivatives in absolute values at certain powers are ¢ — A -
convex by using different techniques including Holder’s inequality and power mean inequality.
Also, standard results would be capture as special cases. Moreover, some applications in terms
of special means would also be given.

1. Introduction

In recent years, the generalization of classical convex function have emerged re-
sulting in applications in the field of Mathematics. From literature, we recall some
definitions for different types of convex (concave).

DEFINITION 1. [2] The n:1 C R — R is said to be convex (concave), if

N (tx+ (1-1)y) < (Z)tn(x) + (1 -t)n(y),

wx,yel, tel0,1].

DEFINITION 2. [2] The n:1 C R — R is said to be MT -convex (concave), if
n(x) >0 and

Vi

V31—t
2\/1—tn

ntx+(1-ty) < () NG

() +

n(y),

wx,yel, tel0,1].
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DEerINITION 3. [15] The n:1 C R — R is a P-convex (concave), if n(x) >0
and vx,y el and t € [0,1] we have

N (tx+ (1 —t)y) < (Z)n(x) +n(y).

DEFINITION 4. [17] The n:1 C R — R is a Godunova-Levin convex (concave),
if n(x) >0and ¥x,yel and t € (0,1) we have

M- 0Y) < () 700+ Tn ).

DEFINITION 5. [3] Let s€[0,1]. The n:1 C [0,00) — R is said to be s-convex
(concave) in the 2™ kind, if

1 (tx+ (1 -t)y) < (Z)tn(x) + (1-t)*n(y),
vx,yel, tel0,1].
DEFINITION 6. [9] The n:1 C R — [0,e0) is of Godunova-Levin s-convex (con-
cave), with se [0,1], if

n(tx+(1—-t)y) < (2);577()() + (1it)s

vVt e (0,1) and x,y € 1.

DEFINITION 7. [23] Let h:JC R — [0,00) with h=£0. The n: 1 CR — [0,00)
is an h-convex (concave) if ¥x,y € |, we have

N (tx+ (1 -t)y) < (Z)h(t)n(x) +h(L - t)n(y),

vt € [0,1].

DEFINITION 8. [10] Let ¢ : (0,1) — (0,e0). The n :1 — [0,00) is a ¢-convex
(concave) on the interval | if for all X,y €1 we have

N (tx+(1-t)y) < )t t)n(x) + (1 -t)¢(1—t)n(y),
vt e (0,1).

In almost every field of science, inequalities play an important role. Although it is
very vast discipline but our focus is mainly on Ostrowski type inequalities. In 1938,
Ostrowski established the following interesting integral inequality for differentiable
mappings with bounded derivatives. This inequality is well known in the literature
as Ostrowski inequality.
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THEOREM 1. [20] Let ¢ : [pa,pp] — R be differentiable on (pa,pp) with the
property that |¢’(t)| <M for all t € (pa,pp). Then

1 e 1 [x— e\’
e o] < (pu-pamt |5+ (=22) | @

_Pb—Pa pa

VX € (Pa,pb)-

Ostrowski inequality has applications in numerical integration, probability and
optimization theory, statistics, information and integral operator theory. Until now,
a large number of research papers and books have been written on generalizations of
Ostrowski inequalities and their numerous applications in [6]-[14].

DEFINITION 9. The Riemann-Liouville integral operator of order { > 0 with
pa = 0 is defined as

B0t = 1z [ -0 et

I (%) = @ (x). 2
In case of { =1, the fractional integral reduces to the classical integral.

DEFINITION 10. [21] The Riemann-Liouville integrals I§+(p and Ij,(p of o €
a b
L1([pa,pb]) having order { > 0 with pa >0, pa < pp are defined by

15000 = s [ -0 T o)ct, x> pa
P

pa I'(8) Jpa
and
1 Pb
1 o(x :—/ t—x)¢ T (t)dt, X < pp,
Lty 0 (t=x>"o(t) Po
respectively. Here T'({) = J5”e Yué~1du is the GammThe and Ig+<p(x) = Ig,q)(x) =
a b

o (X).

DEFINITION 11. [21] Let g: [pa,pp] : R be an increasing and positive function
on (pa, Pb), having a continuous derivatives g’(x) on (pa,pp)- The fractional integrals
Ilf+ o and Ig, o of ¢ with respect to the function g on [pa, pp] of order § > 0 are

a b

defined by

1 o= - / "0 — gt) T )t x> pa

i o? TG
and
15000 = 1z [ @0~ 000 g We(tat. x< po

respectively.
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REMARK 1. If we replace g(x) = x the above fractional integrals reduce to the
Riemann-Liouville fractional integrals.

THEOREM 2. [21] Let ¢ :1 — R bedifferentiablemappingon 1%, with pa, pp €1,
Pa < pp ¢ € Li[pa,pp] and for § > 1, Montgomery identity for fractional integrals
holds:

r'(¢)

X) =
() Po— Pa

(Pb—X) " 535,0(pb) — 35, "(PL(X, Pb) 9(pb)) + IS (PL(%, pb) @ (Pb)).

where Py(x,t) isthe fractional Peano Kernel defined by:

t—pa(

1-¢ ;
—X I'¢),if te(pa,X,
oo X)), it pax

Pl(X7t) =

t— .
P (9 )V ET(0), i te (X,pol-
Pb— Pa

THEOREM 3. [21] Let ¢ :1 — R bedifferentiablemappingon 1%, with pa, pp €1,
Pa<pp ¢ €Li[pa, pp] andfor { > 1, Generalized Montgomery identity for fractional
integrals holds:

- plk:(—gz)a (Po =)' 35,0 (po) — 35, (Pa(x.po)9 (pv))

_ g(pb_x)l_c JO
Z(Pb—Pa)l_C pa

where P,(x,t) isthe fractional Peano Kernel defined by:

(1-¢)o(x)

0(pa) + 35, (P (%, po) ¢’ (b)), @3)

t—u (
Pb — Pa
t—v
Pb — Pa

pb_x)l—Cr(C)’ if te [Pa,XL
PZ(X7t> =
(Po =X “T(0), i te (x.pol-

VX € [u, V] for g = pa+eP5Pe and v = pp — eloP2,

Throughout this paper, we will assume that g: [pa, pp] — R is an increasing and
positive function on [pa, pp], having a continuous derivative g’(x) on (pa,pp). In order
to prove our results, we need the following Lemma.

LEMMA 1. [18] Let ¢ : [pa, pp] — R beadifferentiablemapping on (pa, pp) With
a<b. If ¢':[pa,pp] — R beintegrable on [pa, pp]. Then the identity for fractional
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integrals holds with respect to another function

¢ ¢
p(x)—T(+1) [ e g®(Po) N ly- g®(Pa) ]

2(9(po) —9(x)*  2(g() —9g(pa))*
X— Pa

B m/ol (9(tx+ (1~ t)pa) — 9(pa)* ¢ (tx+ (1 — )pa)elt

_ Pp—X
2(9(pv) —9(¥))°

Throughout this paper, we denote

[ (@low) 01t (1~ pn) o (- (1))t

o | Xmp) (py ]
§%a (X [umm—gm@%+2mmw—mmf’

5gPoD) I g#lpa ]

2(g(pp) —9(¥))°  2(g(x) —9(pa))®

We also make use of the Euler’s betThe, which isfor x,y > 0 defined as

1
B(x,y) :/0 txil(l—t)yfldt _ %

560 (X) = p(x) ~T({ +1) [

The main aim of our study is to present Ostrowski inequality for fractional inte-
grals with respect to another function, which is the generalization of the classical Os-
trowski inequality (1) via ¢ — A -convex. Moreover we establish some Ostrowski type
inequalities for the class of functions whose derivatives in absolute values at certain
powers are ¢ — A -convex by using different techniques including Holder’s inequality
[25] and power mean inequality [24]. Also we give the special cases of our results
and applications of midpoint inequalities in special means. In the last section gives us
conclusion with some remarks and future ideas to generalize the results.

2. Generalized Fractional Ostrowski inequality via ¢ — A -convex

In this section, we are introducing very first time the concept of ¢ — A -convex
function, which contain many classes of convex in litrature.

DEFINITION 12. Let A € (0,1] and ¢ : (0,1) — (0,e0), The n: 1 — [0,0) is a
¢ — A -convex (concave) on the interval | if ¥x,y €| we have

N (tx+ (1-t)y) < ()t oO)n(x) + (1 -t) o1 -t)n(y), @)
vt e (0,1).
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REMARK 2. In Definition 12,
1. If A=1in (4), we get ¢ -convex (concave).
2. If A=1,1(t)=t, and by taking h=1¢ in (4), we get h-convex (concave).

3IfA=1,¢(t)= ts% with s€ [0,1] in (4), then we get the class of GL s-convex
(concave).

4. 1f A =1, o(t) = tlz in (4), then we get the concept of GL convex (concave).

5. 1f A =1, ¢(t) =t with s€ [0,1] in (4), then we get the concept of s-convex
(concave) in 2™ kind.

6. IFA=1, ¢(t)= tl (4), then we get the concept of P-convex (concave).

7. 1f A =1, ¢(t) =1 in (4), then we get the concept of ordinary convex (concave).

8. 1fA=1, ¢(t) = Wll—t) in (4), then we get the concept of MT -convex (con-
cave).

THEOREM 4. If Lemma 1 hold. Additionally, assume that A € (0,1}, |¢’| is
¢ — A -convex function on [pa, pp] With ¢(t) # Flz and [’ (x)| <M, |gd(x)| <L, xe
[Pa, Po]. Then for each X € (pa, pp) the following inequality holds:

g,ge,g’:(x)j<ML€(/l[tw¢(t)+t€(1_t)l¢( )}dt) K. ()

0

Proof. From the Lemma 1 we have

@ (tx+ (1 —t)pa)|
‘%gell;’:( )‘ p é’/ 2
a

g(tx+(1-1) Pa) g(Pa))%’
9(pp) — C/ 9(pp) — tX+( 1-t)py) * ©)

Since g is differentiable and |g (x)| < L on [pa,pp), we get that g is Lipschizian func-
tion, i.e.

g(tx+ (1 —t)pa) —9(pa) < Lt(X— pa) (7)
9(pp) = 9(tx+ (1= t)pp) < Lt(pp —X). (®)
Using inequalities (7) and (8) in (6), we get
— pg)étt 1 ,
%g%’f(X)) < L‘?#/ t& |’ (tx+ (1 —t)pa)| ot
+LCM/ t& |’ (tx+ (1 —t)py)| t. ©)

2(9(pv)
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Since |@'| is ¢ — A-convexon [pa,pp] and |¢’(x)| < M, we have

1

P10/ 091+ (L - 9(1-1)[¢'(pa) o

< M/()lté [ +@-t oa—t) (10)
and similarly

1

[ (o mle 091+ (L -0 01— 1) (po) ]

gM/ 1 1-t)*(1-1)] dt. (11)

By using inequalities (10) and (11) in (9), we get
1
So| <Mt ([ [Pot +a-vto-u]a) dxfieo. O

COROLLARY 1. InTheorem 4,

1. If A =1in (5), then Fractional Ostrowski type inequality for ¢ -convex:
1
bot00] <mLE ([ o000+ 1-t0-vlat ) §xf200.

2. 1fA=1,1({t)=tand h=1¢ in (5), then Fractional Ostrowski type inequality
for h-convex:

S0t 0] <ML ([ )+ ha -l ) §xteex.

3. 1f A=1, ¢(t) = i with s€ [0,1) in (5), then Ostrowski inequality for Godu-
nova-Levin s-convex:

1 (1 I(l1-—
foot| <mis (g + TEE T o,

4.1f A =1, ¢(t) =t>1 with s [0,1] in (5), then Ostrowski inequality for s-
convexin 2" kind:

1 r(1 (1
oot <ML (g + TR o,

5. 1f 2 =1, g(x) =X, ¢(t) =t with s [0,1] ininequality (5), then inequality
(2.6) of Theorem 7 in [22].
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6. 1f A =1, g(x)=x, { =1, ¢(t) =t>1 with s€ [0,1] in inequality (5), then
inequality (2.1) of Theorem 2 in [1].

7. 1fA=1,¢(t) = % ininequality (5), then Ostrowski inequality for P-convex via
fractional integrals:

2ML¢
batR (| < Trz G

8. If L =0¢(t) =1 ininequality (5), then Ostrowski inequality for convex via frac-
tional integrals:

MLS
§07geg§x‘\l+cg I’)):()

9. If g(x) =x, A = ¢(t) =1 ininequality (5), then Corollary 1 in [22].

10. If g(X) =%, A = ¢(t) = { =1 ininequality (5), then one has inequality (1.3)
of Theorem 3 in [22].

11 fA=1,¢(t)= 5 t?H) in (5), then Fractional Ostrowski typeineguality MT -
convex:

1
5a0R200] < MLS (%ﬁf) §efa00

THEOREM 5. If Lemma 1 hold. Additionally, assume that A € (0,1], |@’|9 is
¢ — A -convex function on [pa, pp], 4= 1 with ¢(t) # Flz and |@'(X)| <M, |g(X)| <L,
X € [pa,pp). Then VX € (pa, pp) the following inequality holds:

00 00] < % (f o +a-vtoa-o]«) Cw

Proof. From the inequality (9) and using power mean inequality [24], we have

4 b ¢ (x— pacj+1 ¢ - q
50 00| <L ORI C/t ' (tx-+ (1~ t)pa)|

_ C+1
(g(’()b)—/ t¢ ¢’ (tx+ (1 —t)pp) | dt
Pb

+LC% </oltcdt>l_f11 </01tC ¢ (tx+ (1—t)Pa)|th>%

+LE

(13)
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Since |@'|% is ¢ — A-convex on [pa,pp)- and |@’(X)| < M, we get

/lt¢|<p’(tx+(1—t)pa)|th < Mq/ltC [tl¢(t)+(1—t)l¢(1—t)} dt  (14)
0 0
and

/OltC |9/ (tx+ (1~ t)py)|"dt < Mq/olt‘? [tl¢(t)+(1—t)l¢(1—t)] dt.  (15)

Using the inequalities (13)—(15), we get

[5o8R ()] < % </01té [tHo0)+ (1 -t *o(1-1)] dt>ﬁ L. O

COROLLARY 2. InTheorem 5,
1. If =1, onehasthe Theorem 4.

2. If A =1in (12), then Fractional Ostrowski type inequality for ¢ -convex:

¢ o MLE §Grbo(x) [ /1, - - g
faofho] < ST ([T o - -vo-viar)

. IfA=1,I({t)=tand h=1¢ in (12), then Fractional Ostrowski type inequality
for h-convex:

¢ &P 1 5
5 g8 x >‘\%,;,1(></0 (€ 0() + (1 D]t

4. 1f A =1, ¢(t) = ts+1 with s € [0,1) in (12), then Ostrowski inequality for
Godunova-Levin s-convex:

¢ gPo MLgCKpa() 1 r1+4)r@ia-s g
Satftw] < <0 (= D)

5. 1f A =1, ¢(t) =t with s [0,1] ininequality (12), then Fractional Ostrowski
type inequality for s-convexin 2" kind:

ML%%()( 1 r<1+c>r<1+s>)é
(C+1)l” 1+C+s r2+¢+s)

foge/;ab( )‘ <

6. If A =1, g(x) =x, and ¢(t) =tS! with s [0,1] in inequality (12), then
inequality (2.8) of Theorem 9 in [22].
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7.1fg(x) =x, A =¢ =1 and ¢(t) =t5* with s€ [0,1] ininequality (12), then
inequality (2.3) of Theorem 4 in[1].

8. If A=1, ¢(t)= % in inequality (12), then Ostrowski inequality for P-convex
via fractional integrals:

5,995: (X)‘ <

9. If A =¢(t) =1 ininequality (12), then Ostrowski inequality for convex via
fractional integrals:

MLE £ . Pb

a0 (X)| < ————— ExP(x).
¢.9%a ‘ (1+C)17‘71‘ g "pa

10. If g(x) =x, A = ¢(t) =1 ininequality (12), then inequality of Corollary 3 in
[22].

11 If g(X) =%, A = ¢(t) = { =1 ininequality (12), then one hasinequality (1.5)
of Theorem 5 in [22].

12. If A =1, ¢(t) =
MT -convex:

1 ; . . . )
P AT in (12), then Fractional Ostrowski type inequality

%gegf (X)’ <

1
¢ rfi [l
ML 1 vr [2+C] SKﬁf(X)
(1+C)1_a 2T[1+ ]

THEOREM 6. If Lemma 1 hold. Additionally, assume that A € (0,1], |¢’|9 is
¢ — A-convex function on [pa, pp], g > 1 with ¢(t) # 5 and [¢'(x)| <M, |g/(x)| <L,
X € [pa, Pp)- Then for each x € (pa, pp) the following inequality holds:

MLE 552 (%

(Cp+1)7 </01 o)+ @) o(1-1)] dt) | . (@16)

379956? (X)‘ <

where pt4+qt=1
Proof. From the inequality (9) and and using Holder’s inequality [25], we have

b o[ P\ [ é
i,geﬁa(x))sLCWwUO tCPdt> (/O lp (tx+(l—t)pa)|th)

CM ! ép lp L, _ q %
2 alor - g (/0 ! dt) (/0 |/ (tx+ (1—t)pp)| dt) ,
(17)
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Since |@'|% is ¢ — A -convex and |¢’(X)| <M, we have

/1|(p’(tx+(l—t)pa)|th < Mq/l o) +@-vroa-nld s
0 0
and
/1 |9/ (tx+ (1 —t)py)|"dt < Mq/l [tl¢(t)+(1—t)l¢(1—t)} dt.  (19)
0 0
Using inequalities (17)—(19), we get
MLE §kB2(%) [ fLr, N g
il e A 1- 1-t)|dtd .
Y (/0 [t o)+ (L—t)*o( t)} tt) O
COROLLARY 3. InTheorem 6,

LIfA=1,1(t)=tandh=1¢ in (16), then Fractional Ostrowski type inequality
for h-convex:

g0 (x >|\M(L;§T§X(/ i)+ h(a —t)]dt)l

baBhe 0] <

2.1f A =1, ¢(t) = 2L; with s€ [0,1) in (16), then Ostrowski inequality for

/ tst1
Godunova-Levin s-convex:

) MLE §x2(x) C
g,gega(X)K (Cp+1)113X (1 s) -

3. 1f 2 =1, ¢(t) =t with s€ [0,1] ininequality (16), then Fractional Ostrowski
type inequality for s-convexin 2" kind:

¢ oo MLE §x2(x) a
<P796Pa(x)’< (Cp-‘,-l)lp (l—‘rS) .

4. 1f A =1, g(x) =x and ¢(t) =t51 with s [0,1] in inequality (16), then in-
equality (2.7) of Theorem 8 in[22].

5. 1fA=1,9(X) =x, {=1and ¢(t) =t5* with s€ [0,1] in inequality (16),
then inequality (2.4) of Theorem 3 in[1].

6. IfA=1, ¢(t)= tl in inequality (16), then Ostrowski inequality for P-convex

via fractional integrals:
2L §x

¢ pr <
HoR ) (¢p+1)?
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7. 1f A =¢(t) =1 ininequality (16), then Ostrowski inequality for convex via
fractional integrals:

ML e

8. If g(x) =%, A = ¢(t) =1 ininequality (16), then one has Corollary 2 in [22].

9. If g(x) =x, A =9¢(t) = =1 ininequality (16), then one hasinequality (1.4)
of Theorem 4 in [22].

10. If A =1, ¢(t) =
MT -convex:

N il_t) in (16), then Fractional Ostrowski type inequality

) KPa °(x) .

ggeﬁf )’ < (5 Cpi1 I

THEOREM 7. Let A € (0,1], ¢ : [pa, po] — R be differentiable on (pa,pp), ¢’ :
[Pa, pp) — R beintegrable on [pa,pp] and n: 1 CR — R, bea ¢ — A -convex (con-
cave), then we have the inequalities

r'(¢)

PTG X)1€35.0(po)

£(pp — X )_g
2(pp—pa)t=¢ Tt

e e =~

(
= e A e K R

vx e [u,v] and € € [0,1].

n [(1—e><p<x> -

+ 3571 (Po(X, po) 9 (b)) + ¢(pa)

Proof. Utilizing the generalized Montgomery identity (3) for fractional, we get

(%)
Pb — Pa

+35 1 (Po(% o) (b)) +

(po— X435, 0(pv)

£(pp—x)*~*
Zpn—pa ¢ 0P

(1=e)o(x) -

= 35, (Pa(% po) ¢’ (P1))

_ 1 qp o'(t)
1@ . RO e
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([ x=pa\ [(Po—X) " P {t—u}e'(t)
a (Pb—Pa) [ X—pa Jpa (pp—t)1=¢ dt]

( Pb—X) (pp—%)"¢ /Pb {t=vie'tt)

4 dt|,

Pb— Pa po—x Jx  (pp—t)t¢

Vx e [u,v] and € € [0,1]. Next by using n : 1 C [0,e0) — R, the ¢ — A -convex (con-
cave), we get

n [(1—e><p<x> — LBy < (o)

_\1-¢
LI P, o) (o)) + P2 o <p<pa>]

W Pa
- * - )¢ xt— /
X Pa X~ pa (Po—X) {t-u}o'®
<) [(Pb—%) ¢ <Pb—Pa>] 1 [ X—pa Joa (pp—1)1-¢ dt]
_ A _ _w\1-¢ _ /
pp—X Po—X (Pp—X) Po {t—v1g/(t)
" <Pb_Pa> ’ <Pb—Pa>‘| 1 [ Pp—X /x (Pb—t)l_c dt] )

Vx e [u,v] and € € [0,1]. Applying Jensen’s integral inequality [ 7], we get the inequal-
ity (20). O

REMARK 3. InTheorem 7, If e =0, in (20) we get

T <3 gt 35 o)

ALt () 1 i

(Po—x)* ¢ (Pb—X)[ P [(t—Pb)fp/(t)} }
————|dt].
+(Pb—Pa))L ¢ Pb— Pa /x 1 (pp—1)1-¢
COROLLARY 4. InTheorem 7,

1. If A =1 in (20), then Fractional Ostrowski type inequality for ¢ -convex (con-
cave):

n|e(x)—

r'(¢)

- pa<pb—x>lfca,§a<p<pb>

n [(1—e><p<x) -

_\1-¢
L35 (Po(x,po) o)) + £ P2 TX g0 <p<pa>]

2(pp— pa)t=¢ P

B o (1) [t

(i) L i) o) @
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REMARK 4. If e =0in (21), we get

T _
|00~ Lo - < 0pu) + 3 Rk Pl

B () [ [

2. 1f A=1,I(t)=tand h=1¢ in (20), then Fractional Ostrowski type inequality
for h-convex (concave):

(&)

- pa<pb—x>1 £35,0(pv)

£(pp— X4 pa)]

n [(1—e><p<x) -

+‘];§;1(P2(X7Pb)§0(l3b)) + 2po—pat © pa(P(

<en(a) | B frliRte)e
o) [ L limsle) @
REMARK 5. If e =0 in (22), we get

n [‘P(X)_%
com(2o) [ Py [ U
() e [ e )

JIFA=1, ¢(t) = t?lf with s € [0,1] in (20), then Ostrowski inequality for
Godunova-Levin s-convex (concave):

')
Pb— Pa

[

(P~ 2,0 (pv) +J§;1<P1<x7pb><p<pb>>]

n [(1 — )9 — ) (- 13 (o)

_ ¢
5 HPox o) o) + % pa<p<pa>]
< (2)(pb I)J(a pilerSX /p n |: :|
v)¢'(t)

gt [ [ @
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REMARK 6. If e =0 in (23), we get

1 [009 L oo~ < 0pu) + 3 Rk Pl
(Po—Pa)S(Po—X) ¢ /X [(t—pa)o/(t)
<G [ e
(Po—pa)® (P> [(t—po)¢'(t)
(pp—x)5+s /x [ (pp—1t)1=¢ ]dt'

4. 1fA=1, ¢(t) = tiz in (20), then Fractional Ostrowski type inequality for Godu-
nova-Levin convex (concave):

r(¢)

e pa<pb—x>1*¢J§a<p<pb>

n [(1—e><p<x>

_x)1-¢
35 (Polx o) o) + %Jﬁy(paﬂ

(Po— pa) (Pp—X)* ¢ /Xn [w] dt

<(2)

(< pa)? (Po—t)T%
(bo—pa) [P [(t—v)e't)
g [(pb—nlé} a @

REMARK 7. If e =0in (24), we get

|00~ oo~ < 0pn) + 3 Rk Pl
(po—pa)(po—X) 7 X [(t—pa)'(t)

<BR— | [(pb—nl—c}dt
(pb—pa) [P [(t—pp)e'(t)

+(Pb—X)§“ /X [ (pp—t)1=¢ ]dt'

5.1f A =1, ¢(t) =t5! with s€ [0,1] in (20), then Fractional Ostrowski type
inequality for s-convex (concave) in 2" kind:

r(¢)

S (o= 35, 0(p0)

n [(1—e><p<x>—

_x)1-¢
5 (Palx o) (pw) + %Jﬁamﬂ

(X=pa) P =21 X [t—w)e'(t)
(Po— pa)® /p [(pb—t)”}dt

(o—x2 i [ V)'()
’ (Po— pa)® /x 1 [(Pb—t)l—c ] dt. (25)

<(2)
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REMARK 8. If e =0 in (25), we get

1|00~ 0 oo - < 0pu) + 3 Rk Pl
(x—pa* oo X' X [t pae'(t)
<) — [(pb—ol—i ]dt
(pp—Xx)5¢ (t—pp)o'(t)
* (Pb— Pa / " [ (Pp—t)1-5 ]dt'

)
6. IfA =1, ¢(t) = % in (20), then Fractional Ostrowski type inequality for P-
convex (concave):

n [(1—e><p<x) -~ T

Pb— Pa

(pb— %) €35, (o)

_ it
% paw(pa)l

_y)1-¢ x _ b _ /
<(Z)m(k;(—)g:) /pan[((tpbuil C} Pb— XC/p [ (; }
(26)

+35 1 (Po(%, po) 9 (b)) +

REMARK 9. If e =0 in (26), we get

N [qo(x) - pf(%:)pamb X)1£35.0(po) +J§;1<P1<x7pb><p<pb>>}

_y)1-¢ x a b —
<(2)(1)&—)2:) /pan[((pbpz)”] (pb— XC/p [pb tli}dt'

7. 1f A =9¢(t) =1 in (20), then Fractional Ostrowski type inequality for convex
(concave):

0 [(1—s>q><x> -

(&)
Pb— Pa

(Po—X)* ¢35, 0(pb)

e(pp—x)"¢
2o par TP a>]

(po—X"C [ ¥ [(t—w)e (t—
<) Pb— Pa Upan[(l)b—t)lg}dt+/x n|:(Pb
REMARK 10. If € =0 in (27), we get

009~ - o3 0pe) + 3 P o))

<(>)%Upzrl[ (o tlg] t+/”b [P_b t1§]dt}

+35 1 (Po(%, o) (b)) +

o))

(27)

n
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20), then Fractional Ostrowski type inequality

8. I1f A =1, ¢(t):2\/ﬁ in (

MT -convex (concave):

(9]
Pb— Pa

(po—X)* 435, 0(pv)

£(pp — X )1—c
2(pp—pa)t=¢ e

<(>>%[/ [((pb—t”]dH/ [Pb_ g}dt]
(28)

n [(1—e><p<x>—

+35, H(Pa(x, po) 9 (pb)) + @(Pa)‘|

REMARK 11. If e =0 in (28), we get

000~ -y x5 0pn) + 3 R o)

ol o[ [l ))

n

3. Applications of midpoint inequalties

If we replace ¢ by —¢ and x = 22720 in Theorem 7, we get

THEOREM 8. Let ¢ : [pa, py] — R bedifferentiableon (pa, pp), ¢’ : [pa;pp] — R
beintegrableon [pa,pp) and n : 1 C R — R, bea ¢ — A -convex (concave), then

n —r(c)éﬁ)l_%ﬂ(pb)ﬂp(@)
e (F’z (P5220) 0low)) - 57 F0e)|
o 2o o[58

(29)

Ve € [0,1].
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REMARK 12. In Theorem 8,

1. If £=0, in (29) we get

n [%Jéw(pw -0 (@) —% <P1 (pa;pb,b> (P(Pb))]

AT [ =y ) dt] |

(Pb— pa) (pp—1t)1=¢ (pp—1t)1=¢
2. If {=11in (29) we get
Pa+ Po ¢(@)+ ¢(pp) 1 P
n[(s—l)q)( 5 )—s > +pb_pa/pa qo(t)dt]
219 (3)
Pb— Pa

patpp

J
Pa

3. Ife=0,f=1in (29) we get

1 Po Pa"‘Pb)]
t)dt — —_—
n[Pb—Pa Pa (P() (P< 2

=2¢ (1 falfh b
%[p nliba0e/0]dt+ [0 n (o=t <>]dt1

<(2)

n[(u—te'(t)] dit+ pZipbn[(v—tﬁp’(t)] dt]~

<(2)

REMARK 13. Assumethat 1 :1 C [0,e0) — R be an ¢ -convex (concave):

LIFE=1, ¢t)= % in inequality (30) where t € [pa, pp] C (0,0), then we have

[A(Pa7 po) + (¢ = 1)L(Papn) . Alpaspp) ]
A(pa; Po)L(Pa; Po) G?(pa pb)

2t (3) [ [ [t-p o tov
< (>)—— "2/ i RS )
< () E—— /pa n[ 2 ]dt—s—ﬁa;pbn{ 2 }dt

2. If { =1, ¢(t) = —Int in inequality (30), where t € [pa, pp] C (0,°0), then we
have

exp [eA(In pa, In pyp)] A (pa, pi)
K lln ( (pa; Po) )]

2171 1 patpp t_ Pb t_
g(})# / 2 n{_“] dt+/pa+pbn{—v} dt| .
pb Pa Pa t — t
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3 E=1, ot)=tP, pe R—{0,—1} ininequality (30), where t € [pa,pp] C
(0,00), then we have

1 [LB(Pa; Po) — (6 — 1)AP(pa, pp) — A(@", bP)]
249 (3) [ /2" [pu—1) P [p(v—t)
<<>>Tp§[/pa = ]dH/’ij&n[tlfp}dt]'

REMARK 14. In Theorem 5,

1 Letg(x)=x, {=1,x=L 0<py<p, g=>Lland p:R—RT, ¢(x)=x"
n (12). Then

A(pa: o) — L (pas o) < % ([ [0 +1a-vrea—u]e)”

2. Letg(x)=x, {=1,x=L 0<p,<p,, g=>1and ¢:(0,1] >R, ¢(x)=
—Inxin (12). Then

1

I (pas o) — INA (par )| < “"E”b—"” (f [F*ow+ta-vtoa-v]a)’

2)%1

REMARK 15. In Theorem 6,

L Letgx)=x, { =1, x=LP 0<p,<pp, g=>1and ¢:R—RT, ¢(x)=x"
in (16). Then

Cn M(po—pa) ( [* 1.2 (1 i
Aipn o) Lol <) 2B ([ [0t 1o -v]ar)

2. Letg(x)=x, {=1,x=LP 0<p,<p,, g=>1and ¢:(0,1] >R, ¢(x)=
—Inxin (16). Then

It (papo) — A pa. o) < 2228 ([ [iro)+ (1-vo(a-—] )
2(p+1)p \JO

4, Conclusion

Ostrowski inequality is one of the most celebrated inequalities, we can find its

various generalizations and variants in literature. In this paper, the generalization of
Fractional Ostrowski inequality via generalized Montgomery identity [ 14] with ¢ — A -
convex. This class of functions contains many important classes including class of ¢ -
convex [10], h-convex [23], Godunova-Levin s-convex [9], s-convex in the 2" kind
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[3] and hence contains class of convex and MT -convex [2]. It also contains class of
P-convex [15] and class of Godunova-Levin functions [17]. We have stated our main
result in section 2, which is the generalization of Ostrowski inequality via generalized
Montgomery identity by generalized fractional integrals for ¢ — A -convex. Further, we
used different techniques including Holder’s inequality [ 25] and power mean inequality
[24] for generalization of Ostrowski inequality. In second last section we have given
some applications in terms of special means including arithmetic, geometric, harmonic,
logarithmic, identric and p-logarithmic means by using the midpoint inequalities.
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