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ON SOLVABILITY OF THE NON–LOCAL PROBLEM FOR THE

FRACTIONAL MIXED–TYPE EQUATION WITH BESSEL OPERATOR

BAKHODIRJON TOSHTEMIROV

Abstract. The m -point non-local problem is considered for the partial differential equation of
mixed-type with singular coefficients, namely fractional wave equation involving the right-hand
side bi-ordinal Hilfer derivative and sub-diffusion equation with the regularized Caputo-like
counterpart hyper-Bessel differential operator. The main technique of solving the problem is
based on the method of separation variables. Also, the connection between the given data and
the uniquely solvability of the problem is established and an explicit solution is represented by
Fourier-Bessel series in the given domain.

Mathematics subject classification (2020): 35M12, 35R11.
Keywords and phrases: Mixed-type equation, the bi-ordinal Hilfer derivative, hyper-Bessel fractional

differential opertor, Fourier-Bessel series, Mittag-Leffler function.

RE F ER EN C ES

[1] P. AGARWAL, A. BERDYSHEV AND E. KARIMOV, Solvability of a non-local problem with integral
form transmitting condition for mixed type equation with Caputo fractional derivative, Results in
Mathematics 71 (3), (2017), 1235–1257.

[2] ANWAR AHMAD, MUHAMMAD ALI AND SALMAN A. MALIK, Inverse problems for diffusion equa-
tion with fractional Dzherbashian-Nersesian operator, Fractional Calculus and Applied Analysis 24
(6), (2021), 1899–1918.

[3] BASHIR AHMAD, AHMED ALSAEDI, MOKHTAR KIRANE AND RAMIZ G. TAPDIGOGLU,An inverse
problem for space and time fractional evolution equations with an involution perturbation, Quaes-
tiones Mathematicae, 40 (2), (2017), 151–160, doi:10.2989/16073606.2017.1283370 .

[4] B. AHMAD, S. HAMDAN, A. ALSAEDI, ET AL., A study of a nonlinear coupled system of three
fractional differential equations with nonlocal coupled boundary conditions, Adv Differ Equ, 278
(2021), https://doi.org/10.1186/s13662-021-03440-7 .

[5] BASHIR AHMAD, SOHA HAMDAN, AHMED ALSAEDI, SOTIRIS K. NTOUYAS, study of a nonlinear
coupled system of three fractional differential equations with nonlocal coupled boundary conditions,
Advances in Difference Equations (2021) 2021:278,
https://doi.org/10.1186/s13662-021-03440-7 .

[6] B. AHMAD, J. J. NIETO, Riemann-Liouville fractional integro-differential equations with fractional
nonlocal integral boundary conditions, Bound Value Probl. 36, (2011),
https://doi.org/10.1186/1687-2770-2011-36 .

[7] B. AHMAD, S. K. NTOUYAS, A. ALSAEDI, ET AL., A study of a coupled system of Hadamard
fractional differential equations with nonlocal coupled initial-multipoint conditions, Adv. Differ. Equ.,
33 (2021), https://doi.org/10.1186/s13662-020-03198-4 .

[8] FATMA AL-MUSALHI, NASSER AL-SALTI AND ERKINJON KARIMOV, Initial boundary value prob-
lems for fractional differential equation with hyper-Bessel operator, Fract. Calc. Appl. Anal., 21 (1),
(2018), 200-219, doi:10.1515/fca-2018-0013 .

[9] A. S. BERDYSHEV, B. E. ESHMATOV, B. J KADIRKULOV, Boundary value problems for fourth-
order mixed type equation with fractional derivative, Electronic Journal of Differential Equations, 36,
(2016), 1–11.

c© � � , Zagreb
Paper FDC-12-04

http://dx.doi.org/10.7153/fdc-2022-12-04
doi:10.2989/16073606.2017.1283370
https://doi.org/10.1186/s13662-021-03440-7
https://doi.org/10.1186/s13662-021-03440-7
https://doi.org/10.1186/1687-2770-2011-36
https://doi.org/10.1186/s13662-020-03198-4
doi:10.1515/fca-2018-0013


64 B. TOSHTEMIROV

[10] F. T. BOGATYREVA, Initial value problem for fractional order equation with constant coefficients,
Vestnik KRAUNC. Fiz.-mat. nauki. 16 (4-1), (2016), 21–26,
doi:10.18454/2079-6641-2016-16-4-1-21-26 .

[11] MEIIRKHAN BORIKHANOV, MOKHTAR KIRANE, BERIKBOL T. TOREBEK, Maximum principle and
its application for the nonlinear time-fractional diffusion equations with Cauchy-Dirichlet conditions,
Applied Mathematics Letters 81, (2018), 14–20,
https://doi.org/10.1016/j.aml.2018.01.012 .

[12] V. M. BULAVATSKY,Closed form of the solutions of some boundary problems for anomalous diffusion
equation with Hilfer’s generalized derivative, Cybernetics and Systems Analysis 30 (4), (2014), 570–
577.

[13] EDUARDO CUESTA, MOKHTAR KIRANE, AHMED ALSAEDI AND BASHIR AHMAD, On the sub-
diffusion fractional initial value problem with time variable order, Advances in Nonlinear Analysis,
10 (1), (2021), 1301–1315, https://doi.org/10.1515/anona-2020-0182 .

[14] I. DIMOVSKI,Operational calculus of a class of differential operators, C. R. Acad. Bulg. Sci. 19 (12),
(1966), 1111–1114.

[15] M. M. DZHERBASHIAN, A. B. NERSESIAN, Fractional derivatives and Cauchy problem for differ-
ential equations of fractional order, Fract. Calc. Appl. Anal. 23 (6), (2020), 1810–1836,
https://doi.org/10.1515/fca-2020-0090 .

[16] M. M. DZHEBASHYAN, A. B. NERSESYAN, Fractional Derivatives and the Cauchy Problem for
Fractional Differential Equations, Izv. Akad. Nauk Armyan. SSR. 3 (1), (1968), 3–29.

[17] R. GARRA, A. GIUSTI, F. MAINARDI, G. PAGNINI, Fractional relaxation with time-varying coeffi-
cient, Fract. Calc. Appl. Anal., 17 (2), (2014), 424–439, doi:10.2478/s13540-014-0178-0 .

[18] R. GARRA, E. ORSINGHER, F. POLITO, Fractional diffusion with time-varying coefficients, J. of
Math. Phys. 56 (9), (2015), 1–19.

[19] J. R. HIGGINS, Completeness and basis properties of sets of special functions, Cambridge University
Press, 1977.

[20] R. HILFER, Applications of Fractional Calculus in Physics, Singapore: World Scientific, 2000.
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