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ON SOLVABILITY OF THE NON-LOCAL PROBLEM FOR THE
FRACTIONAL MIXED-TYPE EQUATION WITH BESSEL OPERATOR
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Abstract. The m-point non-local problem is considered for the partial differential equation of
mixed-type with singular coefficients, namely fractional wave equation involving the right-hand
side bi-ordinal Hilfer derivative and sub-diffusion equation with the regularized Caputo-like
counterpart hyper-Bessel differential operator. The main technique of solving the problem is
based on the method of separation variables. Also, the connection between the given data and
the uniquely solvability of the problem is established and an explicit solution is represented by
Fourier-Bessel series in the given domain.

1. Introduction

Fractional differential equations plays a significant role, because of its multiple
applications in engineering, chemistry, biology and other parts of science and modeling
the real-life problems [32, 28, 22]. Studying boundary value problems for linear and
non-linear fractional differential equations with the Riemann-Liouville and the Caputo
fractional derivative have becoming interesting targets simultaneously [5, 13,26, 6].

The quality and the types of articles have been changed when the generalized
Riemann-Liouville differential operators (later called Hilfer derivative) used in the sci-
entific field with its interesting application [20,21]. To tell the truth, the generalization
of the Riemann-Lioville fractional differential operators was already announced by M.
M. Dzherbashian and A. B. Nersesian [16] in 1968, but because of some reasons it
was not familiar with many mathematicians around the globe till the translation of this
work published in the journal of Fract. Calc. Appl. An. [15]. We also refer some
papers [2, 10] devoted studying some problems with the Dzherbashian-Nersesian dif-
ferential operator which has the following form

Dgg(x) =1, "D ...DIDY, neN, x>0 (1)

where [§. and D§ are the Riemann-Liouville fractional integral and the Riemann-
Liouville fractional derivative of order o respectively, o, € (0,n] which is defined by

n
o= v-1>0,7¢€(0,1].
J=0
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V. 1. Bulavatsky considered specific generalization of Hilfer fractional deriva-
tive [12], the particular case of the Dzherbashian-Nersesian differential operator which
forms as follows [25]:

. AN" (1)
Dy Hg(r) =1 (ia) 15 Pg(r) @)

This operator is similar to Hilfer derivative in terms of its interpolation concept between
the Riemann-Liouville and Caputo fractional derivatives, specifically, i.e.

DP o(), u=0,

CDa+g( ) =1

In [25] the Cauchy problem is investigated for the ordinary differential equation
involving the right-sided bi-ordinal Hilfer fractional derivative:

DY PP u(e) = du(e) + g(1),
tEm Ig:yu(t) =&, (3)

2
Tim 4107 u(r) = &,

DPHg(r) =

where 1 < o, <2, y=B+u2-8), &,& €R, g(¢) is the given function.

LEMMA 1. Ler g(r) € C[-T,0], g'(¢) € Li(—T,0). Then the solution of the prob-
lem (3) as follows:

u(t) = &(—1)"2Es y 1[A(—1)°] = &1(—1)7 ' E5 4 [A(—1)°]
0
—l—/(z—t)a*le {A(Z—I)ﬂ g(2)dz, @

where § = B +u(o—pB), y=PB+u2-p).

‘We notice that while have been investigated the initial-boundary value or non-local
problems involving popular class of differential operators like the Riemann-Liouville,
Caputo [4,3], Hilfer fractional derivatives, Hadamard [ 7], Hilfer-Hadamard, Prabhakar,
Atangana-Baleanu [1 1] the interest to another type of the differential operators is in-
creased by many scientists, for instance, the hyper-Bessel differential operator [30, 34]
is becoming main target of research. The importance of the hyper-Bessel differential
operator is increasing since introduced by Dimovski [14] because of its applications
in science. For example, in [18] authors used hyper-Bessel differential operator to
investigate heat diffusion equation for describing the Brownian motion. In [17] it is in-
vestigated fractional relaxation equation the regularized Caputo-like counterpart of the
hyper-Bessel operator which has the following form

C(IG%)af@ = (1—6)% = ODr%" (f(1) = £(0)) )
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where . J
DO TT (v i+ 55 ) U2 r0).

J=1

is a Erdelyi-Kober fractional derivative and Ig’é is a Erdelyi-Kober (E-K) fractional
integral defined as [29]

IO f(r) =

—B(r+6)
Pr0 =g | 0F = P )a (e,
0

I(8)

which can be reduced up with weight to I, f(¢) Riemann-Liouville fractional integral
at y=0 and = 1. In [8] Fatma Al-Musalhi, et al. considered direct and inverse prob-
lems for the fractional diffusion equation with the regularized Caputo-like counterpart
of the hyper-Bessel operator and proved the theorem of existence and uniqueness of the
solution.

Several local and nonlocal boundary value problems for mixed-type equations,
ie, elliptic-hyperbolic and hyperbolic type equations were published [1,24,23]. The
interesting point is that the conjugation conditions are taken according to the considered
mixed-type equations and domains [27,9].

2. Formulation of the problem

In the present work, we investigate the following fractional differential equation
of mixed type involving the regularized Caputo-like counterpart of the hyper-Bessel
operator and the bi-ordinal Hilfer derivative in Q = Q; UQ, UQ domain:

¢ (ﬁ?) lu(x,t)— lux(x,t)—uxx(x,t), (x,1) € Q,
fler) = ! x 6)

DE)O_CZ’ﬁZ)”u(x,t) _ lux(x,t) — e (x,1), (x,1) € Qg
X

where Q) = {(x,7):0<x<1,0<t<T}, Q={(x1):0<x<1,-T<1<0},
O={(x1):0<x<1,t=0}, 0<oy<1,0<1, 1<a2,[32<2,Ogugl,Dfﬁ‘z’ﬁz)“

o
is the right-sided bi-ordinal Hilfer fractional derivative in the form (2) and C<t9 %) 1

is the regularized Caputo-like counterpart of the hyper-Bessel fractional differential
operator defined as (5).

PROBLEM. Find a solution of eq. (6) in Q, which satisfies the following regularity
conditions

u(x,t) € C(Q\Q), u(-1) € C*H(QUQ,),
C(z"%)“'u(x,z) € C(Qy), DY P u(x,) e c(@)

along with the boundary conditions

li%l xup(x,t) =0, u(l,1) =0, —T<r<T, @)
t—0+
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non-local condition
2; TRy () = u(x, T), 0<x< 1, )

and the gluing conditions

lim 1" PYy (v 0) = lim u(x,r), 0<x< 1, 9)
t—0— t—0+
d (1-1)(2~p2) Cpe 1-(1-8)a
tgrgl EI u(x,r) _t1—1>%}&-t u(x,t), 0<x<l, (10)

where —T <& <& <... <&, <0, f(x,1) is a given function.

3. Method of investigation

Using the separation variables method we obtain the following spectral problem

X”(X)-l-%X/(x)-i-lzX(x) =0, (11)
x£%1+xX(x) =0, X(1)=0, (12)

(9) is a Bessel equation of order zero; furthermore, (9), (10) is a self-adjoint prob-
lem and its eigenfunctions are the Bessel functions given as follows

Xe(x) = Jo(Mx), k=1,2,..., (13)

and the eigenvalues A, are the positive zeros of Jy(x), i.e.

T

sz = 7'Ek - Z

The system of eigenfunctions {X;} forms an orthogonal basis in L?(0,1) (see [19],

p. 40),, hence we can write sought function and given function in the form of series
expansions as follows:

i o(Ae), (14)
1) = D filt)Jo(Max), (15)
k=1

where u;(¢) is not known yet, and f;(¢) is the coefficient of Fourier-Bessel series, i.e.

2

1
30 = 2 O/ X (510 Rar)dx
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Let us introduce new notations:

lim 1Py = (x), 0<x< 1, (16)
t—0—

o d o (1-m2-By)
;LH(E EIO_ u(x,t) =yx), 0<x<1, 17)

lim u(x,7) =1t(x), 0<x< 1, (18)

here ¢(x), t(x) and y(x) are unknown functions to be found later.

Further, after substituting (14) and (15) into the Eq. (6) and initial conditions (16),
(17), (18), we obtain the following problems

(0 )+ 22000 = ).

(19)
uk(0+) = T,
and
Dé‘:‘z:ﬁZ)”uk(l‘) + Aszuk(t) = fk(t)7
LB 00 — g @

d ,0-we-p)
dt 0~

u(0—) = W,
in Q; and Q; respectively.

The problem (19) was studied in [8] and we can write the solution of the considered
problem in € :

2

ulx,1) = [‘L’kEahl ( - I%t”"”) + Gk(t)}Jo()ka), 1)

M

k=1

here p=1—6 and

m [ =) mace)

A 2 t B 2 2
e [ = o [ = S =) i),

Gi(t) =

p20£1

where T is not known yet.

As we mentioned above the problem (20) studied in [25] and using the Lemma 1
we can write the solution of (20) and then, considering (14) the solution of considered
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problem in €, domain can be represented in the following form
~+oo
u(x,t) = 3 Q1) *Es, 1 [ 22 (=1) 21 (Ax)
k=1
< 1 2
— X W) Egy oy [ AZ (=) 2 1o (Aix)
k=1
oo O
+ 3 [@=0% By 5 -2 0P U@ (), @)
k=17

where o =B+ U(2—B2), & =P+ u(on — PB2) and @, Wi are not known yet.
After substituting (21) and (22) into gluing conditions with considering (14), (15)
we obtain the following system of equations with respect to T;, ¢y and yg:

_ A
Vi = F(al)Tk’ (23)

T = Pk
Considering non-local condition (8) and from (23) we find unknowns as follows

Fy

Te = G = A (24)
N K
= paT (o) Ay’ (25)
where
_ m ' 2 ) x,géz b . A’kz o
Ak—izszt[’féz71<—’“k<—é>>+m B2 (-2 (-E))| = B (= )
m 0
F=G(T)- Y& /(S —&)2 TP MEs, 5, (A7 (s = &)®) fils)ds,
=g
Gu(T) = ——2— [ (17— )" fy(wya(z7)
k - po‘lr(al)/o Sk
2 T 2
_Ijtzkal /O (Tp_ ,,'-p)2oqflEO(1720(1 [_ %(TP_TP)al}fk(T)d(Tp).

If Ay # 0, then we can find 7, @, W unknowns uniquely.

First we show that A; # 0 for sufficiently large k. For this intention we use the
following lemma obtained from the properties of Wright-type function studied by A.
Pskhu in [33].
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LEMMA 2. [33] If m > |argz| > & + &, € > 0, then the following relations are
valid for 7z — oo:
lim Eoc ﬁ( ) 0,

|z]—eo

. 1
am Eap () = ~Fp gy

By using the Lemma 2, we can calculate the behavior of Ay at k — oo

. 1
lim Ay = lim ZQ[E52121) 7051211552,2(21)]— lim Eq 1(22)

koo Jet| =+ 2 I(ou)p Jza| oo
_ Z i
pUr(2—8))’
where z; = — 2(—5,‘) 2:—1%1T0‘117,},k:nk—%,

> 0 and from the last equality it is seen that Ay > 0 for

If 2 alr 5
sufﬁc1ently large k.

3.1. Uniqueness of the solution

To show the uniqueness of the solution, it is enough to prove that homogeneous
problem has a trivial solution.
Let us first consider the following integral

1
up(t) = /xu x,0)Jo(Aex)dx, k=1,2,3,..., (26)
Then we introduce another function based on (26)
> 1—-¢
ve(t) = / (e, 1) Jo(ax)dx, k=1,2,3,..., @7)
Jl (Ak) pA

Applying < 10 at> and D(()Oiz’ﬁ 2K o (27) and using the equation (6) in homoge-
neous case with respect to ¢

c(te % )O”vg(z) _ leék) / C<t9%>alu(x,t)xjo(7th)dx

1
-7 {uxx (x,1) + )—Cux(x,t)] xJo(Arx)dx

—&

592
= 22 [ o ()
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> 7
(0,B2)u
plePIk, () = /
0 ‘ It (M)
l—¢

= / {um(x,t)—|—%ux(x,t)}xJo(7ka)dx

€

D(()Oiz’ﬁ 2)H u(x,1)xJo(Aex)dx

o

1-¢

—2M}
- 7 8/ (e, 1) (M) dx

and integrating by parts twice the right sides of the equalities on 7 € (0,T) and 7 €
(=T,0), respectively, and passing to the limit on € — +0 yield

C(t9%>aluk(t)+k2uk(t) =0,1>0, o8

Considering conditions in (19), (20) in homogeneous case, (28) has a solution
up(t) =0 if Ay #0. Then from (26) and the completeness of the system X;(x) in the
space L2(0,1), u(x,t) =0 in Q. This completes the prove of uniqueness of the solution
of the main problem.

3.2. Existence of the solution

In the below, we present the well-known lemma about the upper bound of the
Mittag-Leffler function and the theorem related to Fourier-Bessel series for showing
the existence of the solution.

LEMMA 3. [28] Let a2 <2, B €R and %5* <y <min{x,ma}, M* > 0. Then,the
following estimate hold

*

Eop(2)| < , 1< argz| <, |2) 2 0.

1+]z]

THEOREM 1. [31] Let f(x) be a function defined on the interval [0, 1] such that
f(x) is differentiable 2s times (s > 1) and

o f(0)=f(0)=...= > (0)=0
o f(29) (x) is bounded (this derivative may not exist at certain points)
o F)=F() == 1) =0

then the following inequalities satisfied by the Fourier-Bessel coefficients of f(x):

M
25— 1"

2

il <

[N
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Considering above Lemma 3 and Theorem 1, we show the upper bound of G, (¢):

| Gi(t) | < /\t”—f”\“l_llfk(f)ld(f”)
0

2 ! 2

AL A
o / = 2P gy [ 27— ) D))

0611" /| P TP|051 '— (Tp)

/pocl tp_,rp‘20(1 lM* M d(TP)
2061 a1+12‘tp_rp|a1 xk7/2
M MM
| E—— /|t1’—11’|°" la(z7)
A,k p“ll“(al) 0‘17L
1 M MM \z\am
<ol o
A2 LpaT(on) — po ooy
< ol < o rje
= xk7/2 17/2
M MM

M == 9
LT poT(oy + 1) - o p*

By using the last inequality, Lemma 3 and Theorem 1, we can write the upper
bound of Fj:

0
|Fi| < [Gi(T) +ZCi/|S—5i\527yz+1|E62,527y2+2(—/1k2(5—éi)éz)ka(SﬂdS
= &
M T _E|&ntl M M
<o zc,/|s L N
M T* |y MM*
< N ECZ/|S_§" yz/lkll/z

M T%P " (—5,-)242 MM*

< + Y G

W B e 7
M,

S —5
772
A

m 8 *(__£\2—)
My =MTHP 4+ SMMT(=&) 7" €’>2
=1 2-r)k
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or
IFi| < =7 (29)

Now considering (29) and Ay # 0 then, we write upper bounds of T, @, W in
(24) and (25).

= loel < | 1| 72l < |AW/2 (30)
el = | alral H | < “ll"oz]:/ﬁAkMy 31)

For proving the existence of the solution, we need to show uniform convergence of
series representations of u(x,t), uy(x,t), ux(x,2), ¢ (te %)a u(x,t) and D(()Oiz’ﬁzwu(x,t)
by using the solution (21) and (22) in Q; and €, respectively.

According to the last inequality and Theorem 1, then we can present the existence
of the solutions in both domains.

oo

x’|—2|uk ) Jo(Aex)| < Z

A2
[\rk\|Em71<—p—§th>\ + \Gko)\@

<2
k=1
- o M M TP
<Xt )
=1 \p*™ +Ak ‘tpa1| ‘A M Mk
One can shows that the series representation of u(x,7) is bounded by convergent nu-
merical series and by Weierstrass M-test, the series of u(x,7) converges uniformly in
Q.
Now we remind some properties of Bessel functions [31]: Jj(x) = —Ji(x);

2A
2J1(x) = Jo(x) — J2(x) and asymptotic formula |Jy, (A4x)| < ﬁ, v>—1/2,
kX
A = const.

It is not difficult to see that the series representation of u,.(x,#) is bigger than
ux(x,t) hence it is enough to show the uniform convergence of u.(x,7). By using
these properties we have

=

d2 oo AZ
e (3, 1)| 2 |)WJ0(7ka)‘:2\uk(t)\Tk)Jg(lkx)—Jo(lkx)‘
k=1

And as a similar way of u(x,7) we can show that

< p™ M, M1T°‘1P> 2A

U (X,1)]| < + .
‘ ( )‘ kgl pal +Ak2‘lpal| ‘Ak‘xg/2 ;Lk7/2 /;ka)
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From the last inequality we can see that the series representation of uy(x,7) is
bounded by convergent series. According to Weierstrass M-test, the series of uy(x,7)
converges uniformly in Q;.

o
The uniform convergence of ¢ <t9 %) u(x,t) which is defined as

¢ (lﬁ%) u(x,t) = uxx(x7t) - %ux('x’t) +f(x’t>

is similar to the way of showing convergence of the series representation of . (x,?).
In Q, domain it is enough to show the uniform convergence of ., (x,7) which
is bigger than other series. Hence the convergence of the series of u(x,t), wu(x,1),
DE)O_‘Lﬁ 21 u(x,1) can be derived from the uniform convergence of uy(x,1).
From Theorem 1 and Lemma 3, in >, we can have

=

12
)| <X g (0] 7 2 (Ra) — o)
k=1

<kZ Eloll (=022 || Es, 1 (A2 (=)
=1

+ 2 AWl (=) |Es, (<27 (—1)))

8

k=1

+

kgak/k—r@ \Es, (-2 (2= 1) |fe(2)]dz
<i[12M2 (122 I Gl
& |Ak|/17/21+7t2\( 0% | AJA P peT (o) 1+ A (—1)%]

+

M* M
_ 4|01 d
2 /|Z t‘ l+7L2|( t)52|A]Z/2 Z

1 [ MoM* T2 MoM*T %1 MM*]n(H—?L,fTaZ)}

Ms

< +
S UAN (14 27T) | A BAZ
o M3
<X 55
k=12
278
where )Llim ln(lgii‘;) < oo according to I’Hopital’s rule. It can be seen that the se-
ko0 k

ries representation of u.(x,#) is bounded by convergent numerical series and due to
Weierstrass M-test, the series of u,.(x,7) converges uniformly in €,
Using (30), (31) and Theorem 1, Lemma 3, we can show the uniform convergence

of u(x,t), uy(x,t), and DE)O_Q’ﬁZ)”u(x,t) in a similar method used for u,(x,?).
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4. Main results

Finally, we have proved the uniqueness and existence of the solution to the con-
sidered problem as stated in the following theorem.

Gi
01)p*T(2 = &)
conditions hold for f(x,t) € C(Q) such that

o £10,0) = £100.0) = ... = £(0,6) = 0
o 70 = f(10) = f1(1,0) = 0;

° g—;f(x,t) is bounded;

THEOREM 2. Let Ay # 0 and 2 T > 0, and also the following
i=1

then, there exist the unique solution of the considered problem which is represented by

oo

2 J() Akx

where

A
W1 (= ") + Geld), 10,

Uplt) = O (1) 2Eg, 1 [ A2 (—1)%] = yi(—) 2 Eg, o [~ A2 (—1) 2o (M)
0

+/(Z—l)éz_lE(gz.’&Z[—AkZ(Z—l)SZ}fk(Z)dZ, t<0

t

here p=1—6 and

Gi(t) = p%(a) / () e (n)d(e)

S "o o2l s P p\O p
= S | = B [ S - ) | (e,

p20(1
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