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FRACTIONAL CALCULUS AND FAMILIES OF GENERALIZED
LEGENDRE-LAGUERRE-APPELL POLYNOMIALS

SHAHID AHMAD WANI, ISHFAQ AHMAD MALLAH* AND JAVID AHMAD GANIE

(Communicated by H. M. Srivastava)

Abstract. In this article, new families of the generalized Legendre-Laguerre-Appell polynomials
are introduced using a combination of operational definitions and integral representations. The
integral transformations and the appropriate operational rules are used to obtain the explicit sum-
mation equations, determinant definitions, and recurrence relations for the generalised Legendre-
Laguerre-Appell polynomials. For the generalized Legendre-Laguerre-Bernoulli, Legendre-
Laguerre-Euler, and Legendre-Laguerre-Genocchi polynomials, an equivalent investigation of
these findings is offered. Additionally, a number of identities for these polynomials are derived
by using suitable operational definitions.

1. Introduction and preliminaries

The use of integral transforms on fractional derivatives was introduced by Rie-
mann and Liouville [18,3]. To deal with fractional derivatives, a potent tool is provided
by the combination of integral transformations and special polynomials, see for exam-
ple [10,4].

The class of Appell polynomial sequences [21], which appears in several problems
of applied mathematics, theoretical physics, approximation theory, and several other
mathematical branches, is one of the significant classes of polynomial sequences. The
set of Appell sequences is closed according to the operation of umbral composition
of polynomial sequences. Under this operation the set of Appell sequences forms an
abelian group. The Appell sequences are defined by the following generating function:

o o
R(y1) :=R(1)e" = Y, Ra(y)=. (1.1)
o n!
The power series R(¢) is then given by
o
R(t) = % Rus Ro#0, (1.2)
n=0 :
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with R; (i =0,1,2,---) being real coefficients and the function R(z) is an analytic
function at + = 0. Numerous classical polynomial sequences, including the Bernoulli,
Euler, Genocchi, Hermite and Laguerre polynomials efc, are included in the class of
Appell sequences.

The generating function for the Bernoulli polynomials B, (y) is given by [1, p. 36]

t - t"
<et_1>eyt:23n(y)ﬁ7 ‘l‘<27’f, (1.3)
n=0 :

where By := B (0) is the k" Bernoulli number.

The generating function for the Euler polynomials E, (y) is given by [1, p. 40]

2
<et+1> ZE |t| < m, (1.4)

where Ey :=2*E; (1) is the K Euler number.
The generating function for the Genocchi polynomials G,(y) is given by [17]

<et+1> EG lt| <, (1.5)

where Gy := G¢(0) is the k" Genocchi number.

The Appell polynomials and related members are being characterized from differ-
ent aspects, for this see [12,2, 13, 14,16, 15,26, 20].

In recent years, a number of generalizations of the special functions of mathe-
matical physics have seen a considerable evolution. This recent advancement in the
theory of special functions offers a strong analytical foundation for the vast majority
of mathematical physics problems that have been thoroughly studied and have numer-
ous practical applications. A major advancement in the theory of generalised special
functions is the introduction of multi-index and multi-variable special functions.

One of the particular examples is the 2-variable Laguerre polynomials (2VLP)
L,(x,y) [7,8] and 2-variable Legendre polynomials S, (x,y), introduced by Dattoli and
Ricci [9] and their convolutions with Appell polynomials Introduced by Subuhi and co-
authors [22,23]. These polynomials are of intrinsic mathematical importance and also
have applications in physics.

To give an example, here we consider the Legendre-Laguerre Appell polynomials
sLRq(x,y,z), introduced by Subuhi ez al. [24]. These polynomials are important in many
areas of approximation theory as well as other fields of mathematics by virtue of their
inherent mathematical importance. The generating equation for the Legendre-Laguerre
Appell polynomials polynomials is given by

e n

R()e"Co(x)Col—21) = 3, uRul,3,2) (L6)
n=0 '
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or, equivalently

o e
R(1)e"Jo(2Vxt)o(2V/ =21?) = 3 suRa(x,3,2) —. (1.7)
n=0 :
or
=Dy Y+D 12 _ "
R(t)e - ¢ = ZOSLRn(x’y’Z)E' (1.8)
n=

We note that
_ _ X!
exp(—aD; ) =Jh(2Vax),  D;"{1}:= 5 (1.9)

is the inverse derivative operator.

The polynomials s R, (x,y,z) are also defined by the following operational rule:

ex 0182 D18 R.(y)} = 1R 1.10
p 82 X a { ()}_sL n(x7y7z>' ( )

The Euler’s integral serves as the basis for further generalizations of special poly-
nomials. In [10], Dattoli et al. used the Euler’s integral to establish the operational
definitions and generating relations for the generalised and novel forms of special poly-
nomials.

The Euler’s integral is given by [13, p. 218]

1

-V _ _ = “ —at,v—1 .
a _F(v)/o e “t""'dt, min{Re(v),Re(a)} >0, (1.11)

which consequently yields the following [10]:

(a—%>_v flx) = ﬁ /0 Tl o & f(x)de

_ L a1
_F(v)/o etV fx+1)dr. (1.12)

For the second order derivatives, we have the following formula:

9 - _ 1 ~ —otv—1 12
<0‘—W> f(x)_W/o e 5 poyr (1.13)

This article introduces and explores the generalized Legendre-Laguerre Appell
polynomials via fractional operators.For the generalised Legendre-Laguerre Appell poly-
nomials, explicit summing formulae, determinant definitions, and recurrence relations
are derived. The corresponding results for the generalized Legendre-Laguerre-Bernoulli,
Euler and Genocchi polynomials are also deduced.
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2. Generalized Legendre-Laguerre Appell polynomials

We establish the following findings in order to provide the generating equation and
operational rule for the generalized Legendre-Laguerre Appell polynomials:

THEOREM 2.1. For the generalized Legendre-Laguerre Appell Polynomials
JSLRu(x,y,z; 0), the following operational definition holds true:

IR L B
(a—DZ 18—y2 +Dxl8_y) {R.()} = ,sLRu(x,y,2:00). 2.1)
Proof. Replacing a by ((X—Dzl% +Dx18%> in integral (1.11) and operating

iton R,(y), we find
9? a\ "
((X D, )2 +D; ay> {R.(v)}

_ 1 /wefmtvflexp tD*Ia_z_thli R (y)dl‘ (2.2)
r(v_) ) z 8)12 X ay n Y .

which in view of equation (1.10) becomes
a—D’la—z —i—D’li _VR (y) = L/me*mtvfl LRy (xt,zt,y)dt.  (2.3)
Loyt Y 9y ! r(v) Jo sERmAE SR R '

The transform on the r.h.s of equation (2.3) defines a new family of polynomials.
Denoting this special family of polynomials by ,s;.R(x,y,z; ) and naming it as the
generalized Legendre-Laguerre Appell polynomials, so that we have

1 © ativ—
JSLRy (x, v,z 00) = m/o e MVl Ry (xt 2t y)dt. (2.4

In view of equations (2.3) and (2.4), assertion (2.1) follows. [

THEOREM 2.2. For the generalized Legendre-Laguerre Appell polynomials
JSLRu(x,y,z; 0), the following generating function holds true:

A(u) Co(xu) Co(—zu?) - u"

= R o) —, 2.5
(Oc—yu)" nE:OvSL n(x7y7Z )n' ( )
or, equivalently
Au) oDy lutD; ) oo u"
= R S00)—. 2.5
(Oc—yu))" ,EOVSL n(x,y,z )l’l' ( a)
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Proof. Multiplying both sides of equation (2.4) by ’}‘1—7 and summing over n, we
find

n

u < _ u
;)VSLRn(xayvz;a)E = ZE)W/O e %'tY ISLRn(Xl7y7ZZ)E dr. (2.6)

- - 1

Using equivalent generating functions (1.6) and (1.8) in the r.h.s. of equation (2.6),
it follows that

o n A oo B B
2 VSLRn(x,y,Z§ Ot)u—' _ (u) exp(yu) / o (af(fl)z L2 4Dy 1”))[tv71dl‘, 2.7)
n=0 n. F(V) 0

which on use of integral (1.11) in the r.h.s. yields assertion (2.5). [

REMARK 2.1. For R(u) =1 and R,(y) =", the following generating function
and operation rule for the generalized Legendre-Laguerre polynomials sz, (x,y,z; o)
holds true:

P AN
oD 57 the oy ") = s (xy ), (2.8)
and )
Co(xu) Co(—zu”) ¢ u"
T oa—w)v 50)—, 2.9
(o —yu)Y ,ZE)VSL”(X’})’Z ey (2.9)
respectively.

Next, we derive an explicit summation formula for the generalized Legendre-
Laguerre Appell polynomials ,s;R,(x,y,z; o) by proving the following result:

THEOREM 2.3. For the generalized Legendre-Laguerre Appell polynomials
JSLRu(x,y,z;0), the following explicit summation formula in terms of the generalized
Legendre-Laguerre polynomials g1, (x,y,z;0) and Appell polynomials R,(y) holds
true:

n n—k
s Ra(0,20) 22()( >1VMMWN%H@MW~@N)

k=0r=0

Proof. Consider the product of generating functions (1.1) and (2.9) in the follow-
ing form:

o o tn+r

R(t)e™ (a—y1)) ™" Colar) Co(=2z)) = 3, ¥ Re(w) s, (x,y.2:0)

n=0r=0

2.11)

n!r!

Replacing n by n—r in the r.h.s. of equation (2.11) and shifting the first expo-
nential to the r.h.s., it follows that

R(1) (o= y1))™" Colar) Co(—2*))
tn+k

=X i (2)(—1)kkar(W) VSL (X T 0) s (2.12)
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which on replacing n by n— k gives
R(t) (0 — yf))fv Co(xt) Co(—21%))

P2 Z (=D WR (W) ysppy (v 00— (2.13)

Finally, using generating function (2.5) in the Lh.s. of equation (2.13) and then
equating the coefficients of like powers of ¢ in the resultant equation, assertion (2.10)
follows. [

REMARK 2.2. By taking A(u) = (5%5) and A,(u) = B,(u) in equations (2.1),
(2.5) and (2.10), we find that for the generalized Legendre-Laguerre Bernoulli polyno-
mials |, szB,(x,y,2; &), the following operational rule, generating equation and explicit
summation formula hold true:

., 0? .0

(a—D 19 2+D lay) {Ba(y)} =, stBu(x,y,z:0), (2.14)
u Co(xu) Co(—zu?) & N

(eu_l) (a_yu)v _rgz)vSLBn(x7y7Z9a)n!7 (215)

n n—k
LsLBn(x,y, 2,0 z z ( ) ( ) (=) Wk B,(W) vsznir(x,y,2:00).  (2.16)

k=0r=0

REMARK 2.3. Taking A(u) = (m) and A, (u) = E,(u) in equations (2.1), (2.5)
and (2.10), we find that for the generalized Legendre-Laguerre Euler polynomials
osLEn(x,y,z; o), the following operational rule, generating equation and explicit sum-
mation formula hold true:

02 2\ "
a—D‘l 2 +D; - {E.(y)} =, stEa(x,y, 3 t), (2.17)
dy dy
2 Co(xu) Co(—zu?) & N
<6u+1) (a_yu)v _,E)VSLEn(x’y’Z’a)nV (218)
n n—k
vSLE X, ¥,2,0 2 2 ( ) ( ) l)k Wk Er(W) vSLn_k_r(x,y,Z; (X) (219)
k=0r=0

REMARK 2.4. Taking A(u) = (57%) and A, (u) = G,(u) in equations in equa-
tions (2.1), (2.5) and (2.10), we find that for the generalized Legendre-Laguerre Genoc-
chi polynomials ,s;.G,(x,y,z; ), the following operational rule, generating equation

and explicit summation formula hold true:

dJ 40
(a—DzlgﬁD 1ay) (G} = siGulxyza), (220
2u_\ Colaw) Co(=a) _ "
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n n—k
VSLG X, ), 2,0 Z Z ( ) ( ) l)k Wk Gr(W) VSLn—k—r(xayaZ;a)' (222)

=0r=0

In the following section, we obtain the determinant forms and recurrence relations
for the generalised Legendre-Laguerre Appell polynomials and associated members.

3. Determinant forms and recurrence relations

To express the generalized Legendre-Laguerre Appell polynomials via determi-
nant, we prove the following result:

THEOREM 3.1. For the generalized Legendre-Laguerre Appell polynomials
JSLRu(x,y,z;0), the following determinant form holds true:

1
L SLRo(x, v,z 00) =

Bo
1 VSLl()C7y7Z;OC) VSL2(x7y7Z;OC) vSLnfl(x7y7Z;a) vSLn(X,}@Z;OC)
Bo Bi B2 Bu-1 Bn
VSLn(x,%z;oc) = —((ﬁ_)ln)jl 0 Bo (%)ﬁl (nfl)ﬁn% (’f)ﬁnfl
0
0 0 Bo o ("3)Bus (5) B2
0 0 0 Bo (,,f;)ﬁl
where nzlaza"' y ﬁ07 ﬂ17"'7ﬁn eER; ﬂo#Oand
ﬁ":‘/%(kél (1) A BH), n=1,2,- . (3.3)

Proof. We consider the following determinant definition for the Appell polynomi-
als [6, p.1533]:

Rob) = % ’ (3.4)
1 y y2 yn—l yn
BoBi B -+ Buoi B,
Ra(y) = D0 Bo (B (1) Bz (Ao |
00 Bo = ("3")Bus (5)Ba2

(3.5)

00 0 -~ By ()B
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Taking n = 0 in formula (2.10) and then using equations (3.3) and (3.4), we get
assertion (3.2).
Further, expanding determinant (3.5) with respect to the first row and then operat-
-V
ing (oo—D;! % +D;! a%) on both sides of the resulting equation and then using
equations (2.1) and (2.8), we find

Bt B - Bu Bn
B() (%)ﬁl (nil)ﬁan (?)anl
(x v,z OC) _ (_l)nvsL()(xvyvz;a) _ (_l)nvSLl(xvyvz;a)
WSt (Bo)™T 0 o ("3)Bus B)Bu2 (Boy™T
0 0 - 15;0 (nfi)lﬁ
Bo B2 -+ Bu B BoBi- Bu Bn
0 (%)Bl (nIl)ﬁan (ill)ﬁnfl 0 ﬁO (nIl)Bth (rll)ﬁnfl

(=1, s, (x, 3 z0)

0 Bo - (")Buss VB | T By 00— ("3)Bs ()Bua|

0 0 - B (") 00 o (")
BoBi B - Ba

0 2B, - (M,
(=121 za) Bo (DB -+ (D)

- (Bo)T 00 B - (DBios

00 0 (")
BoBt B - Bu

0 Bo BB - (";")Bu2
VSLy (%, 9,23 01)

(Bo)rtt 00 Bo - (NBis| G0

+

00 0 - ()h
Combining the terms in the r.h.s. of equation (3.6), we are lead to assertion
(3.2). O

e Taking By =1 and fB; = lfl (i=1,2,...,n) (for which the determinant form
of the Appell polynomials R,(y) reduce to the Bernoulli polynomials B,(y) [53, 6])
in equations (3.2) and (3.2), the determinant definition of the generalized Legendre-
Laguerre Bernoulli polynomials , s7.B,(x,y,z; @) can be obtained.
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e Taking Bp=1 and f3; = % (i=1,2,...,n) (for which the determinant form of
the Appell polynomials R,(y) reduce to the Euler polynomials E,(y) [6] in equations
(3.2) and (3.2), the determinant definition of the generalizedLegendre-Laguerre Euler
polynomials ,s.E,(x,y,z;0) can be obtained.

e Taking Bp=1 and B; = ﬁ (i=1,2,...,n) (for which the determinant form
of the Appell polynomials R,(y) reduce to the Genocchi polynomials G, (y) in equa-
tions (3.2) and (3.2), the determinant definition of the generalized Legendre-Laguerre
Genocchi polynomials , 51G,(x,y,z; &) can be obtained.

Next, we derive the recurrence relations for the generalized Legendre-Laguerre
Appell polynomials s, (x,y,z;0) by considering their generating equation (2.5a).

On differentiating generating function (2.5a), with respect to y, Dy, D;l and
a, we find the following recurrence relations for the generalized Legendre-Laguerre
Appell polynomials sz R, (x,y,z;0):

d
a_y (VSLn(x7y7Z;a)> =vn VSLRnfl(xayvz; 06)7
d
F (VSLn(x7y7Z;a)> =—-n VSLRnfl(x7y7Z;a)a
d
D1 (VSLn (x,3,2; a)) =n(n—1) stRy-2(x,y,z;0),
Z
d
% (VSLn(xayvz; (X)) =-V V+ISLRn(x7y7Z; (X) (37)

In the following section, which includes specific identities for the Legendre-Laguerre
Appell polynomial family and some of its members, are the applications of the findings
in section 2.

4. Applications

In literature, there are several identities involving Appell polynomials and asso-
ciated members. The appropriate identities involving generalized Legendre-Laguerre
Appell and related polynomials can be obtained using the operational formalism devel-
oped in the previous section. To achieve this, we perform the following operation:

-V
(0) operating <a - Dz_lg—yzz +D; ! %) {E,(y)} on both sides of a given rela-
tion.

First, we consider the following results for the Appell polynomials R, (y) [6, (31-
32) p.1534]:

Rn(y)=%(y"—:§; (Z) ﬁnfkRk()’)>a n=12,-, (4.1)
y”=k§0 (Z)ﬁn_kRk(yL n=0,1,- . (4.2)
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Performing operation (&) on both sides of the above equations and then using
operational definitions (2.1) and (2.8), we obtain the following identities involving gen-
eralized Legendre-Laguerre Appell polynomials sz R, (x,y,z; ¢):

1 ! n
VSLRn(x7y7Z; a) =55 (VSLn (x»y»ZQ (X) - Z ﬁn—k VSLRk(X,y,Z; (X)) ’
Bo i~ \k
n=1,2, , (43)
L [(n
VSLn('x7y7Z;a) = 2 (k)ﬁn_k vSLRk(x,y,Z;a)7 n:O,l,"' . (44)
k=0

Next, we recall the following functional equations involving Bernoulli polynomi-
als B, (y) [25, p.26]:

By(y+1)—ZB,(y)=ny"', n=0,1,2..., (4.5)
n—1 n
2 < )Bm(y>:nynl’ n:2a3a4 ) (46)
m=0 m
m—1 k
Bn(my)zm"123n<y+z), n=0,1.2,...; m=1,2,3... 4.7)
k=0

Again, performing operation (&) on both sides of the above equations and then
using operational definitions (2.1) and (2.8), the following identities involving general-
ized Legendre-Laguerre Bernoulli polynomials | s7.B,(x,y,z; 0) are obtained:

VSLBn(x7y+17Z;a)_vSLBn(x7yvz;a) :”vSLn,l(L%Z;O‘), n=0,1,2---7 (48)
n—1 n
Z <m>vSLBm(xayvz;a) :nVSLnfl(x7y7Z;a)a n:27374"'7 (49)
m=0

m—1
k
VSLBn(mx7my7mZ;a) — mn_l Z VSBn <x7y+ — 4 (X) )
k=0 m
n=0,1,2,...; m=1,2,3---. (4.10)
Further, performing operation (&) with use of operational rules (2.1) and (2.8) on
the following functional equations involving Euler polynomials E,(y) [25, p. 30] and

Genocchi polynomials G,(y) [11, p. 1038, (42)]:

E,(y+1)+E,(y) =2y",
m—1 . k
E — " Y (=1} E ) n=0,1,2...; m odd,
o) = (1) (33 ) n=0.12. m o

Gui1(y) +Gu(y) =2ny" 1,
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yields the following identities involving the generalized Legendre-Laguerre Euler poly-
nomials sz E,(x,y,z;) and generalized Legendre-Laguerre Genocchi polynomials

,s2.Gn(X,y,2;00)

VSLEn(x7y+ 17Z;a) + VSLEn(xayvz; (X) =2 vSLn(x7y7Z;a)7 (411)

m—1
k
JSLEn(mx,my,mz;o0) =m" Y (—1)* s E, (x,y+ % 06) ;
n=0,1.2,...; m odd, (4.12)

wSLGn1 (0,3, z500) + s .G (X, y,z300) =20 s, (x,y,z:00). (4.13)

Finally, considering the following connection formulae involving the Bernoulli
and Euler polynomials [25, pp. 29-30]:

axe (N
B,(y)=2""Y, (m)B,,_mEm(2y), n=0,1,2..., (4.14)
m=0
2n+l y+1 y
E,(y) = [B ( )-B (-)} —0,1,2... 4.1
(y) n+1 n+1 ) n+1 ) n=0 (4.15)
2m" m—1 k
En(my) =~ (—1)"Bn+1(y%), n=0,1,2....m even, (4.16)
k=0

which on performing operation () and then using appropriate operational definitions
yields the following connection formulae involving the generalized Legendre-Laguerre
Bernoulli and Legendre-Laguerre Euler polynomials:

siBaley o) =27 (”)Bnm JSLEn(2x,2y.2z00), n=0,1,2..., (4.17)
m=0 m
ontl x y+1 z, Xy z
Bal,zi0) = e @) = iy ("—')]

ySLEn (X, 9,25 ) arlstEnnls 550 VSL +1222

—0,1,2..., (4.18)
2m" ] X y+k z

VSLEn(mx7my7mZ;a) :_l’l+1 kzzo(_l) VSLBn+1 Z 77% o),

=0,1,2,...; m even. (4.19)
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