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HOLDER AND MINKOWSKI TYPE INEQUALITIES
FOR PSEUDO-FRACTIONAL INTEGRAL

DANIELA S. OLIVEIRA* AND AZIZOLLAH BABAKHANI

(Communicated by H. Lopushanska)

Abstract. We first introduce the concept of fractional operators and pseudo-analysis. Then we
present new versions of Holder, Minkowski and reverse Minkowski inequalities via y -Riemann-
Liouville-Mittag-Leffler pseudo-fractional integral on a semiring ([a,b],®,®).

1. Introduction

Pseudo-analysis is a generalization of the classical analysis, where the field of real
numbers is replaced with a semiring, i.e., a real interval [a,b] C [—eo, 0] with pseudo-
addition & and with pseudo-multiplication ®, see [18, 19, 21].

Notice that pseudo-integrals were started to attract mathematicians’ attentions in
several applications, for example in the area of nonlinear partial differential equations
occurring in different applied fields, see [31] as well as the edited volume [32]. Inequal-
ities play a central and fundamental role in the fields of probability and measure theory,
classical analysis, optimization theory, mathematical finance and economics.

Many authors have investigated important inequalities via the pseudo integrals [1,
10, 14, 20, 24, 30]. The study of inequalities via fractional pseudo-fractional integrals
has been investigated in recent years [3, 11, 28].

The classical Holder’s and Minkowski’s integral inequality hold [22] for u# and v
be measurable functions on X, with range in [0,e0]:

(i) (Holder’s inequality)

1 1
/uvd[.1< (/u”du)p</v‘1du>q7
b b X

(i) (Minkowski’s inequality)

(/X(u—kv)pdu); < (/Xupdu>;)+ (/vadu>'l’,
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where p and g be conjugate exponents, 1 < p < 1 and X be a measure space, with
measure U .

Agahi et al. proved generalizations of Holder’s and Minkowski’s inequality for
pseudo-integral [4]:

THEOREM 1. (Holder’s inequality for pseudo-integral) Let p and q be conjugate
exponents, 1 < p < 1. For a given measurable space (X, /) let u,v:X — [a,b] be two
measurable functions and let a generator g : [a,b] — [0,00] of the pseudo-addition @
and the pseudo-multiplication © is a decreasing function. Then for any © -® -measure
W it holds:

1 1
® ® v ® )
/(u@v)@du<</ ug>@du)(’>@</ vgg>@du)(".
X X o X o

THEOREM 2. (Minkowski’s inequality for pseudo-integral) Let p and q be con-
Jjugate exponents, 1 < p < 1. For a given measurable space (X, /) let u,v:X — [a,b]
be two measurable functions and let a generator g : [a,b] — [0,o] of the pseudo-
addition & and the pseudo-multiplication ©® be an increasing function. Then for any
O -@-measure [ it holds:

© (») (%) ) (%) & (p (%)
(/ wev)y @du) < (/ ul @du) @(/ vl @du) :
X o X ® X o

The main motivation of this paper is to obtain a general version of the Holder’s
and Minkowski’s inequality and reverse Minkowski’s inequality using the y-Riemann-
Liouville-Mittag-Leffler pseudo-fractional integral. The paper has been organized as
follows. Section 2 is devoted to the fractional and pseudo-fractional operators . Section
3 contains some of preliminaries on the pseudo-analysis. In Section 4, we prove gener-
alizations of the Holder and Minkowski inequalities using pseudo-fractional integrals.
In Sections 5, we prove the reverse Minkowski pseudo-fractional integral inequality.
In Section 6, other integral inequalities related to the Minkowski inequality are also
proved. Concluding remarks close the paper.

2. Fractional operators

In this section, we present y-Riemann-Liouville[12, 23] and y-Riemann-Liouvil-
le-Mittag-Leffler fractional integrals [ 16, 29] and y-Riemann-Liouville-Mittag-Leffler
pseudo-fractional integrals [17] that will be used in this paper.

DEFINITION 1. [12, 23] Let o > 0, Q = [a,b] be a finite or infinite interval, f
an integrable function defined on Q and y € C'(Q) an increasing function such that
y'(x) # 0, for all x € Q. The left- and right-sided y-Riemann-Liouville fractional
integrals of order o of f on Q are defined by

1% f(x) = ﬁ [ v wm -y o (0
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and

1

b
Y50 = Frgy | VO v w0 r0ar @

respectively. For o — 0, we have
s
ol ) =Y F(x) = £(x).

DEFINITION 2. [16, 29] Let a,y,p,® € R with o« >0 and p > 0 and let Q =
[a,b] be a finite or infinite interval of the real axis R, f an integrable function de-
fined on Q and y € C'(Q) an increasing function such that y’(x) # 0, for all x € Q.
The left- and right-sided y-Riemann-Liouville-Mittag-Leffler fractional integrals are
defined by

X

Pl )= | W (@0) (w0 = ()" E] alo(w(x) —w(@)Plf()d 3)

and
B> o f(%) / v/ (t —y(x)* " E] alo(y(1) — w(x)P]f(r)dr,

respectively, where Egﬂ(-) is the three-parameters Mittag-Leffler function. In particu-
lar, if ¥ =0 we have the fractional integrals given by Eq.(1) and Eq.(2), this is,

pawu+f() J’rl’/f(x) and paa)b f() awf() (4)

If o« — 0 and y =0, we have
pOwa+f() f() and pOwb f() f() (5)

DEFINITION 3. [17] Let o, y,p,® € R with & >0 and p > 0 and let Q = [a, D]
be a finite or infinite interval of the real axis R. Let a generator g : Q — [0,00] of the
pseudo-addition & and the pseudo-multiplication ® be an increasing function. Also
let f an integrable function defined on €2, y be an increasing and positive function on
(a,b], having a continuous derivative W’ on (a,b) with y/(x) # 0. The w-Riemann-
Liouville-Mittag-Leffler pseudo-fractional integral (left-sided and right-sided) are de-
fined as

]EZB;% 0,0, a)~a+f(x)
¢ (BEY o8 (/)

i [s (W (O (W' (1) =W ()" Ep aloo(w(x) = w(t)P]) © f(r)] dr

a4
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and

18
E@,@,p,a,w;hff(x)

= g7 (B2 0 s(/(0)
D

= » [g_l (W/(z)(w/(z) — l///(x))a_lEg,a[w(W(t) — W(x))P]) @f(t)] d.

In particular, if ¥ =0 we have fractional integrals given by Definition 3.1 of [7]
ie.,

EXY ) oaar f() =87 (Egi"é,w;ﬁg(f (X))) =g '(I5Ve(f(x)
= Hgig,ﬁ ()C)

and

Y aon S0 = & (EQY o g(/)) =g~ (I58(£(x))

= Hgig’b_ f(x).

We assume g : [a,b] — [0,00] of the pseudo-addition &, the pseudo-multiplication ®
be a generator, an increasing function and f : [a,b] — [a,b] is a measurable function.

3. Pseudo-analysis

In this section, we summarize some properties of the pseudo-analysis [18, 20, 21].
Let [a,b] C [—eo,+o0|. The full order on [a,b] will be denoted by <.

DEFINITION 4. [20] A binary operation & on [a,b] is pseudo-addition if it is
commutative, non-decreasing (with respect to <), continuous, associative, and with
a zero (neutral) element denoted by 0. Let [a,b]+ = {x|x € [a,b],0 < x}. A binary
operation ® on [a,b] is pseudo-multiplication if it is commutative, positively non-
decreasing, i.e., x <y implies x©®z = y©®z for all z € [a,b], associative and with a
unit element 1 € [a,b], i.e., for each x € [a,b],1 ©x = x. Also, 0 ©x =0 and that © is
distributive over @, i.e.,

xO(y®z)=(x0y)®(x07).

The structure ([a,b],®,®) is a semiring (see [13]).

DEFINITION 5. [21] An important class of pseudo-operations 5 and ® is when
these are defined by a monotone and continuous function g : [a,b] — [0,], i.e., pseudo-
operations @ and © are given with

x®y=g '(g(x)+g(y) and xOy=g '(g(x)g(y))
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DEFINITION 6. [21] Let X be a non-empty set and </ be a ¢ -algebra of subsets
of aset X. Aset u: .o/ — [a,b] is called a o-@-measure if it satisfies the following
conditions:

1. u(0)=0;

2. W (U %,) = @u(dl) holds for any sequence {7 };cn of pairwise disjoint
i=1 i=1
sets from .7 .
DEFINITION 7. [21] Let pseudo-operations & and © are defined by a monotone

and continuous function g : [a,b] — [0,0]. The g-integral for a measurable function
f:e,d] — [a,b] is given by

[ reode=g (/Cdg(f(X))dx> |

DEFINITION 8. [18] Let g be the additive generator of the strict pseudo-addition
@ on [a,b] such that g is continuously differentiable on (a,b). The corresponding
pseudo-multiplication ® will always be defined as u®v =g~ (g(u)g(v)). If the func-
tion f is differentiable on (c¢,d) and has the same monotonicity as the function g, then
the g-derivative of f at the point x € (¢,d) is defined by

Y ot (Letrn).

Also, if there exists the n-g-derivative of f, then

(n)® X n
L0 o (St

DEFINITION 9. [15] Let g be a generator of a pseudo-addition ¢ on interval
[0, +oo|. Binary operation © and @ on [—eeo, 4| defined by the formulas:

x0y=g¢ '(g(x)—g(y) xoy=g"' (%) ,

if expressions g(x) — g(y) and iE—’;g have sense are said to be the pseudo-subtraction

and pseudo-division consistent with the pseudo-addition &.

DEFINITION 10. [15] Let g : [—eo,4e0] — [—oo,+oo| be a continuous, strictly
increasing and odd function such that g(0) =0, g(1) =1, g(+e0) = +oo. The system
of pseudo-arithmetical operations {®,©,®, @} generated by this function is said to be
the consistent system.
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4. Holder and Minkowski inequalities

Our first result is the following Holder inequality using y-Riemann-Liouville-
Mittag-Leffler pseudo-fractional integral.

THEOREM 3. (Holder’s inequality) Let ,y,p,® € R, with o« > 0 and p > 0.
Also let p and q be conjugate exponents, 1 < p < oo. Assume that there exist two
Sfunctions f,h are they both measurable functions for x > a and W be an increasing
function on C'(Q) such that y'(t) # 0 for all t € Q. Let a generator g : Q — [0,] of
the pseudo-addition & and the pseudo-multiplication ©. Then the Holder’s inequality
Jor y-Riemann-Liouville-Mittag-Leffler pseudo-fractional integral holds:

=
e,

. . P
ERY oo (FOR) (x)] < [Eé‘%f()]

]
(6)
Proof. Taking into account the Young’s inequality
P b
ab< S+ =, @)
p q
with a = f(t)/A and b = h(t)/B, where A,B # 0, we have
fr@) | K@)
Hh(t) KAB| ——=+——|. 8
() < an( 28 20 ®

Since ¥ be an increasing function such that y'(¢) # 0 for all ¢ € Q, therefore y'(1) >
0, forall r € Q, thus W' (¢)(y(x) — w(t))*'E} o[@(w(x) — w(r))P] is a positive func-
tion where 7 € (a,x). Multiplying both sides of (8) by

v () () = ()" Ef alo(y(x) - w(t)]

and integrating the result with respect # over (a,x), we get

/ux W () (y(x) = y(0) " Eg alo(y(x) — y()P1f(1)h()dr

<aB|— [ WO~ w) " Ef aloo(wi) — w1 (o)

ﬂllﬂ / v () () = w(0)*Ef alo(w(x) — y()P1rP ()de |-
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Since function g is increasing function and g~ ! is also increasing function and applying

the compositions go f and goh to previous inequality, we obtain

{ [ v )" B alo (w(x)—w(t))”}(gof)(t)(goh)(t)dt} ©)
<g! {AB [% / WO - ) Ef oy - y)P)go /) 0)dr
o [ v )% E alo (l//(x)—l//(t))”}(gohy’(t)dt]}-
Let
= [y ) B} alo(y () = w(0) (g0 1) (0
and
= [y ) E} alo(y(0) — w(0) (g om(1)dr

Thus the inequality (9) becomes

g { [ VO - v Elao(we) - wi)ls(s (g0 f><goh>>(t>)dt}

< gl{ [/ V)W)~ y)* Epalo(w) w0 ls(s7 ((sof )p(”))dt] p

1

x [ [ VO - ) B alo(vi - w) e (s ((goh)%z)))dz] }

or, equivalently,

8_1 { /: W/(t)(q/(x) — ‘I/(l))o‘_lEg@[w(W(x) — W(;))P]g(th) (t)dt}

< g‘l{g<g‘l (( / WO (W) ()" EL o (w(x)— ()] (g0 fg)(t)dt> ))

1

‘e (8‘1 <</ V(O W)= y()* Ef alo(w(x) (1)) (g 1) m‘”) )) }
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Hence

gl{ VO - ) B o) - wo)ls(Fo ) (t)dt}

<s! (( VO - v B alo(we) - v(0)](so7) <f>df> )

1

og ! (( ax v (1) (w(x) = w(0)* ' E o[o(w(x) — w(t))P](gohl) (t)d,> ) }
this is,

8*1 { /:‘ y/(t)(ll/(x) - u/(t))aflEgﬂ[(D(l[/(x) — w(t))P}g(th) (l)dt} (10)

<=
—

x[o(w(x) =y () )(gofF) (t)dt> >]

Qg_l{ [g (g‘l (/ax VO Wy L

x[o(w(x)—y(1)°](goh) (t)dt> >] }

From (10) we derive the inequality (6). [

REMARK 1. Taking g(x) = x in (6), we obtain the Holder’s inequality for -
Riemann-Liouville-Mittag-Leffler fractional integral, this is,

1
Egivg?w;u N f(x)h(x)} < [ng!&?w;ﬁ fp(x)] |:]Eg;7lgl,w;a +hq(x)} . (1)

On the other hand, taking g(x) =x, Wy(x) =x, =1 and y=0 in (6), we obtain
Holder’s inequality for pseudo-integral [4].

Our second result is the following Minkowski inequality using y-Riemann-Liouvil-
le-Mittag-Leffler pseudo-fractional integral.

THEOREM 4. (Minkowski’s inequality) Let «,y,p,® € R, with oo >0 and p >
0. Also let p and q be conjugate exponents, 1 < p < eo. Assume that there exist two
Sfunctions f,h are they both measurable functions for x > a and Y be an increasing
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function on C'(Q) such that y'(t) # 0 for all t € Q. Let a generator g : Q — [0,
of the pseudo-addition @& and the pseudo-multiplication ©. Then the Minkowski’s in-
equality for y-Riemann-Liouville-Mittag-Leffler pseudo-fractional integral holds:

1

. P . P .
Eé}g,p,mw;ﬁ(f@h)g(x)} < [Eg}g,p,mw;ﬁf5<x>] @[Eg}gp,a,w;mg<x>
©

o
(12)

Proof. To prove (9), we write
(f+R)P(e) = FO)(F+m)P )+ h()(f+ )P (2) (13)

Multiplying to both sides of (13) by v/ () (y/(x) — w(t))* 'E} o[@(y(x) — y(t))?] and
integrating the result with respect ¢ on (a,x), we get
[EEb s (F +11P ()] < [ESS 0

Y a3 (1) (). (14)

Holder’s inequality (Remark 1) gives

E%“é,w;a+<f+h><f”>q<x>]

)

[Ez‘};,wﬂgﬂmﬂ(}c)} < [Ez‘,‘;,w;a+fp<x>] ' [
T [E%‘”h()} ' [E%‘” <f+h><f”>‘f<x>}

Since %-ﬁ-é =1 it follows that (p — 1)q = p, we have

1 1
P

1
. P . . P
[Ez’,‘é7w;a+<f+h>1’<x>} < [Ez’}z,w;ﬁf%x)} +[Eg’fé7w;ﬁhz’<x>] (1)
or, equivalently,

1
P

(/: v () (W) = ()" Ef alo(w(x) —w(@)P)(f + h)”(t)dt>

< ( / W) —v(0) T E] g o(y() - w(o)P) fp(t)dt> ’

1

+ ( [ v ww - vo) B o) - w(t))P]hP(t)dt) E
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Since function g is increasing function, then g~! is also increasing function and we
have

g ((/ax v ()(y(x) = y(1) " E] alo(y(x) — l[/(t))p](gof—i-goh)P(t)dt) ">
<g P

< (( /axl//’(t)(l//(X)—V/(f))“lEg,a[w(l//(X)—l//(f))p}(gOf)”(f)dt> " e

+ ( [ V@ w00~ ye) B cloy() - w(r))P](goh)P(z)dt> ) .

For the left-hand side of the inequality (16), we obtain

(( ( ( [ v )% EL al@(y ()~ y(1))

. (g<g_l((8of+goh)(t))>>pdt>>> %)

_ ( . ( [ Yo EY [o(y(x) — w(0))P)

xg(g”! (s(r @) (t)>p>df>> %

©
1

= [Egj’é,p,a,w;mr(f@h)g(x)];~ 17

For the right-hand side of the inequality (16), we get

H ( v ) E ol <w<x>—w<t>>"]g(g-l(gof>"<t>)dt)p]

g—l (/a u//(t)(W(X)_W( ))0‘ 1Eg7a[w(l[/(x)—y/(t))l)]g<g—1(goh)p(t) d

M)
<g-1 ( [ V0w = v0) B dolye) - v (gof@”)(t)dr) )
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—g! <<g <g—1 ( [ VO -0 B oy - o))
X(gofS)(t)dt))) )

e ((g (gl ( [ V00 w0 B aloo(w) — ()]

X(go,,g)(,mt)))"’)

. P
[Eé%,p,mwh{% (x)] : (18)
©

. P
= [Egj’é,p,a,w;mrfg (x):| D

O]

Hence (17) and (18) yield the result in (12), which completes the proof of theorem. [J

REMARK 2. Taking g(x) = x in (12), we obtain the Mikowski’s inequality for
v -Riemann-Liouville-Mittag-Leffler fractional integral:

[Ez‘zwﬁvw)ﬂ(wr < [Etowr @]+ Bt ] 0

On the other hand, taking g(x) =x, y(x) =x, o« =1 and y=0 in (12), we obtain
Minkowiski’s inequality for pseudo-integral [4].

5. Reverse Minkowski pseudo-fractional integral inequality

In this section, we present reverse Minkowski inequality using y -Riemann-Liouvil-
le-Mittag-Leffler pseudo-fractional integral.

THEOREM 5. Let o, y,p,w € R, with oo >0 and p > 0. Alsolet p > 1 and y
be an increasing function on C'(Q) such that y'(t) # 0 for all t € Q. Assume that
there exist two positive functions f,h are they both measurable functions for x > a
satisfying BLY, ; o orar SO(x) < oo and BLY, ;o 0 h(X) < oo. Let a generator g :
Q — [0, 0] of the pseudo-addition ® and the pseudo-multiplication ® be an increasing
Sfunction. If the following condition satisfied 0 < m < <L E? M for all t € [a,x] and
m,M € R, then the inequality holds for W -Riemann-Liouville-Mittag-Leffler pseudo-

fractional integral:
Va' P
[E@,Q,p,mw;wrf@ (x)]

_ 1+M(m—|—2) . P
<g 1<[WD © [Eé}épaw(f@h) (x >]o (20)
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f()

Proof. Using the condition =——= < M, 1 € [a,x], x > a, we have

h(t)

p
0 < (5747) 00 @

Since  be an increasing function such that y'(¢) # 0 for all ¢ € Q, therefore y'(r) >
0, forall 1 € Q, thus v/ (1) (w(x) — w(1))*'E} o[@(w(x) — w(r))P] is a positive func-
tion where 7 € (a,x). Multiplying both sides of (21) by

v () (y () = ()" E) alo(y(x) - w(t)]
and integrating the result with respect ¢ over (a,x), we get
[ WO - v0) B oyt - win) Pl o (2)
P rx
<(557) [ VOWW - v ELadotv) - ORI+ 10

f@)

Now, using the condition m < :——=, 7 € [a,x], x > a we have

h(t)

1

hP (1) < (m—_H>p(f+h)p(t). (23)

Multiplying both sides of (23) by v/ (r)(w(x) — w(1))* 'E} o [@(y(x) — w(t))P] and
integrating the result with respect # over (a,x), we get

[ V000 w0 Ef aloy) w0 @
< (o) [ VOWW - v Balotv) v+ nroa
S\mri ; v v v p,aO(Y 4 .

Applying the compositions go f and goh to inequalities (22) and (24) we obtain,
respectively,

[0 ()~ () B alooy ()~ w() Pl(g 1)) @3

<(5re7) [ WO - w0 ELalo(w) - o leo s+ gon e
and

)W) w0 B alo(w() w0 h ) 20
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or, equivalently,

[ jo- lEza[w<w<x>—w(r))f’](gofw)dt]p @7

< (4 ) [ o EY o (w(x)—w(r))f’ugof+goh>1’<r>dr] .
and

[ - lEza[wwu)—w(t))f’](goh)ﬂ(t)dt] 8)

1L
P

IR ) E ol (W(X)—w(t))”](gOf+goh)”(t)dt] .

< <m+1>

Adding the inequalities (27) and (28) yields

1
P

/ux W () (W) = ()" Ef alo(w(x) — w(r)P)(g Of)”(t)dt]

P

+ [wa )" Ef alo <w<x>—w(z))ﬂ(goh)ﬂ(t)dt]

‘ (M%)
()

Since function g is increasing function, then g~
have

[ W OWE - v0) EL ot - wi)Plgo s+ g0 h)f’(r)dt]

P

[ v ) E] oo (W(X)—W(t))"](gOf+goh)”(t)dt] .

! is also increasing function and we

1

H( [ v )" B} alo <w<x>—w(t))f’}(gofw)dr)p]
( [ v "B} alo <w<x>—w(t))f’}(goh)!’(t)dt>p }

<g-l{(M%)
Gl

A W’(t)(w(x)—W(t))"“lEﬁa[w(W(X)—w(t))”](gof+goh)”(t)dt]

+

1
P

[ w’(t)<w<x>—w<t>>°‘—1Ez,a[m(w(x)—w(t»"](gof+goh>ﬂ<t>dr]

1

|
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Hence,

gl{ l(/: v (1) (y(x) — ‘I/(l‘))aflEg,a[w(l//(x) — ‘I/(I))p}(gof)p(t)dt> ,,‘|

+ (/: W () (W) = ()" Ef alo(w(x) - llf(t))"](goh)”(t)dt> ] }

—! {g [gl (( [ V@ W00 - ya) ™ B eloty) - v
><g<g‘1 ((gOf)p(t)>)dt> p
¢! (( [ WO v B oy - v

s (o))

=g! ((/ax v () (w(x) — w(1)* E] glo(w(x) — w(1)P] (g0 £2) (t)dt) )

+8

L

1
P

og! <</x "(0)(y(x) = w(0)* ) alo(y(x) = w(0)P](goht) (t)dt)

%
- g‘l{ lg (g‘l ( [ O B alotw) o)
X (gofg) (t)dt))

==
N—

@g‘l{ lg (g_l (/:u/(z)(w(x)—w(t))“‘lEg,a[w(w(x)—w(t))”}

X(goh’é)(wdt))_ F}

g ( | v O - y0) B oty - v (gOfg)(t)dtﬂ

©

5]

g ! (/: V() (w(x) —w()* E} o[o(w(x) — y()P](goh?) (t)d,ﬂ

i 1
X > ) L
_ as P A »
N {E®,®,p,a,w;a+f@ (x)} ® {]E@,G,P,a,w;a-s-h@ (x)
© ®

)

)l

)

1
P

©
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On the other hand, we have

()

/ax l//’(t)(l//(X)—l//(t))“IEKa[w(llf(x)—llf(t))p}(gOf+goh)”(t)dt]
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—g! (MLH> og! (( [ v O - v0) B alotyto - W
X (g(f@h)(t)>pdt> '
e (ﬁ) oe ((f W OW - )™ B alo(wl) - o))

x(gO%Bhﬂw)pw>%>

o ( (8 (8‘1 (/ v ()W) = w(0) " Ef o (y(x) - y(0))]
Snen))

=g (MLH> © (81 (/ V(1) (w(x) = y(0)* ' E] alo(w(x) — y(1))]

1
P

xg((f@h)é(t))dt))
og! (ﬁ) © <g1 ( | vOwe —v0) E alotylo) - v

xg@f®m200w>>

1

= -
N——

==

©

. P
® {Eé?{a,p,mﬁ (f@h)’g(X)]

e e () e e

. P
© [Eégp,mw;w (fo h)fa(x)}
®

1

M 1 . b

eS| a'’s p

g |—+— @[EU.__,;Q (f@h)n(X)]

( M1 mil ) &P wiat S 1S
1
- 1+M(m+2) { : »

1 a2 P
—g O |ELY  goar (fER) )],
( M+ 1) (m+1) ) ®.0.0 0.0+ SR 1S
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which completes the proof. [

REMARK 3. Taking g(x) =x and y=0 in (20), we obtain the reverse Mikowski’s
inequality for y-Riemann-Liouville fractional integral [5]:

1 1 1

[Hﬁ‘i“’f”(x)} g {HZ‘;‘”h”(x)} "< {%] [HS‘;‘”(Hh)”(x)} L)

~

THEOREM 6. Let ot,y,p,0 € R, with ot >0 and p > 0. Alsolet p > 1 and y be
an increasing function on C'(Q) such that y'(t) # 0 for all t € Q. Assume that there
exist two positive functions f,h are they both measurable functions for x > a satisfying
ELY o oot SO (x) <ooand BEY, , o 0 hD(x) < oo. Let a generator g : Q — [0, 0]
of the pseudo-addition & and the pseudo-multiplication © be an increasing function.
If0<m< % <M, t € a,x] and m,M € R, then we have

1

1 1 : !
= ( % ) S [Eggp,a,w;ﬁfg (x)}
(O]

1
. P
® [Eé%,p,mwh% (x) (30)
©
2 2
. P . P
< [Eé%,p,wﬁféw} ® [Eg}apwwhg(w]
O] ®

1

. p . 14
@{2@ B2 o 20| © [EEY 0] }
®© ©

Proof. By multiplication of inequalities (27) and (28), we obtain

[ VO - v Efalo(vls) - v Pl Of)”(t)dt]

X

/: W () (w(x) = ()" E] alo(w(x) = w(r))P)(g o )P (r)ds

(i)
(1)

1
P

I w’(t)(w(X)—w(t))“‘lEK,a[w(w(X)—w(t))”}(gof+goh)”(t)dt]

[ w’(t)(W(X)—w(t))"“lEﬁa[w(w(X)—w(t))”](gof+goh)”(t)dt]

1
P
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Since function g is increasing function, then g~! is also increasing function and we
have

g—l{ ((M+1124(m+1)>

| vowe - vo) e

<o) - W(t))”}(gOf)”(t)dt]
x [ | WO - v0)* B oyl - w(z))f’](goh)ﬂ(z)dt] p } G

2

<g™! ((/ax v (1) (w(x) —w()* E] olo(w(x) - l[/(t))p](gof+goh)l7(t)dt> ,,) .

Then the left-hand side in (31):

Al (= (oo

<E} aloo(w()~ le)ls (5 (gof)p(t)>dt> ”

1

x ( [ v O B oty -0l (¢ (goh)f’m)dr) )] }
:g_1<(m+l M+1> ((/W 1

<Ep alo(y(x) = yw(1)](g0 f2) (t)dt> ’
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:g—1<%> @g_l<<g<g_l (/axv/(t)(w( )= ()"

® (g—l (/ax W () (w(x) — w()* " E olo(w(x) — w(0)P](go ht) (,)dt>>

1

D(M+1 _— .
=g! (W) [Eé@p awar (X )} ® [Eé%,p,a,m;ﬁhg(x)] .
®

The right-hand side in (31):

(( IRL )% EL alo(y(0) — y(1)]
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2
X P
- <g—1 ( | v v B aloty) - w(t))ﬂg((f@h)gt))dr))
®
2
. P
=[Eé}é,p,a,w;a+(f@h)’g(x>} : (33)
®
From (32) and (33), we obtain
(m+1)(M+1) , >
_ m s P g
8 N © Eé}g,p,a,w;a+fg(x) © Eé}g,p,a,w;a+hg(x)
M o ®
2
. 14
< [Egj’é,p,a,w;mr(f@h)g(x)] . (34)
o
Applying Minkowski’s inequality to the right-hand side of (34), we get
112
- P
(Eg}g,p,a,w;a+ (f@h)g(x))
©lo
1 192
. P P
< (B2 26 (B 09
o ©]e
172 192
. P P
= <E$%,p,a,w;a+f(g(x)) S2) (Eéufl),p,aw;ﬁhg(x)) ]
o] o I
1 1
. P . 4
220 (B pmun20)) © (B pmust2)) . 09)
® ®

By (34) and (35) we obtain (30). [

6. Other related inequalities via y-Riemann-Liouville-Mittag-Leffler
pseudo-fractional integral

Now, in this section, we provide others inequalities using y-Riemann-Liouville-
Mittag-Leffler pseudo-fractional integral.

THEOREM 7. Let o,7,p,® € R, with a >0 and p > 0. Also let p,q > 1 sat-
isfying L —|—L11 = 1 and y be an increasing function on C'(Q) such that y'(t) # 0 for
all t € Sli Assume that there exist two positive functions f,h are they both measurable
functions for x > a satisfying E£%7p7a7w;u+f®p (x) < oo and ]Egj’é7p7a7w;a+hg (x) < oo.
Let a generator g : Q — [0, 0| of the pseudo-addition & and the pseudo-multiplication

® be an increasing function. If 0 < m < % <M, t € la,x] and m,M € R, then we
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have

1 1
{Eg%,p,a,w;ﬁ (fé © h(%) (x):|

L 1 1
_ m \ pd : r . q
=8 1[<M) ] © {Eé}g,p,a,w;a+f(x)] © [Eé}g,p,a,w;a+h(x)] . (36)
® ®
Proof. By the conditions % <M and m < %, t € [a,x], x > a, we obtain,
respectively,

1

Fr()-ha () > M1 f(r) 37)
and
F7(0) b (0) = mPh(s). (38)

Multiplying both sides of (36) and (38) by v/ (¢) (y(x) — w(r))*~ 1EY alo(y(x)—y(1))P]
and integrating the results with respect # over (a,x), we get, respectlvely

v "B} alo(y() ~ yO) 1P (0 -hT@dr G9)
> M / v )% B alo(y () —w(0) ) (1)

and
v B alo(y(x) ~ y(O) 1P (0 -h1 @dr - @0)

> mp / V(O ((x) — (1) E} alo(y(x) — w()PTh()dr.

Applying the compositions go f and goh to the previous inequalities, we obtain
1 1
/ (1 ) E alo(w(x) —y(0)Pl(go f)7 (1) - (goh)t(rdr  (41)
>M" ‘1/ W () (y(x) — w(0)* Ep alo(w(x) — y(1)P)(g0 f)(1)de

/l,, ) Ef alo(w(x) ~ v )(go £)7 (1) (gom)T (0 @2)

> mb / W () (w(x) = w(0)* B} glo(y(x) = w(1))P](goh)(r)dt

or, equivalently,

1

{ [we ) EY oo <w<x>—w(z))ﬂ(gof)éa)-(gohﬁmdr}p 43)

1
P

> M [ / V0~ vi0)* ELaloy) - v)Pl(se Nioa
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and
1

[ VO - v ELalolvi) v Plise Nt 0- onina] " @

> mi [ [ v O -y E dotw) - w(t))”}(gom(f)df] E

Multiplying the inequalities (43) and (44) and considering the condition 1% + é =1,we
get

[ VO - w0 ELalov) v Pl(se 00 o 0a

> (32)" [ | WO - v0) B oyl - w(r))PMgof)(t)dz}

e,

< [ WO - v B ot - vorlgenns|

1

Since function g is increasing function, then g~ is also increasing function and we

have

g ! (/at v (1) (y(x) — y/(;))a—lEgﬂ[a)(w(x) - w(;))P}(gof)% (1) - (goh)% (t)dt)

x [ / WO — )" B alo(y() - w(ﬂ)”](goh)(t)dt} ’ } (45)

For the left side of the inequality (45), we have

g ! ( v @ - vo) B oty - wi))

ol oo (o P 0))a(e (iom?0)) o
~g! ( v @ - vy B ot - vi))

xgls! (827 () 05" ((gohﬁ(t))}dr)

—g! ( [ WO ) B alowe) - wi)P)s (2 ont) <r>dt>

1

=B 5 woar (£ ©h3) ). (46)
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For the right side of the inequality (45), we get

g—l{g[g—l ((%) ”lq)]g[g—l (( [ v@we - v« g

181
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From (46) and (47), we obtain (36). [

THEOREM 8. Let o,7,p,0 € R, with a >0 and p > 0. Also let p,q > 1 sat-
isfying L + Llj =1 and y be an increasing function on C'(Q) such that y'(t) # 0 for
all t € é Assume that there exist two positive functions f,h are they both measurable
Sfunctions for x > a satisfying Eg}’é’p’aﬁw;ﬁf(x) < oo and Eg}’é’p’aﬁw;ﬁh(x) < oo. Let
a generator g : Q — [0,00] of the pseudo-addition & and the pseudo-multiplication ©
be an increasing function. If 0 <m < % <M, t € [a,x] and m,M € R, then we

have

[Eé}é,pﬂ,w;ﬁ(f@hxx)]

2r=tpp ,
g_l [m] © [Eg,l’(/a,p,a,w;mr (fg D h%) (x)] (48)

241 :
1 a4 q
bg [q(m—!— l)q] © [E®,®,p,a,w;a+ <f<q> @h®> (x)} :

Proof. From (27), we get

[/ax W () (y(x) = y(0) " Ef alo(y(x) - ll/(t))”}(gOf)”(t)dtl

M \?
< | =
(M—H)

or, equivalently,

/ax l//’(t)(l//(X)—l//(t))“1Eg,a[w(lV(X)—lV(t))p}(gOf+goh)”(t)dt]

X M p .
[Eg%,P,a,w;aJrf@p(x)} < g_l |:<M—+l) ] © [Eg%%a,w;ﬁ <f@h>1;(x)] (49)

On the other hand, using the condition m < %, t € la,x], x > a, we have

(m+1)h(1) < (f +h)7(1). (50)
Applying the compositions go f and goh to (50), multiplying both sides of this in-

equality by y/(t)(y(x) — w(t))* 'EL ,[o(y(x) — w(t))P and integrating the result
with respect 7 over (a,x), we obtain

o+ 17 [ WO - y(0) " E alo(y() - yO)Pgomidr 6D

< [ WO - o) Ef dolwlx) - wo)Plgo £+ gm0,
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Since function g is increasing function, then g~! is also increasing function and we

have
& { [ v Owe - v0) B oty - w(r))f’}(goh)qo)dt}
{mH R4S )4 EL ol (W(X)—W(t))"}(gof+goh)‘1(t)dt}
8 {/ U ) IEZa[w(w(w—w(t>>”]g[g‘1((goh)q(z))}d;}

“”{glg‘l(m)

<} ooy () — (o)) <8(g_1((gof—i—gOh)(t))))th)] }

g [g‘l (/: v (1) (w(x) — ()™ !

xg ! { /ax v (1) (y(x) — l//(t))“—lEgﬂ[a)(l[/(x) —y(1))] (gﬂz%) (t)dt}

xg (g’l (g(f@ h)(f)>q> dt)

xgl{ [ VO - v B dotve) - )] (soh) (”df}

G

<g l((er 1)’1> © [Eér’{%pﬂﬂxﬁ (f@h)é(x)} -

)@g ( [ v ) B alo(y(x) — y(0))

Xg((f@h) (t ))dt> [E%V(j)pawaﬂrho( )]

Considering Young’s inequality, we have

), W) 5

AQLIGES

Applying the compositions go f and goh to (53), multiplying both sides of this in-
equality by v'(t)(y(x) — l[/(t))o‘_lEg7p[w(l//(x) — y(1))P and integrating the result
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with respect 7 over (a,x), we obtain

/ V(W) — w(0)*EL g o(w(x) — w(n)P )£ (0)h()dr
/ v )% EL al(y () — w017 (1)dr
+- / v ) EL lo(w(x) - w(o)P P (1)dr.

Hence,

g { / v () (w(x) — w(0)*E} qlo(w(x) - l[/(t))p](gof)(t)(goh)(t)dz}
¢ { / V(O W) —y(0)* Bl dlo(y(x) - y(0)]

><g(g1((gof)(t)(goh)(t)))dt}

—g-l{ [ v e lEga[w(W(X)—ll/(t))”}(f@h)(t)dt}
= [Eé}é,p,a,w;a+<f@h><x>]. (54)
On the other hand, we have
—1{ [ v ¥ E] alo(y(x) — w(o)P)(go £)7 (1)
+- / v ) EL oo (w(x)—w(r))f’](goh)l’(r)dz}

_ { [ ( / i e EY o(w(x) — w(0))°)
><g<g’1 ((gOf)”(t)»(t)dt)]

_1< / e I EY o(y(x) — w(t)P]

xg(¢7! ((gon)))) <t>dr)] }

{ [ v o lEg,awwx)—w(t))P](gofg)ow}
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)1 _
g 1{5 | v Oww - v B adotyt) - wo))(son) <r>dt}
(1 . /1 .
=8 ! (;) © [Ezeyé,p,a,w;mrf@p(x)] Dg 1(5) © [Eé%},p,a,w;ﬁhg(x)] . (55
From (54) and (55), we get
) (1 . /1
Y o TN <27 (5) 0 By 20 067 (1)
© [Eé,‘é,p,mamé (x)] : (56)
Using the inequalities (49) and (52), the inequality (56) takes the following the form

) MP .
[Eé:’é,P,a,w;qu(f@h)(x)] < g_l (m) © []Ezéj’é,ﬁ%a,w;mr(f@h)g(x)} (57)

_ 1 :
o () © [FEbpamtr 0]
By using the inequality (s+r)? < 2P~ !(s? +rP), p > 1 and r,s > 0, we can write
LY pa 0RO <67 @) [EEY e (L 002) 0] 59
and
B2 a0 <67 )0 [EEY p e (000 ) )] 59
Applying the inequalities (58) and (59) in (57), we get
(B2, s (TR
_ MmP e .
<g! (m) ©g 1(2p 1) © [Eé}g,p,a,w;a+ (f@p @h’é) (x)]
_ 1 g :
og! (W) ©g 1(2q 1) © {Eéj{),p,a,w;w (fé @h‘é) (x)}
or, equivalently,
(2. s (TR
2r=tmp :
-1 ;
<g (m) © |:Ez9?(/a,p,a,w;mr (fg @hg> (x)}

—1 247! vy q 14
Dg (W) © |:E63.,®,p,oc,w;a+ (fea 69}1@) (x)] U (60)
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THEOREM 9. Under the assumptions of Theorem 8 and using the condition 0 <
c<m< % <M, t € [a,x| and m,M € R, we have

[ M+1 P
8 1<M—_> © [Eé%pawa+(f90h)g(t)]
¢ ®
1

[Eé@pawa+f@< >} '

O]

==

o [Eéf”@,p,a,w;a+h’é(t>] (61)
(O]

fm+1 . Iz
<8 1<E) © [Eé,‘g,p,a,w;ﬁ (f@Ch)g(t)} .

®
Proof. Using the condition 0 < ¢ < m (f) € [a,x], x > a, we have
— p —
(f(t) —ch(1)) <)< (f(t)—ch(1))” 2
M=o m—op
and

MP(f(t)—ch(r))”
(M —c)P

Multiplying by v/ (¢)(y(x) — w(t))* 'E} o[@(w(x) — w(t))P] both sides of each of
the inequalities (62) and (63) and integrating the results with respect ¢ over (a,x), we
get, respectively,

<fP) <

(63)

1
P

(Ml— c> [/X V() (w(x) = y(0)*E] alo(y(x) = y(0)P1(f) - ch(t))pdt]

[ [ v ()" 'E}alo (w(x)—w(r))ﬂ]hf’(z)dt] (64
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Adding the inequalities (64) and (65), we obtain

(ﬁfiii)

1
P

/: V() (w(x) = ()" Ep alo(y(x) — y(0)P)(£() Ch(t))pdt]

<| [we ) Ef alo (w(x)—w(t))”}h”(ﬂdtr
| [ve B} alo (w(x)—w(t))”]f”(t)dtr
(’”“) [ v "B} alo (W(X)—w(t))”](f(t)—ch(t))”dt]%7
Since g is increasing function, then g~! is also increasing function and we have
g{(%—i) /axw’(t)(w(x)—w(t))""lEg.,a[w(w(w—w(t))"]
x((g2)(0) —c(gohxr))”dr] l}
ﬂ [ v B alo (l,,@_l,,@))p](goh)p@d,]%
+ [ WO - v B ddoy - l//(t))"}(gof)”(t)dt] F }
< gl{ (2 | [ wowe - v Blalotv) - ()
x((g2) 1) —c(go h><r>>”dt] % } (66)

which yields

oG

’ [g_l <</ VO (W) — )" Ef oy () — (o))

< (8(s7 (o)1)~ <goch><t>)))”dt> )] }
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{ [ (( [ v ) EL al@(w() ~ w(1)))

The last inequality takes the form

() e (( ( (/ e ) B alo(y ()~ wio))
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1
P

< (ng*(Axw%n0#@%—w@»“*EKawwwoﬁ—w0DPKgOMQ0ﬁh>)) )

@<<g <g—1 ( | v Owe—v0) B alo(v -

x@oﬂﬁmw>>>;>

<o'(25)e ((g (gl ( [ V000 w0 B aloo(w) — ()]

a(pearos))))
g1<M+1

v ) ® <g1 ( VO - v Ef alo(y) - v())

Hence

xg((f@ch)g(t))dz>> . 6)
It follows from (67) that the inequality in (61) holds. [J

THEOREM 10. Let a,y,p,0 € R, with o« >0 and p > 0. Also let p > 1 and y
be an increasing function on C'(Q) such that y'(t) #0 for all t € Q. Assume that there
exist two positive functions f,h are they both measurable functions for x > a satisfying
Eg%’pﬂa’w;ﬁfg(x) < o and ng’&p’a’w;ﬁhg(x) < oo, Let a generator g : Q — [0,]
of the pseudo-addition & and the pseudo-multiplication © be an increasing function.
If0<a< f(t) <A and 0 <b <h(t)<B,t € [a,x] and a,A,b,B € R, then the
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following inequality holds

1

7 P
[E@}é,p,wﬁfax)]
©

P
vy p
© [E@@,pﬂ,w;ﬁh@(x)}
o)
1

A(a+B)+B(A+b)
(A+Db)(aB)

-1

~

©

Proof. By using the given, realizing the product between a < f(7) < A and

1 1
mg Z,Wehave

~

—~
~

~—

VA
VA
| b

SRR

byl
PN

=
=

From inequality (69), we can write

B
a+B

i< (1) wenro

and

p
o< (5545) U0,

. »
© |:]EZéj’(/D,P,O(,w;a+ (f@h)g(x)] .

(68)

1
3 S

(69)

(70)

(71)

Multiplying by v/ (¢)(y(x) — l//(t))“‘lEgﬂ[a)(l[/(x) — y(2))P] both sides of each of
(70) and (71) and integrating the results with respect 7 over (a,x), we obtain respec-

tively

W)~ v0))* Ef alo(w() — ()P (1)

or, equivalently,

X

V() (y(x) = yi(0) " Ef lo(y(x) - W(t))p]hp(t)dt]

a

B
<
<a+B)
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and

1
P

[/ax W () (y(x) = y(0) " Ep alo(y(x) - llf(t))”]f”(t)dt] (73)

1
A
g —
<A+b)

Adding the inequalities (72) and (73), we obtain

p

/ax V(O (W) = ()" Ef alo(y(x) - l//(t))p}(f+h)”(t)dt]

[ [ v - v Efalo(ve) - w(z))ﬂfﬁ(r)dz]

+ / W) (v - w(0)*Ef olo(y(x) - w(t))"]h”(t)dt]
A(a+B)+B(A+Db)
= (A+b)(a+B)
X / W (wlx) - w()* E) alo(y(x) — w(0)P](f + h)”(t)dt]

From here the proof is analogous that of Theorem 5. [

THEOREM 11. Let a,7,p,0 € R, with o« >0 and p > 0. Also let p > 1 and y
be an increasing function on C'(Q) such that y'(t) #0 forall t € Q. Assume that there
exist two positive functions f,h are they both measurable functions for x > a satisfying
Egj’é7p7a7w;a+f(x) < oo and Eggpﬂw;ﬁh(}c) < oo, Let a generator g : Q — [0, of
the pseudo-addition @ and the pseudo-multiplication ® be an increasing function. If
0<m< f(t) <M, t€la,x| and m,M € R, then the following inequality holds

g (%) © [Egr’é,p,a,w;a-f (foh) (x)}

1 1a’% 2
< |G © (B swoer 2000 7

< g_l (%) © |:]EZB;%,P,O(,CO;Q+ (f@h) (x)] .

Proof. Using the condition m < % < M, we have
(m+1)h(t) < f(t) +h(t) < (M+1)h(z) (75)

and

(Mo )70 < s+ < (") 500, 76)

m
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Multiplying the inequalities (75) and (76), we can write

J(t)h(r) (f+h)() f(0)h()
M <(M+1)(m+1) m 7

Now, multiplying both sides of (77) by y'(¢)(y(x) — w(t))* 'E} o[0(y(x) — w(1))P]
and integrating the result with respect to 7 on (a,x), we get

v )% B alo(y ()~ w(0) £ ()

m / YO0 = w0)" Ef alo(wx) = y(0) |+ W20

< ['wa ) E} alo(w(0) — w(0) ) F(Oh()dr.
Since function g is increasing function, then g~! is also increasing function and we
have
[ (/ v(t )] ol (IV(X)—lV(t))”](gOf)(t)(goh)(t)dtﬂ
<g! ;< /xw’o)(w(x)—w(t))“*ﬂ 0(y() =~ w()]
S0 MDA\ S P
><(g0f+g0h)2(t)dt>
[ ( [we ) EY oo (W(X)—w(t))"}(gof)(t)(goh)(t)dtﬂ
or, equivalently,
(3 )@g1< [we B 0wl - v(0)))
><(gOf)(t)(goh)(t)dt) (78)
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From the left-hand side inequality of Theorem 3, we have
g / W (1) (W) = ()" Ej alo(w(x) = w(t)Pl(g o f) (1) (g o h)(1)dr

= {Eé,‘”@p,a,w;ﬁ (f©h) (x)} : (79)

From the right-hand side inequality of Theorem 6, we obtain
g / V() (W) = ()" Ef alo(w(x) —w()P)(go f+goh)*(t)d

= [Eé}é,p,a,w;a+ (f@h)é(x)] : (80)

Combining the inequalities (78), (79) and (80), we obtain (74). O

Concluding remarks

The results obtained generalize some results presented earlier by other authors.
In this paper have introduced the generalization of the Holder and Minkowski pseudo-
fractional integral inequalities. In the case of generated pseudo-operations, we recover
the g-integral of Pap [18], which can be seen as a generalization of the Lebesgue inte-
gral. This type of integrals was shown to be extremely useful in the advanced investi-
gation and applications of nonlinear partial differential equations [31]. We also proved
some general version of the reverse Minkowski inequalities and other inequalities via
v -Riemann-Liouville-Mittag-Leffler pseudo-fractional integral. Our generalizations
may be explored for other fractional operators to generalize some inequalities.

For further investigations we propose to consider the following problems:

OPEN PROBLEM. What can be told for the pseudo- y-fractional integral inequal-
ity type of this manuscript when variational pseudo- y -fractional integral [33] are con-
sidered?

OPEN PROBLEM. Is there a general version of pseudo- y-fractional integral in-
equality type of Minkowski’s inequality when set-valued functions [34] are considered?
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