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(Communicated by H. Lopushanska)

Abstract. We first introduce the concept of fractional operators and pseudo-analysis. Then we
present new versions of Hölder, Minkowski and reverse Minkowski inequalities via ψ -Riemann-
Liouville-Mittag-Leffler pseudo-fractional integral on a semiring ([a,b],⊕,�) .

1. Introduction

Pseudo-analysis is a generalization of the classical analysis, where the field of real
numbers is replaced with a semiring, i.e., a real interval [a,b] ⊆ [−∞,∞] with pseudo-
addition ⊕ and with pseudo-multiplication � , see [18, 19, 21].

Notice that pseudo-integrals were started to attract mathematicians’ attentions in
several applications, for example in the area of nonlinear partial differential equations
occurring in different applied fields, see [31] as well as the edited volume [32]. Inequal-
ities play a central and fundamental role in the fields of probability and measure theory,
classical analysis, optimization theory, mathematical finance and economics.

Many authors have investigated important inequalities via the pseudo integrals [1,
10, 14, 20, 24, 30]. The study of inequalities via fractional pseudo-fractional integrals
has been investigated in recent years [3, 11, 28].

The classical Hölder’s and Minkowski’s integral inequality hold [22] for u and v
be measurable functions on X , with range in [0,∞] :

(i) (Hölder’s inequality)

∫
X

uvdμ �
(∫

X
updμ

) 1
p
(∫

X
vqdμ

) 1
q

,

(ii) (Minkowski’s inequality)

(∫
X
(u+ v)pdμ

) 1
p

�
(∫

X
updμ

) 1
p

+
(∫

X
vpdμ

) 1
p

,
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where p and q be conjugate exponents, 1 < p < 1 and X be a measure space, with
measure μ .

Agahi et al. proved generalizations of Hölder’s and Minkowski’s inequality for
pseudo-integral [4]:

THEOREM 1. (Hölder’s inequality for pseudo-integral) Let p and q be conjugate
exponents, 1 < p < 1 . For a given measurable space (X ,A ) let u,v : X → [a,b] be two
measurable functions and let a generator g : [a,b] → [0,∞] of the pseudo-addition ⊕
and the pseudo-multiplication � is a decreasing function. Then for any σ -⊕ -measure
μ it holds:

∫ ⊕

X
(u� v)�dμ �

(∫ ⊕

X
u(p)
� �dμ

)( 1
p

)

�
�
(∫ ⊕

X
v(q)
� �dμ

)( 1
q

)

�
.

THEOREM 2. (Minkowski’s inequality for pseudo-integral) Let p and q be con-
jugate exponents, 1 < p < 1 . For a given measurable space (X ,A ) let u,v : X → [a,b]
be two measurable functions and let a generator g : [a,b] → [0,∞] of the pseudo-
addition ⊕ and the pseudo-multiplication � be an increasing function. Then for any
σ -⊕ -measure μ it holds:

(∫ ⊕

X
(u⊕ v)(p)

� �dμ
)( 1

p

)

�
�
(∫ ⊕

X
u(p)
� �dμ

)( 1
p

)

�
⊕
(∫ ⊕

X
v(p)
� �dμ

)( 1
p

)

�
.

The main motivation of this paper is to obtain a general version of the Hölder’s
and Minkowski’s inequality and reverse Minkowski’s inequality using the ψ -Riemann-
Liouville-Mittag-Leffler pseudo-fractional integral. The paper has been organized as
follows. Section 2 is devoted to the fractional and pseudo-fractional operators . Section
3 contains some of preliminaries on the pseudo-analysis. In Section 4, we prove gener-
alizations of the Hölder and Minkowski inequalities using pseudo-fractional integrals.
In Sections 5, we prove the reverse Minkowski pseudo-fractional integral inequality.
In Section 6, other integral inequalities related to the Minkowski inequality are also
proved. Concluding remarks close the paper.

2. Fractional operators

In this section, we present ψ -Riemann-Liouville [12, 23] and ψ -Riemann-Liouvil-
le-Mittag-Leffler fractional integrals [16, 29] and ψ -Riemann-Liouville-Mittag-Leffler
pseudo-fractional integrals [17] that will be used in this paper.

DEFINITION 1. [12, 23] Let α > 0, Ω = [a,b] be a finite or infinite interval, f
an integrable function defined on Ω and ψ ∈ C1(Ω) an increasing function such that
ψ ′(x) 	= 0, for all x ∈ Ω . The left- and right-sided ψ -Riemann-Liouville fractional
integrals of order α of f on Ω are defined by

�
α ;ψ
a+ f (x) =

1
Γ(α)

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1 f (t)dt (1)
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and

�
α ;ψ
b− f (x) =

1
Γ(α)

∫ b

x
ψ ′(t)(ψ(t)−ψ(x))α−1 f (t)dt, (2)

respectively. For α → 0, we have

�
0;ψ
a+ f (x) = �

0;ψ
b− f (x) = f (x).

DEFINITION 2. [16, 29] Let α,γ,ρ ,ω ∈ R with α > 0 and ρ > 0 and let Ω =
[a,b] be a finite or infinite interval of the real axis R , f an integrable function de-
fined on Ω and ψ ∈C1(Ω) an increasing function such that ψ ′(x) 	= 0, for all x ∈ Ω .
The left- and right-sided ψ -Riemann-Liouville-Mittag-Leffler fractional integrals are
defined by

�
γ;ψ
ρ ,α ,ω;a+ f (x) =

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f (t)dt (3)

and

�
γ;ψ
ρ ,α ,ω;b− f (x) =

∫ b

x
ψ ′(t)(ψ(t)−ψ(x))α−1Eγ

ρ ,α [ω(ψ(t)−ψ(x))ρ ] f (t)dt,

respectively, where Eγ
ρ ,α(·) is the three-parameters Mittag-Leffler function. In particu-

lar, if γ = 0 we have the fractional integrals given by Eq.(1) and Eq.(2), this is,

�
0;ψ
ρ ,α ,ω;a+ f (x) = �

α ;ψ
a+ f (x) and �

0;ψ
ρ ,α ,ω;b− f (x) = �

α ;ψ
b− f (x). (4)

If α → 0 and γ = 0, we have

�
0;ψ
ρ ,0,ω;a+ f (x) = f (x) and �

0;ψ
ρ ,0,ω;b− f (x) = f (x). (5)

DEFINITION 3. [17] Let α,γ,ρ ,ω ∈ R with α > 0 and ρ > 0 and let Ω = [a,b]
be a finite or infinite interval of the real axis R . Let a generator g : Ω → [0,∞] of the
pseudo-addition ⊕ and the pseudo-multiplication � be an increasing function. Also
let f an integrable function defined on Ω , ψ be an increasing and positive function on
(a,b] , having a continuous derivative ψ ′ on (a,b) with ψ ′(x) 	= 0. The ψ -Riemann-
Liouville-Mittag-Leffler pseudo-fractional integral (left-sided and right-sided) are de-
fined as

�
γ;ψ
⊕,�,ρ ,α ,ω;a+ f (x)

:= g−1
(
�

γ;ψ
ρ ,α ,ω;a+g( f (x))

)
=
∫ ⊕

[a,x]

[
g−1 (ψ ′(t)(ψ ′(x)−ψ ′(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
)� f (t)

]
dt



162 D. S. OLIVEIRA AND A. BABAKHANI

and

�
γ;ψ
⊕,�,ρ ,α ,ω;b− f (x)

:= g−1
(
�

γ;ψ
ρ ,α ,ω;b−g( f (x))

)
=
∫ ⊕

[x,b]

[
g−1 (ψ ′(t)(ψ ′(t)−ψ ′(x))α−1Eγ

ρ ,α [ω(ψ(t)−ψ(x))ρ ]
)� f (t)

]
dt.

In particular, if γ = 0 we have fractional integrals given by Definition 3.1 of [7]
i.e.,

�
0;ψ
⊕,�,ρ ,α ,ω;a+ f (x) = g−1

(
�

0;ψ
ρ ,α ,ω;a+g( f (x))

)
= g−1 (

�
α ;ψ
a+ g( f (x))

)
= �

α ;ψ
⊕,�,a+ f (x)

and

�
0;ψ
⊕,�,ρ ,α ,ω;b− f (x) = g−1

(
�

0;ψ
ρ ,α ,ω;b−g( f (x))

)
= g−1 (

�
α ;ψ
b− g( f (x))

)
= �

α ;ψ
⊕,�,b− f (x).

We assume g : [a,b] → [0,∞] of the pseudo-addition ⊕ , the pseudo-multiplication �
be a generator, an increasing function and f : [a,b] → [a,b] is a measurable function.

3. Pseudo-analysis

In this section, we summarize some properties of the pseudo-analysis [18, 20, 21].
Let [a,b]⊂ [−∞,+∞] . The full order on [a,b] will be denoted by � .

DEFINITION 4. [20] A binary operation ⊕ on [a,b] is pseudo-addition if it is
commutative, non-decreasing (with respect to � ), continuous, associative, and with
a zero (neutral) element denoted by 0 . Let [a,b]+ = {x |x ∈ [a,b],0 � x} . A binary
operation � on [a,b] is pseudo-multiplication if it is commutative, positively non-
decreasing, i.e., x � y implies x� z � y� z for all z ∈ [a,b]+ , associative and with a
unit element 1 ∈ [a,b] , i.e., for each x ∈ [a,b],1� x = x . Also, 0� x = 0 and that � is
distributive over ⊕ , i.e.,

x� (y⊕ z) = (x� y)⊕ (x� z).

The structure ([a,b],⊕,�) is a semiring (see [13]).

DEFINITION 5. [21] An important class of pseudo-operations ⊕ and � is when
these are defined by a monotone and continuous function g : [a,b]→ [0,∞] , i.e., pseudo-
operations ⊕ and � are given with

x⊕ y = g−1(g(x)+g(y)) and x� y = g−1(g(x)g(y)).
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DEFINITION 6. [21] Let X be a non-empty set and A be a σ -algebra of subsets
of a set X . A set μ : A → [a,b] is called a σ -⊕ -measure if it satisfies the following
conditions:

1. μ( /0) = 0;

2. μ :

(
∞⋃

i=1

Ai

)
=

∞⊕
i=1

μ(Ai) holds for any sequence {Ai}i∈N of pairwise disjoint

sets from A .

DEFINITION 7. [21] Let pseudo-operations ⊕ and � are defined by a monotone
and continuous function g : [a,b] → [0,∞] . The g -integral for a measurable function
f : [c,d] → [a,b] is given by

∫ ⊕

[c,d]
f �dx = g−1

(∫ d

c
g( f (x))dx

)
.

DEFINITION 8. [18] Let g be the additive generator of the strict pseudo-addition
⊕ on [a,b] such that g is continuously differentiable on (a,b) . The corresponding
pseudo-multiplication � will always be defined as u� v = g−1(g(u)g(v)) . If the func-
tion f is differentiable on (c,d) and has the same monotonicity as the function g , then
the g -derivative of f at the point x ∈ (c,d) is defined by

d⊕ f (x)
dx

= g−1
(

d
dx

g( f (x))
)

.

Also, if there exists the n -g -derivative of f , then

d(n)⊕ f (x)
dx

= g−1
(

dn

dxn g( f (x))
)

.

DEFINITION 9. [15] Let g be a generator of a pseudo-addition ⊕ on interval
[−∞,+∞] . Binary operation � and 
 on [−∞,+∞] defined by the formulas:

x� y = g−1(g(x)−g(y)) x
 y = g−1
(

g(x)
g(y)

)
,

if expressions g(x)− g(y) and g(x)
g(y) have sense are said to be the pseudo-subtraction

and pseudo-division consistent with the pseudo-addition ⊕ .

DEFINITION 10. [15] Let g : [−∞,+∞] → [−∞,+∞] be a continuous, strictly
increasing and odd function such that g(0) = 0, g(1) = 1, g(+∞) = +∞ . The system
of pseudo-arithmetical operations {⊕,�,�,
} generated by this function is said to be
the consistent system.
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4. Hölder and Minkowski inequalities

Our first result is the following Hölder inequality using ψ -Riemann-Liouville-
Mittag-Leffler pseudo-fractional integral.

THEOREM 3. (Hölder’s inequality) Let α,γ,ρ ,ω ∈ R , with α > 0 and ρ > 0 .
Also let p and q be conjugate exponents, 1 < p < ∞ . Assume that there exist two
functions f ,h are they both measurable functions for x > a and ψ be an increasing
function on C1(Ω) such that ψ ′(t) 	= 0 for all t ∈ Ω. Let a generator g : Ω → [0,∞] of
the pseudo-addition ⊕ and the pseudo-multiplication �. Then the Hölder’s inequality
for ψ -Riemann-Liouville-Mittag-Leffler pseudo-fractional integral holds:

[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f �h

)
(x)
]

�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hq

�(x)
] 1

q

�
.

(6)

Proof. Taking into account the Young’s inequality

ab � ap

p
+

bq

q
, (7)

with a = f (t)/A and b = h(t)/B , where A,B 	= 0, we have

f (t)h(t) � AB

(
f p(t)
pAp +

hq(t)
qBq

)
. (8)

Since ψ be an increasing function such that ψ ′(t) 	= 0 for all t ∈ Ω , therefore ψ ′(t) >
0, for all t ∈ Ω , thus ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] is a positive func-
tion where t ∈ (a,x) . Multiplying both sides of (8) by

ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

and integrating the result with respect t over (a,x) , we get

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f (t)h(t)dt

� AB

[
1

pAp

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

+
1

qBp

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt

]
.
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Since function g is increasing function and g−1 is also increasing function and applying
the compositions g ◦ f and g ◦ h to previous inequality, we obtain

g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)(g ◦ h)(t)dt

}
(9)

� g−1

{
AB

[
1

pAp

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

+
1

qBp

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

]}
.

Let

Ap =
∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

and

Bp =
∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)q(t)dt.

Thus the inequality (9) becomes

g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
g−1((g ◦ f )(g ◦ h)

)
(t)
)
dt

}

� g−1

{[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
g−1
(
(g ◦ f )p(t)

))
dt

] 1
p

×
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
g−1
(
(g ◦ h)q(t)

))
dt

] 1
q
}

or, equivalently,

g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
f �h

)
(t)dt

}

� g−1

{
g

(
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

) 1
p
))

×g

(
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hq

�
)
(t)dt

) 1
q
))}

.
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Hence

g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
f �h

)
(t)dt

}

� g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

) 1
p
)

�g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hq

�
)
(t)dt

) 1
q
)}

,

this is,

g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
f �h

)
(t)dt

}
(10)

� g−1

{[
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

))] 1
p
}

�g−1

{[
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hq

�
)
(t)dt

))] 1
q
}

.

From (10) we derive the inequality (6). �

REMARK 1. Taking g(x) = x in (6), we obtain the Hölder’s inequality for ψ -
Riemann-Liouville-Mittag-Leffler fractional integral, this is,

[
�

γ;ψ
ρ ,α ,ω;a+ f (x)h(x)

]
�
[
�

γ;ψ
ρ ,α ,ω;a+ f p(x)

] 1
p
[
�

γ;ψ
ρ ,α ,ω;a+hq(x)

] 1
q

. (11)

On the other hand, taking g(x) = x, ψ(x) = x, α = 1 and γ = 0 in (6), we obtain
Hölder’s inequality for pseudo-integral [4].

Our second result is the followingMinkowski inequality using ψ -Riemann-Liouvil-
le-Mittag-Leffler pseudo-fractional integral.

THEOREM 4. (Minkowski’s inequality) Let α,γ,ρ ,ω ∈ R , with α > 0 and ρ >
0 . Also let p and q be conjugate exponents, 1 < p < ∞ . Assume that there exist two
functions f ,h are they both measurable functions for x > a and ψ be an increasing
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function on C1(Ω) such that ψ ′(t) 	= 0 for all t ∈ Ω. Let a generator g : Ω → [0,∞]
of the pseudo-addition ⊕ and the pseudo-multiplication �. Then the Minkowski’s in-
equality for ψ -Riemann-Liouville-Mittag-Leffler pseudo-fractional integral holds:

[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 1
p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
⊕
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�
.

(12)

Proof. To prove (9), we write

( f +h)p(t) = f (t)( f +h)p−1(t)+h(t)( f +h)p−1(t) (13)

Multiplying to both sides of (13) by ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ] and

integrating the result with respect t on (a,x) , we get

[
�

γ;ψ
ρ ,α ,ω;a+( f +h)p(x)

]
�
[
�

γ;ψ
ρ ,α ,ω;a+ f (x)( f +h)p−1(x)

]
+
[
�

γ;ψ
ρ ,α ,ω;a+h(x)( f +h)p−1(x)

]
. (14)

Hölder’s inequality (Remark 1) gives

[
�

γ;ψ
ρ ,α ,ω;a+( f +h)p(x)

]
�
[
�

γ;ψ
ρ ,α ,ω;a+ f p(x)

] 1
p
[
�

γ;ψ
ρ ,α ,ω;a+( f +h)(p−1)q(x)

] 1
q

+
[
�

γ;ψ
ρ ,α ,ω;a+hp(x)

] 1
p
[
�

γ;ψ
ρ ,α ,ω;a+( f +h)(p−1)q(x)

] 1
q

.

Since 1
p + 1

q = 1 it follows that (p−1)q = p , we have

[
�

γ;ψ
ρ ,α ,ω;a+( f +h)p(x)

] 1
p

�
[
�

γ;ψ
ρ ,α ,ω;a+ f p(x)

] 1
p

+
[
�

γ;ψ
ρ ,α ,ω;a+hp(x)

] 1
p

(15)

or, equivalently,

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt

) 1
p

�
(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

) 1
p

+

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt

) 1
p

.
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Since function g is increasing function, then g−1 is also increasing function and we
have

g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f +g ◦ h)p(t)dt

) 1
p
)

� g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

) 1
p

(16)

+

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

) 1
p
)

.

For the left-hand side of the inequality (16), we obtain

g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×
(
g
(
g−1((g ◦ f +g ◦ h

)
(t)
)))p

dt

))) 1
p
)

=

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
g
(
f ⊕h

)
(t)
)p)

dt

)) 1
p

�

=
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 1
p

�
. (17)

For the right-hand side of the inequality (16), we get

g−1

{
g

[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
g−1(g ◦ f

)p(t))dt
) 1

p
]

+g

[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
g−1(g ◦ h

)p(t))dt
) 1

p
]}

=

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

) 1
p
)

⊕
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

) 1
p
)
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= g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f p
�
)
(t)dt

))) 1
p
)

⊕g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ hp
�
)
(t)dt

))) 1
p
)

=
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
⊕
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�
. (18)

Hence (17) and (18) yield the result in (12), which completes the proof of theorem. �

REMARK 2. Taking g(x) = x in (12), we obtain the Mikowski’s inequality for
ψ -Riemann-Liouville-Mittag-Leffler fractional integral:

[
�

γ;ψ
ρ ,α ,ω;a+( f +h)p(x)

] 1
p

�
[
�

γ;ψ
ρ ,α ,ω;a+ f p(x)

] 1
p

+
[
�

γ;ψ
ρ ,α ,ω;a+hp(x)

] 1
p

. (19)

On the other hand, taking g(x) = x, ψ(x) = x, α = 1 and γ = 0 in (12), we obtain
Minkowiski’s inequality for pseudo-integral [4].

5. Reverse Minkowski pseudo-fractional integral inequality

In this section, we present reverse Minkowski inequality using ψ -Riemann-Liouvil-
le-Mittag-Leffler pseudo-fractional integral.

THEOREM 5. Let α,γ,ρ ,ω ∈ R , with α > 0 and ρ > 0 . Also let p � 1 and ψ
be an increasing function on C1(Ω) such that ψ ′(t) 	= 0 for all t ∈ Ω. Assume that
there exist two positive functions f ,h are they both measurable functions for x > a
satisfying �

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x) < ∞ and �
γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x) < ∞ . Let a generator g :
Ω→ [0,∞] of the pseudo-addition ⊕ and the pseudo-multiplication � be an increasing

function. If the following condition satisfied 0 < m � f (t)
h(t) � M for all t ∈ [a,x] and

m,M ∈ R
∗
+, then the inequality holds for ψ -Riemann-Liouville-Mittag-Leffler pseudo-

fractional integral:

[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
⊕
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�

� g−1

([
1+M(m+2)

(M +1)(m+1)

])
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f ⊕h)p

�(x)
] 1

p

�
. (20)
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Proof. Using the condition
f (t)
h(t)

� M, t ∈ [a,x], x > a, we have

f p(t) �
(

M
M +1

)p

( f +h)p(t). (21)

Since ψ be an increasing function such that ψ ′(t) 	= 0 for all t ∈ Ω , therefore ψ ′(t) >
0, for all t ∈ Ω , thus ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] is a positive func-
tion where t ∈ (a,x) . Multiplying both sides of (21) by

ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

and integrating the result with respect t over (a,x) , we get

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt (22)

�
(

M
M +1

)p ∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt.

Now, using the condition m � f (t)
h(t)

, t ∈ [a,x], x > a we have

hp(t) �
(

1
m+1

)p

( f +h)p(t). (23)

Multiplying both sides of (23) by ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ] and

integrating the result with respect t over (a,x) , we get

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt (24)

�
(

1
m+1

)p ∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt.

Applying the compositions g ◦ f and g ◦ h to inequalities (22) and (24) we obtain,
respectively,
∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt (25)

�
(

M
M +1

)p ∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f +g ◦ h)p(t)dt

and∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt (26)

�
(

1
m+1

)p∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt
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or, equivalently,[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

] 1
p

(27)

�
(

M
M+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p

.

and[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

] 1
p

(28)

�
(

1
m+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p

.

Adding the inequalities (27) and (28) yields[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

] 1
p

+

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

] 1
p

�
(

M
M +1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f +g ◦ h)p(t)dt

] 1
p

+
(

1
m+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p

.

Since function g is increasing function, then g−1 is also increasing function and we
have

g−1

{[(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

) 1
p
]

+

[(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

) 1
p
]}

� g−1

{(
M

M+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p

+
(

1
m+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p
}

.
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Hence,

g−1

{[(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

) 1
p
]

+

[(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

) 1
p
]}

= g−1

{
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
(g ◦ f )p(t)

))
dt

) 1
p
)]

+g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
(g ◦ h)p(t)

))
dt

) 1
p
)]}

= g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

) 1
p
)

⊕g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

) 1
p
)

= g−1

{[
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f p
�
)
(t)dt

))] 1
p
}

⊕g−1

{[
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ hp
�
)
(t)dt

))] 1
p
}

=

[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

)] 1
p

�

⊕
[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

)] 1
p

�

=
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
⊕
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�
.
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On the other hand, we have

g−1

{(
M

M+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p

+
(

1
m+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p
}

= g−1

{
g

[
g−1

((
M

M +1

)(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f +g ◦ h)p(t)dt

) 1
p
)]

+g

[
g−1

((
1

m+1

)(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f +g ◦ h)p(t)dt

) 1
p
)]}

= g−1

((
M

M +1

)(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f +g ◦ h)p(t)dt

) 1
p
)

⊕g−1

((
1

m+1

)(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f +g ◦ h)p(t)dt

) 1
p
)

= g−1

{
g

[
g−1

((
M

M +1

))]
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ]
(
g
(
g−1((g ◦ f +g ◦ h

)
(t)
)))p

dt

) 1
p
)]

⊕g

[
g−1

((
1

m+1

))]
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ]
(
g
(
g−1((g ◦ f +g ◦ h

)
(t)
)))p

dt

) 1
p
)]}
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= g−1

(
M

M +1

)
� g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×
(
g
(
f ⊕h

)
(t)
)p

dt

) 1
p
)

⊕g−1

(
1

m+1

)
� g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×
(
g
(
f ⊕h

)
(t)
)p

dt

) 1
p
)

= g−1

(
M

M +1

)
� g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1

×Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]g

(
g−1
(
g
(
f ⊕h

)
(t)
)p)

dt

))) 1
p
)
⊕ g−1

(
1

m+1

)

�g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
g
(
f ⊕h

)
(t)
)p)

dt

))) 1
p
)

= g−1

(
M

M +1

)
�
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f ⊕h
)p
�(t)

)
dt

)) 1
p

�

⊕g−1

(
1

m+1

)
�
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f ⊕h
)p
�(t)

)
dt

)) 1
p

�

=

[
g−1

(
M

M +1

)
⊕g−1

(
1

m+1

)]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 1
p

�

= g−1

[
g

(
g−1
(

M
M +1

))
+g

(
g−1
(

1
m+1

))]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 1
p

�

= g−1

([
M

M +1
+

1
m+1

])
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 1
p

�

= g−1

([
1+M(m+2)

(M +1)(m+1)

])
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 1
p

�
,
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which completes the proof. �

REMARK 3. Taking g(x) = x and γ = 0 in (20), we obtain the reverse Mikowski’s
inequality for ψ -Riemann-Liouville fractional integral [5]:

[
�

α ;ψ
a+ f p(x)

] 1
p

+
[
�

α ;ψ
a+ hp(x)

] 1
p

�
[

1+M(m+2)
(M +1)(m+1)

][
�

α ;ψ
a+ ( f +h)p(x)

] 1
p

. (29)

THEOREM 6. Let α,γ,ρ ,ω ∈R , with α > 0 and ρ > 0 . Also let p � 1 and ψ be
an increasing function on C1(Ω) such that ψ ′(t) 	= 0 for all t ∈ Ω. Assume that there
exist two positive functions f ,h are they both measurable functions for x > a satisfying
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x) < ∞ and �
γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x) < ∞ . Let a generator g : Ω → [0,∞]
of the pseudo-addition ⊕ and the pseudo-multiplication � be an increasing function.
If 0 < m � f (t)

h(t) � M, t ∈ [a,x] and m,M ∈ R
∗
+, then we have

g−1

(
(m+1)(M+1)

M

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�

�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�
(30)

�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 2

p

�
⊕
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 2

p

�

⊕
{

2�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�

}
.

Proof. By multiplication of inequalities (27) and (28), we obtain

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

] 1
p

×
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

] 1
p

�
(

M
M+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p

×
(

1
m+1

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

] 1
p

.



176 D. S. OLIVEIRA AND A. BABAKHANI

Since function g is increasing function, then g−1 is also increasing function and we
have

g−1

{(
(M +1)(m+1)

M

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

] 1
p

×
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

] 1
p
}

(31)

� g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f +g ◦ h)p(t)dt

) 2
p
)

.

Then the left-hand side in (31):

g−1

{
g

[
g−1

(
(m+1)(M +1)

M

)]
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1

×Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]g

(
g−1(g ◦ f

)p(t))dt
) 1

p

×
(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(
g−1(g ◦ h

)p(t))dt
) 1

p
)]}

= g−1

(
(m+1)(M +1)

M

)
�g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1

×Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

(
g ◦ f p

�
)
(t)dt

) 1
p

×
(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

) 1
p
)

= g−1

(
(m+1)(M +1)

M

)
�g−1

{
g

[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1

×Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

(
g ◦ f p

�
)
(t)dt

) 1
p
]

×g

[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

) 1
p
]}
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= g−1

(
(m+1)(M +1)

M

)
�g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1

×Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

(
g ◦ f p

�
)
(t)dt

))) 1
p
)

�g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

))) 1
p
)

= g−1

(
(m+1)(M +1)

M

)

�
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

)) 1
p

�

�
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

)) 1
p

�

= g−1

(
(m+1)(M +1)

M

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�
.

(32)

The right-hand side in (31):

g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×
(
g
(
g−1((g ◦ f +g ◦ h

)
(t)
)))p

dt

) 2
p
)

= g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
g
(
f ⊕h

)
(t)
)p)

dt

) 2
p
)

= g−1

((
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f ⊕h
)p
�(t)

)
dt

))) 2
p
)
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=

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
((

f ⊕h
)p
�(t)

)
dt

)) 2
p

�

=
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 2
p

�
. (33)

From (32) and (33), we obtain

g−1

(
(m+1)(M +1)

M

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�

�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 2
p

�
. (34)

Applying Minkowski’s inequality to the right-hand side of (34), we get

[(
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

) 1
p

�

]2

�

�
[(

�
γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
) 1

p

�
⊕
(
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
) 1

p

�

]2

�

=

[(
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
) 1

p

�

]2

�
⊕
[(

�
γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
) 1

p

�

]2

�

⊕2�
(
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
) 1

p

�
�
(
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
) 1

p

�
. (35)

By (34) and (35) we obtain (30). �

6. Other related inequalities via ψ -Riemann-Liouville-Mittag-Leffler
pseudo-fractional integral

Now, in this section, we provide others inequalities using ψ -Riemann-Liouville-
Mittag-Leffler pseudo-fractional integral.

THEOREM 7. Let α,γ,ρ ,ω ∈ R , with α > 0 and ρ > 0 . Also let p,q � 1 sat-
isfying 1

p + 1
q = 1 and ψ be an increasing function on C1(Ω) such that ψ ′(t) 	= 0 for

all t ∈ Ω. Assume that there exist two positive functions f ,h are they both measurable
functions for x > a satisfying �

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x) < ∞ and �
γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x) < ∞ .
Let a generator g : Ω → [0,∞] of the pseudo-addition ⊕ and the pseudo-multiplication

� be an increasing function. If 0 < m � f (t)
h(t) � M, t ∈ [a,x] and m,M ∈ R

∗
+, then we
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have [
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f

1
p
� �h

1
p
�
)
(x)
]

� g−1
[(

m
M

) 1
pq
]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f (x)

] 1
p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+h(x)

] 1
q

�
. (36)

Proof. By the conditions f (t)
h(t) � M and m � f (t)

h(t) , t ∈ [a,x], x > a, we obtain,
respectively,

f
1
p (t) ·h 1

q (t) � M− 1
q f (t) (37)

and

f
1
p (t) ·h 1

q (t) � m
1
p h(t). (38)

Multiplying both sides of (36) and (38) by ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

and integrating the results with respect t over (a,x) , we get, respectively,∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f
1
p (t) ·h 1

q (t)dt (39)

� M− 1
q

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f (t)dt

and ∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f
1
p (t) ·h 1

q (t)dt (40)

� m
1
p

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]h(t)dt.

Applying the compositions g ◦ f and g ◦ h to the previous inequalities, we obtain∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )
1
p (t) · (g ◦ h)

1
q (t)dt (41)

� M− 1
q

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt

and ∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )
1
p (t) · (g ◦ h)

1
q (t)dt (42)

� m
1
p

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt

or, equivalently,[∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )
1
p (t) · (g ◦ h)

1
q (t)dt

] 1
p

(43)

� M− 1
pq

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt
] 1

p
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and[∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )
1
p (t) · (g ◦ h)

1
q (t)dt

] 1
q

(44)

� m
1
pq

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt
]1

q

.

Multiplying the inequalities (43) and (44) and considering the condition 1
p + 1

q = 1, we
get [∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )
1
p (t) · (g ◦ h)

1
q (t)dt

]

�
(m

M

) 1
pq
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt
] 1

p

×
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt
]1

q

.

Since function g is increasing function, then g−1 is also increasing function and we
have

g−1

(∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )
1
p (t) · (g ◦ h)

1
q (t)dt

)

� g−1

{(m
M

) 1
pq
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt
] 1

p

×
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt
]1

q
}

. (45)

For the left side of the inequality (45), we have

g−1

(∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
{
g−1
[
g
(
g−1
(
(g ◦ f )

1
p (t)
))

g
(
g−1
(
(g ◦ h)

1
q (t)
))]}

dt

)

= g−1

(∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
[
g−1
(
(g ◦ f )

1
p (t)
)
�g−1

(
(g ◦ h)

1
q (t)
)]

dt

)

= g−1

(∫ t

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
(

f
1
p
� �h

1
q
�
)
(t)dt

)

= �
γ;ψ
⊕,�,ρ ,α ,ω,a+

(
f

1
p
� �h

1
q
�
)
(x). (46)
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For the right side of the inequality (45), we get

g−1

{
g

[
g−1

((
m
M

) 1
pq
)]

g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt

) 1
p

×
(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt

)1
q
)]}

×g−1

[(
m
M

) 1
pq
]
�g−1

{
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt

) 1
p
)

×g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt

)1
q
)]}

= g−1

[(
m
M

) 1
pq
]
�g−1

{[
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt

))] 1
p
}

�g−1

{[
g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt

))] 1
q
}

= g−1

[(
m
M

) 1
pq
]
�
[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α

×[ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)dt

)] 1
p

�

�
[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)(t)dt

)] 1
q

�

= g−1

[(
m
M

) 1
pq
]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f (x)

] 1
p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+h(x)

] 1
q

�
. (47)
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From (46) and (47), we obtain (36). �

THEOREM 8. Let α,γ,ρ ,ω ∈ R , with α > 0 and ρ > 0 . Also let p,q � 1 sat-
isfying 1

p + 1
q = 1 and ψ be an increasing function on C1(Ω) such that ψ ′(t) 	= 0 for

all t ∈ Ω. Assume that there exist two positive functions f ,h are they both measurable
functions for x > a satisfying �

γ;ψ
⊕,�,ρ ,α ,ω;a+ f (x) < ∞ and �

γ;ψ
⊕,�,ρ ,α ,ω;a+h(x) < ∞ . Let

a generator g : Ω → [0,∞] of the pseudo-addition ⊕ and the pseudo-multiplication �
be an increasing function. If 0 < m � f (t)

h(t) � M, t ∈ [a,x] and m,M ∈ R
∗
+, then we

have [
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f �h)(x)

]

� g−1
[

2p−1Mp

p(M +1)p

]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f p
�⊕hp

�
)
(x)
]

(48)

⊕g−1
[

2q−1

q(m+1)q

]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f q
�⊕hq

�
)
(x)
]
.

Proof. From (27), we get

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

]

�
(

M
M+1

)p
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)p(t)dt

]

or, equivalently,

[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
]

� g−1
[(

M
M +1

)p]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p

�
(x)
]
. (49)

On the other hand, using the condition m � f (t)
h(t) , t ∈ [a,x], x > a , we have

(m+1)qhq(t) � ( f +h)q(t). (50)

Applying the compositions g ◦ f and g ◦ h to (50), multiplying both sides of this in-
equality by ψ ′(t)(ψ(x)− ψ(t))α−1Eγ

α ,ρ [ω(ψ(x)− ψ(t))ρ and integrating the result
with respect t over (a,x) , we obtain

(m+1)q
∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)q(t)dt (51)

�
∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f +g ◦ h)q(t)dt.
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Since function g is increasing function, then g−1 is also increasing function and we
have

g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)q(t)dt

}

� g−1

{
1

(m+1)q

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f+g ◦ h)q(t)dt

}

×g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]g
[
g−1
(
(g ◦ h)q(t)

)]
dt

}

� g−1

{
g

[
g−1

(
1

(m+1)q

)]
g

[
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1

×Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

(
g
(
g−1((g ◦ f +g ◦ h)(t)

)))q
dt

)]}

×g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hq

�
)
(t)dt

}

� g−1

(
1

(m+1)q

)
�g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
g( f ⊕h)(t)

)q)
dt

)

×g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hq

�
)
(t)dt

}

� g−1

(
1

(m+1)q

)
�g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f ⊕h
)q
�(t)

)
dt

)[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hq

�(x)
]

� g−1

(
1

(m+1)q

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)q
�(x)

]
. (52)

Considering Young’s inequality, we have

f (t)h(t) � f p(t)
p

+
hq(t)

q
. (53)

Applying the compositions g ◦ f and g ◦ h to (53), multiplying both sides of this in-
equality by ψ ′(t)(ψ(x)− ψ(t))α−1Eγ

α ,ρ [ω(ψ(x)− ψ(t))ρ and integrating the result



184 D. S. OLIVEIRA AND A. BABAKHANI

with respect t over (a,x) , we obtain∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f (t)h(t)dt

� 1
p

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

+
1
q

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt.

Hence,

g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)(g ◦ h)(t)dt

}

= g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
(g ◦ f )(t)(g ◦ h)(t)

))
dt

}

= g−1

{∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f �h)(t)dt

}

=
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f �h)(x)

]
. (54)

On the other hand, we have

g−1

{
1
p

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

+
1
q

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

}

= g−1

{
g

[
g−1

(
1
p

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
(g ◦ f )p(t)

))
(t)dt

)]

+g

[
g−1

(
1
q

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
(
(g ◦ h)q(t)

))
(t)dt

)]}

×g−1

{
1
p

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

}



H. AND M. TYPE INEQUALITIES FOR PSEUDO-FRACTIONAL INTEGRAL 185

⊕g−1

{
1
q

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

}

= g−1
(

1
p

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
]
⊕g−1

(
1
q

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
]
. (55)

From (54) and (55), we get[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f �h)(x)

]
� g−1

(
1
p

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
]
⊕g−1

(
1
q

)

�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
]
. (56)

Using the inequalities (49) and (52), the inequality (56) takes the following the form[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f �h)(x)

]
� g−1

(
Mp

p(M +1)p

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f ⊕h)p

�(x)
]

(57)

⊕g−1
(

1
q(m+1)q

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f ⊕h)q

�(x)
]
.

By using the inequality (s+ r)p � 2p−1(sp + rp), p > 1 and r,s � 0, we can write[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f ⊕h)p

�(x)
]

� g−1(2p−1)�[�γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f p
�⊕hp

�
)
(x)
]

(58)

and[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f ⊕h)q

�(x)
]

� g−1(2q−1)�[�γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f q
�⊕hq

�
)
(x)
]
. (59)

Applying the inequalities (58) and (59) in (57), we get[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f �h)(x)

]

� g−1
(

Mp

p(M +1)p

)
�g−1(2p−1)�[�γ;ψ

⊕,�,ρ ,α ,ω;a+

(
f p
�⊕hp

�
)
(x)
]

⊕g−1
(

1
q(m+1)q

)
�g−1(2q−1)�[�γ;ψ

⊕,�,ρ ,α ,ω;a+

(
f q
⊕⊕hq

�
)
(x)
]

or, equivalently,[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+( f �h)(x)

]

� g−1
(

2p−1Mp

p(M +1)p

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f p
�⊕hp

�
)
(x)
]

⊕g−1
(

2q−1

q(m+1)q

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f q
⊕⊕hq

�
)
(x)
]
. � (60)
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THEOREM 9. Under the assumptions of Theorem 8 and using the condition 0 <

c < m � f (t)
h(t) � M, t ∈ [a,x] and m,M ∈ R

∗
+, we have

g−1
(

M +1
M− c

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f � ch

)p
�(t)

] 1
p

�

�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(t)
] 1

p

�
⊕
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(t)
] 1

p

�
(61)

� g−1
(

m+1
m− c

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f � ch

)p
�(t)

] 1
p

�
.

Proof. Using the condition 0 < c < m � f (t)
h(t) � M, t ∈ [a,x], x > a, we have(

f (t)− ch(t)
)p

(M− c)p � hp(t) �
(
f (t)− ch(t)

)p

(m− c)p (62)

and

Mp
(
f (t)− ch(t)

)p

(M− c)p � f p(t) �
mp
(
f (t)− ch(t)

)p

(m− c)p . (63)

Multiplying by ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ] both sides of each of

the inequalities (62) and (63) and integrating the results with respect t over (a,x) , we
get, respectively,

(
1

M− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
f (t)− ch(t)

)p
dt

] 1
p

�
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt

] 1
p

(64)

�
(

1
m− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
f (t)− ch(t)

)p
dt

] 1
p

and

(
M

M− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
f (t)− ch(t)

)p
dt

] 1
p

�
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

] 1
p

(65)

�
(

m
m− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
f (t)− ch(t)

)pdt

] 1
p

,



H. AND M. TYPE INEQUALITIES FOR PSEUDO-FRACTIONAL INTEGRAL 187

Adding the inequalities (64) and (65), we obtain

(
M +1
M− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
f (t)− ch(t)

)p
dt

] 1
p

�
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt

] 1
p

+

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

] 1
p

�
(

m+1
m− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
f (t)− ch(t)

)p
dt

] 1
p

,

Since g is increasing function, then g−1 is also increasing function and we have

g−1

{(
M +1
M− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×((g ◦ f )(t)− c(g ◦ h)(t)
)p

dt

] 1
p
}

� g−1

{[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ h)p(t)dt

] 1
p

+

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )p(t)dt

] 1
p
}

� g−1

{(
m+1
m− c

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×((g ◦ f )(t)− c(g ◦ h)(t)
)p

dt

] 1
p
}

(66)

which yields

g−1

{
g

[
g−1
(

M +1
M− c

)]
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×
(
g
(
g−1((g ◦ f )(t)− (g ◦ ch)(t)

)))p
dt

) 1
p
)]}
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� g−1

{
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1((g ◦ h)p(t)

))
dt

) 1
p
)]

+g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1((g ◦ f )p(t)

))
dt

) 1
p
)]}

� g−1

{
g

[
g−1
(

m+1
m−c

)]
g

[
g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×
(
g
(
g−1((g ◦ f )(t)− (g ◦ ch)(t)

)))p
dt

) 1
p
)]}

or, equivalently,

g−1
(

M +1
M− c

)
�g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
((

g( f � ch)(t)
)p
))

dt

) 1
p
)

� g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

) 1
p
)

⊕g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

) 1
p
)

� g−1
(

m+1
m−c

)
�g−1

((∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
(
g−1
((

g( f � ch)(t)
)p
))

dt

) 1
p
)

.

The last inequality takes the form

g−1
(

M +1
M− c

)
�
((

g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f � ch
)p
�(t)

)
dt

))) 1
p
)
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�
((

g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

))) 1
p
)

⊕
((

g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f p
�
)
(t)dt

))) 1
p
)

� g−1
(

m+1
m− c

)
�
((

g

(
g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f � ch
)p
�(t)

)
dt

))) 1
p
)

.

Hence

g−1
(

M +1
M− c

)
�
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f � ch
)p
�(t)

)
dt

)) 1
p

�

�
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ hp

�
)
(t)dt

)) 1
p

�

⊕
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]
(
g ◦ f p

�
)
(t)dt

)) 1
p

�

� g−1
(

m+1
m− c

)
�
(

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×g
((

f � ch
)p
�(t)

)
dt

)) 1
p

�
. (67)

It follows from (67) that the inequality in (61) holds. �

THEOREM 10. Let α,γ,ρ ,ω ∈ R , with α > 0 and ρ > 0 . Also let p � 1 and ψ
be an increasing function on C1(Ω) such that ψ ′(t) 	= 0 for all t ∈Ω. Assume that there
exist two positive functions f ,h are they both measurable functions for x > a satisfying
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x) < ∞ and �
γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x) < ∞ . Let a generator g : Ω → [0,∞]
of the pseudo-addition ⊕ and the pseudo-multiplication � be an increasing function.
If 0 < a � f (t) � A and 0 < b � h(t) � B, t ∈ [a,x] and a,A,b,B ∈ R

∗
+, then the
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following inequality holds

[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f p

�(x)
] 1

p

�
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+hp

�(x)
] 1

p

�

� g−1

[
A(a+B)+B(A+b)

(A+b)(aB)

]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)p
�(x)

] 1
p

�
. (68)

Proof. By using the given, realizing the product between a � f (t) � A and 1
B �

1
h(t) � 1

b , we have

a
B

� f (t)
h(t)

� A
b

. (69)

From inequality (69), we can write

hp(t) �
(

B
a+B

)p

( f +h)p(t) (70)

and

f p(t) �
(

A
A+b

)p

( f +h)p(t). (71)

Multiplying by ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ] both sides of each of

(70) and (71) and integrating the results with respect t over (a,x) , we obtain respec-
tively∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt

�
(

B
a+B

)p ∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt

and ∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

�
(

A
A+b

)p ∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt

or, equivalently,[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt

]
(72)

�
(

B
a+B

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt

] 1
p
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and[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

] 1
p

(73)

�
(

A
A+b

)[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt

] 1
p

.

Adding the inequalities (72) and (73), we obtain[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f p(t)dt

]

+

[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]hp(t)dt

]

�
[

A(a+B)+B(A+b)
(A+b)(a+B)

]

×
[∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)p(t)dt

] 1
p

.

From here the proof is analogous that of Theorem 5. �

THEOREM 11. Let α,γ,ρ ,ω ∈ R , with α > 0 and ρ > 0 . Also let p � 1 and ψ
be an increasing function on C1(Ω) such that ψ ′(t) 	= 0 for all t ∈Ω. Assume that there
exist two positive functions f ,h are they both measurable functions for x > a satisfying
�

γ;ψ
⊕,�,ρ ,α ,ω;a+ f (x) < ∞ and �

γ;ψ
⊕,�,ρ ,α ,ω;a+h(x) < ∞ . Let a generator g : Ω → [0,∞] of

the pseudo-addition ⊕ and the pseudo-multiplication � be an increasing function. If
0 < m � f (t) � M, t ∈ [a,x] and m,M ∈ R

∗
+, then the following inequality holds

g−1
(

1
M

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f �h

)
(x)
]

� g−1
[

1
(m+1)(M +1)

]
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)2
�(x)

]
(74)

� g−1
(

1
m

)
�
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f �h

)
(x)
]
.

Proof. Using the condition m � f (t)
h(t) � M , we have

(m+1)h(t) � f (t)+h(t) � (M +1)h(t) (75)

and (
M +1

M

)
f (t) � f (t)+h(t) �

(
m+1

m

)
f (t). (76)



192 D. S. OLIVEIRA AND A. BABAKHANI

Multiplying the inequalities (75) and (76), we can write

f (t)h(t)
M

� ( f +h)2(t)
(M +1)(m+1)

� f (t)h(t)
m

. (77)

Now, multiplying both sides of (77) by ψ ′(t)(ψ(x)−ψ(t))α−1Eγ
ρ ,α [ω(ψ(x)−ψ(t))ρ ]

and integrating the result with respect to t on (a,x) , we get

1
M

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f (t)h(t)dt

� 1
(M +1)(m+1)

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]( f +h)2(t)dt

� 1
m

∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ] f (t)h(t)dt.

Since function g is increasing function, then g−1 is also increasing function and we
have

g−1

[
1
M

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)(g ◦ h)(t)dt

)]

� g−1

[
1

(M +1)(m+1)

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f +g ◦ h)2(t)dt

)]

� g−1

[
1
m

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)(g ◦ h)(t)dt

)]

or, equivalently,

g−1
(

1
M

)
�g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f )(t)(g ◦ h)(t)dt

)
(78)

� g−1

(
1

(M +1)(m+1)

)

�g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f +g ◦ h)2(t)dt

)

� g−1
(

1
m

)
�g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ]

×(g ◦ f )(t)(g ◦ h)(t)dt

)
.
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From the left-hand side inequality of Theorem 3, we have

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f )(t)(g ◦ h)(t)dt

)

=
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f �h

)
(x)
]
. (79)

From the right-hand side inequality of Theorem 6, we obtain

g−1

(∫ x

a
ψ ′(t)(ψ(x)−ψ(t))α−1Eγ

ρ ,α [ω(ψ(x)−ψ(t))ρ ](g ◦ f +g ◦ h)2(t)dt

)

=
[
�

γ;ψ
⊕,�,ρ ,α ,ω;a+

(
f ⊕h

)2
�(x)

]
. (80)

Combining the inequalities (78), (79) and (80), we obtain (74). �

Concluding remarks

The results obtained generalize some results presented earlier by other authors.
In this paper have introduced the generalization of the Hölder and Minkowski pseudo-
fractional integral inequalities. In the case of generated pseudo-operations, we recover
the g-integral of Pap [18], which can be seen as a generalization of the Lebesgue inte-
gral. This type of integrals was shown to be extremely useful in the advanced investi-
gation and applications of nonlinear partial differential equations [31]. We also proved
some general version of the reverse Minkowski inequalities and other inequalities via
ψ -Riemann-Liouville-Mittag-Leffler pseudo-fractional integral. Our generalizations
may be explored for other fractional operators to generalize some inequalities.

For further investigations we propose to consider the following problems:

OPEN PROBLEM. What can be told for the pseudo-ψ -fractional integral inequal-
ity type of this manuscript when variational pseudo-ψ -fractional integral [33] are con-
sidered?

OPEN PROBLEM. Is there a general version of pseudo-ψ -fractional integral in-
equality type of Minkowski’s inequality when set-valued functions [34] are considered?
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