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SOME REFINEMENTS OF HERMITE-HADAMARD
INEQUALITY USING k-FRACTIONAL CAPUTO DERIVATIVES
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(Communicated by S. Varosanec)

Abstract. In this work using k-fractional Caputo derivatives we obtain some versions of the
Hadamard inequality for the function f such that f(n) is (h,m)-convex modified of the second
type. Throughout the work, we show that some known results from the literature can be obtained
as particular cases of the results presented here.

1. Introduction

In Mathematical Sciences, the notion of convex function plays a very prominent
role, due to its multiple applications and its theoretical overlaps with various mathe-
matical areas. Readers interested in this notion, can consult [27], where a panorama,
practically complete, of these branches is presented.

A function y : 1 — R, I :=[v,V,] is said to be convex if y(Ax+ (1 —21)y) <
Ay(x)+ (1 —A)y(y) holds for all x,y € I and A € [0,1]. If the above inequality is
reversed, then the function y will be the concave on [vy, v,].

One of the most important inequalities, for convex functions, is the famous Hermi-
te—Hadamard inequality:

v (vl +v2> <1 /v2 (x)dx < yiv) + y(va) (1)

2 Sva—vi Jy, i 2

holds for any function y convex on the interval [v;,v,]. This inequality was published
by Hermite ([20]) in 1883 and, independently, by Hadamard in 1893 ([19]). It gives
an estimation of the mean value of a convex function, and it is important to note that it
also provides a refinement to the Jensen inequality. Several results can be consulted in
[1,2,3,4,15,17, 18, 24, 28, 34] and references therein for more information and other
extensions of the Hermite—Hadamard inequality.

In [3] we presented the following definitions.
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DEFINITION 1. Let /: [0,1] — R be a nonnegative function, h # 0 and y: [ =
[0, +00) — [0, +c0). If inequality

w (1€ +m(l1—1)¢) < (D)y(S) +m(1 =1 (7)) w(S) 2

is fulfilled for all £, €1 and 7 € [0,1], where m € [0,1], s € [-1,1]. Then a function
y is called a (h,m)-convex modified of the first type on 1.

DEFINITION 2. Let 4 : [0,1] — R nonnegative functions, 7 # 0 and vy : 1 =
[0, +00) — [0, 4c0). If inequality

y (1€ +m(l1—1)¢) < (D)y(S) +m(1—h(7))"w(¢) 3)
is fulfilled for all §,6 €1 and 7 € [0,1], where m € [0,1], s € [-1,1]. Then a function

v is called a (h,m)-convex modified of the second type on 1.

REMARK 3. From Definitions 1 and 2 we can define N [a,b], where a,b €
[0,+e0), as the set of functions (h,m)-convex modified, for which y(a) > 0, char-

acterized by the triple (h(7),m,s). Note that if:
1. (h(7),0,0) we have the increasing functions ([7]).

2. (7,0,s) we have the s-starshaped functions ([7]).

)
7,0, 1) we have the starshaped functions ([7]).
7,1,1) then y is a convex function on [0, +o0) ([7]).
)

(
(
(
(
5. (1,1,s) then y is a P-convex function on [0,+o0) ([11]).
(
(
(
(

6. (t,m,1) then y is a m-convex function on [0,+c0) ([35]).

7. (t,1,5) s €(0,1] then v is a s-convex function on [0, +e) ([6, 21]).

8. (1,1,5) s €[—1,1] then y is a s-convex extended function on [0,+o0) ([36]).

9. (t,m,s) s € (0,1] then y is a (s,m)-convex extended function on [0,+oo)
([30D).

10. (79,1,s) with a € (0,1], then y is a (a,s)-convex function on [0,+o0) ([5]).

11. (% m,1) with a € (0,1], then y is a (a,m)-convex function on [0, +ee) ([25]).

12. (% m,s) with a € (0,1], then y is a s — (a,m)-convex function on [0, +eo)

([37D.

13. (h(t),m,1) then we have a variant of the (i,m)-convex function on [0, o)

([29D.
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All through the work we utilize the functions I" (see [31, 32, 38, 39]) and T (see
[9D):

I'(z)= / mzZ*le*’dt, R(z) >0, 4)
0

Fk(z):/wtz’le”k/kdn k> 0. 5)
0

Unmistakably if k — 1 we have Ty (z) — ['(z), Tk(z) = (k)i 'T' () and Ty (z+
k) =zI'(2).

To encourage comprehension of the subject, we present the definition of Riemann-
Liouville fractional integral (with 0 < v; <t < v, < o). The first is the classic Riemann-
Liouville fractional integrals.

DEFINITION 4. Let y € Li[v}, v2]. Then the Riemann-Liouville fractional inte-
grals of order o € C, R(or) > 0 are defined by (right and left respectively):

1 X
12, y(x) = m/v1 (x— 1) () di, x> W ©6)
1 A%

Now, we present the Caputo fractional derivatives that will be used in our work.

DEFINITION 5. Let o >0, and o0 # 1,2,3,..., n=[ot] + 1, f € AC"[vy, V], the
space of functions having the nth derivatives absolutely continuous. The right-sided
and left-sided Caputo fractional derivatives of order o are defined as follows:

1 ) (1)d
(CD31+f) ()C) = F(n _ a) /\;1 (xf_t)(:;C)ntJrlv

—1) V2 (n)
D% 1) 0= s | e V2>

I'n—o t—x)o—ntl?

x>V

DEFINITION 6. Let o >0, and o # 1,2,3,..., n=[a]+ 1, f € AC"[a,b], the
space of functions having the nth derivatives absolutely continuous. The right-sided
and left-sided Caputo k-fractional derivatives of order ¢ are defined as follows:

C ok B 1 * () dr
(D)= tr5g |, oper

o (= e fW@)d
(chzk_ >(x)_kl"k(n—%)/x (=)o vy > x.

x>V

Some refinements and extensions of the Hermite-Hadamard Inequality using the
Caputo-type fractional derivative can be found in [10, 12, 13, 14, 16, 22, 23, 26, 33, 40].

In this paper, we obtain different variants of the Hermite-Hadamard inequality, in
the framework of the (4,m)-convex modified functions, via generalized operators of
the Definition 6.
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2. Hermite-Hadamard inequalities for Caputo k-fractional derivatives

A version of the Hermite-Hadamard inequality can be presented, using the Caputo
k-fractional derivatives, as follows:

THEOREM 7. Let W be a positive function such that y € C"[v, 2], vi < V5.
If W\ is a (h,m)-convex modified function of the second type with m € (0,1] and
0 < vy <mVvy < +oo, then we have the following inequality:

(n) Vi + W
v (*52)

kDe(n—o)(r+1)"" "¢ ok
2(V2—V1)”_0‘ (v1+rv2>+ll/(v2)

r+1

WkDk(n—a)(r+ 1)" % ok
2(vs — vy D(m),"’("l) ®)

r+1

n—ao 1 1\’
s {20 A (n)
< ([ () wron+ (1-4(3)) v
1 t
x/ t”"‘lh“(—) dt
0 r+1
! % 1\’ v
s 2y (22 _nlz (n) (YL
ol (3) v () + (10 (3)) v ()
1 _ K
></ o <l—h<r+1 t)) dt}.
0 r—+1
Proof. For x,y € [0,400), = % and m = 1, we have

Y (’%) <y (3%) <n (%) y (x) + (1 —h (%)) y" (),

If we choose x = L7 v + (%ll_t)vz and y = V2 + (’ﬂl_t)vl, with 7 € [0,1],
we get

(n) (%)
v (452)
(1 t r+1—t
< (2) (|
< (5)v (e () )
1 s t r+1—t
_nl= (m (L
+<1 h<2>) v <r+1vz+< | >v1>. 9)

Multiplying both members of the previous inequality by "~ 3 integrating with
respect to ¢ from O to 1, and changing variables we obtain the first inequality of (8).

+(=1)
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From right member of (9) we obtain
1 t r+1—t
s 2 () _*
h <2>W <r+1vl+< r+1 >v2>
S
(n) t V"‘l-l
)W <r+1v2+< 1 )V

+
7N
—
|
=
/T\
~~
~~

@
| —— |
-e/\
=
N
SN—
=
o
7N
~
+ ‘

—_
~~_
+
3

-e/\
=
—
N
N
—
|
=

r+1-1\\"
r+1 '
Multiplying this by P integrating with respect to ¢, between 0 and 1 and

with a simple but tedious algebraic work, we obtain the right member of (8). In this
way the proof is completed. [J

REMARK 8. If in the previous Theorem we make r = 0 and consider functions
(h,m)-convex, that is, s = 1, we obtain Theorem 2.1 of [26]. If we put r =1, then
they are particular cases of the previous Theorem, Theorem 6 of [12], Theorem 4 of
[13] with k =1 and Theorem 2.2 of [23], all for convex functions, that is, h(t) =1,
m=s=1.

REMARK 9. We must point out that the inequality obtained in Theorem 7 is not
contradictory with the one presented in Theorem 2.2 of [1] obtained for (h — k)-convex
functions.

The following result, although it transcends the frames of the Caputo fractional
k-derivatives, since it is stated in a general way, it will be used later.

LEMMA 10. Let W be a real function defined on some interval [vy,v2] C R, dif-
ferentiable on (vi,v;). If W' € Li(vi,v2), and w(t) is a differentiable function on
[Vi, V2], then we have the following equality:

{own (i (M2 )y ) ) ) (0 o)y ) |

r+1 r+1
+ r+1 /VV}LVZ plUu—Vi V/(n)( Ydu+ 2 ;| Va—u V/(n)( )d
W | —— u)du W | —— u)du
va—v [l ey (1 r41—t
= t
r+1 Jo w(){l{/ r+1vl+ r+1 V2

_ (n+1) t r+1—t
) <r+1vz+ T vy || dt. (10)



214 Y. S. GASIMOV AND J. E. NAPOLES-VALDES

Proof. First note that

1
(n+1) t r+1—t _ (n+1) t I"+l—l
A‘Wﬁw <r+1vl+r+1v2 g et T )|
1
_ (n+1) t V+l—l
A‘M”W <w+f“+ praacy

! t r41—t
d— (nt1) v vy | dt
qua /0 v r+1 2+ r+1 !

=1 —b.

Integrating by parts, we have

= o [wy® (22 oy )|

Vo — V] r+1
rvi+vyp
(r41)? /_l_rl+ Plu=Vvi|
R — W —— "(u)du,
(V2—V1)2 Vi % v ()
since
! t r+1—1t
1)y dt
A RAOL R Wy Ry wake
n+1 rvrljlvz ’ u— V1 ( )
= w | —— "(u)du.
v = v (u)
Analogously
r+1 rvi+v
L = Dy —w(0) ™
: Vo=V {w( v ( r+1 ) WOy ()

r+1)?2 v Vo—ul
_Q/ w [ﬁ] v (u)du.

)2
(vo—vy)? St =

r+1
From I; — I, and grouping appropriately, we have the required inequality. [
From the Lemma 10 we have the following result.

LEMMA 11. Let y be a real positive function defined on some interval [vy,vs] C
R, such that w"+1) € Li(vi,mv,), then we have the following equality:

_ (n) Vi+rvy (n) rvi+ v
(r+ 1) FkTe(n— 2+ 1) (¢ ox ok
+ z Doy Y+ (=1D"D 5 L W(V2)
(VQ—Vl)"if ( }:12)* ( r1++12)+
W=V 1 i (n+1) t r+1—t
T otk[w 1 T T

_ (n+l) t r+1—t dl
v Q+1W+ PR
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. _a . ..
Proof. Tt is enough, put w(z) =¢"" % in (10) and taking into account

(r+1)"%(n— ) S
(vz—vl)”*% %

(w=v1)" %~y (u)du

1

" Eo1y )
b =y )

r+1

R iy s DU D ek .
(v2_v1)n (D(w>_y/(v1)+( l) D<w)+W(V2)>

—a
k 1 r+1

REMARK 12. Itis easy to see that the Lemma 2.1 of [8] can be obtained from the
previous result, putting » = 0, considering convex functions and using only the second
integral relative to function w1 (zx 4+ (1 —1)y), with vi <x <y < va.

REMARK 13. Lemma 3.1 of [26], with r =0, for functions (&, m)-convex; Lemma
1 of [12], Lemma 2 of [13] and Lemma 3.1 of [23], with r=1 and h(t) =¢, m=s=1,
they can be derived from the previous Lemma, as particular cases.

Our first main result is the following.

THEOREM 14. Let  be a real positive function defined on some interval [vy, V] C
R, such that y"+Y) € Ly(vy,mvs), if ‘l//("ﬂ)

type on [v1 , %] , we have the following inequality:

_ (n) Vi+rv, (n) "vi+Ww 12
(v () e (T a2

+A (CDE‘;]{VIW)W(W)-F (—1)"CD‘E‘;"VI+VZ>+W(V2)> ‘

r+1 r+1

< Lol oo em (e (SO + [ (S)]) 2

, is modified (h,m)-convex of the second

with A=K D o n g (1) di, and C= i 17 (1-h (EEL)) dr.

(vz_vl)nff r+1

Proof. From Lemma 11 we obtain

1 o t r+1-—t t r+1—t
["77 (n+1) v v _ (n+l) v v dt
/0 [W r+1 o r+1 2 v r+1 2t r+1
1 a t r+1—t
g tn—? (}’1+1)
/o v PR

+/1t"*% wey (1, rELEE
0 v r—|—12 r+1 !

dt

dt.
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Using the modified (h,m)-convexity of ‘l//("ﬂ) ), we get
1
"

0 yy <rilvl+rﬁ1_tv2)

</ 4 [hs< )’Wnﬂ )‘_'_m(l_h(r—:—il_l—t))s’w(nﬂ) <%>H dt
(v s dt+ml// 2 it o T Sdt.
=i [t (G Javemlo G| 7 (124 (755

13)

o
k

dt

In the same way
(n+1) t v r+l—tv
Y <+1 2+ P

et 1ot (7 Yrsly (2| € ((557) ) o

(14)

1
P
0

dt

N

From (13) and (14) we easily obtain (12). In this way the theorem is proved. [

REMARK 15. Considering » = 0, it is easy to check that the first part of Theorem
2.7 of [26] for functions (h,m)-convex; with r = 1 the Theorem 7 (with ¢ = 1) of [12]
for convex functions and Theorem 5 of [13], Theorem 3.2 of [23] (the case ¢ = 1 of
both for convex functions), they are all particular cases of the previous theorem.

. . . " " q
The above result can be improved, if we impose additional conditions on ‘ yr ) ’ .

THEOREM 16. Let W be a real positive function defined on some interval vy, vs]
q
C R, such that y"+V) € Ly (vi,mv,), if ‘u/(n“)‘ is modified (h,m)-convex of the

second type on [vl, ‘r'n—z] , we have the following inequality:

_ (n) vVi+rvy (n) rvi+w
(o) e (2

+A (CD‘E,LVZ) y(v)+ (~ 1>"CDg,ﬁl+V2)+w<vz>>‘

r+1 r+1
< (v —V1)By

1 1
I {(PlCn +mp12C12)4 + (p2Cui +mP21C12)"} (15)

q

>

with A as before, B, =

T, P1= 'W"H V1) P2 = ‘W("H)(%)

1
] (pln—g)+1)7 ,
P2 = )W("H)(Vz)‘ ;P = l//("H)(z')) . Ci = [k (Ag)dr, and Cpp =
Jo (1=n(5551)) dr.
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Proof. As previous result, from Lemma 11 we obtain

1 o t r+1—t t r+1—t
E (n+1) v v, | — (n+1) v v dt
‘/0 [W r+1 o r+1 2 v r+1 2t r+1
1 a t r+1—t
< tn—? (}’1+1)

/0 v r—|—1vl+ r+1 v2
1 o t r+1—t
E (n+1) v v
+/0 v r+1 2+ r+1 !

From Holder’s inequality, we obtain

1 _
/ tn_% l[/(n+1) ( t n r+1 lv2>
0

r—|—1v1 r+1
1
1 o r 1 t r+1—t¢
< tp("ff)dt / (n+1) \v Vv
</0 ) ( 0 g r+1 1+ r+1 2

1 _
/ t"i% V/(nJrl) ( t +r—|—1 tV1>
0

%
r+1 2 r+1
1
by N (! t rl—t
< =1 gy / (n+1) v v
</o ) (0 v 2t
q
for 11_7 + }1 = 1. Using the (h,m)-convexity of the second type of ’l[/(’”l)‘ , we obtain
from (16) and (17):

/01 W(VH’I)( t +r+1—tv2>

\%
r+1 ! r+1

L ! 1-\\’
< |ytrD q/ (1 (nt1) (V2 "/ Y
\‘y/ (vl)‘ Oh | dt—i—m‘u/ <m>’ A 1—nh ey dr,
W(n+l)< t +r+l—tv1>

(18)
1
/0 r—|—1v2 r+1

<t o (igJaeenlve G L (1-0(757))

19)

dt

dt.

dt

¢ N7
dt) (16)

and

dt

0 N\
dt) (17)

q
dt

q
dt

1
Denoting, for brevity B, = <f01 t”("—%)dl> b= ﬁ, substituting (18),
p(n—¢)+1)7
(19) in (16) and (17), we obtain the required inequality. [J

REMARK 17. Theorem 8 (g > 1) of [12], Theorem 6 of [13], the second part of
Theorem 2.7 of [26] and Theorem 3.2 (¢ > 1) of [23] can be derived from the previous
result, for different values of r and different notions of convexity.
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THEOREM 18. Let y be a real positive function defined on some interval [vy, V] C
q
R, such that w1 e Li(vi,mvy), if ’u/(n“)‘ , q > 1, is modified (h,m)-convex of

the second type on [vl, ‘,;1—2] , we have the following inequality:

_ (n) Vi+rvy (n) rvi+vw
' (W (r—i—l v r+1

k n k
+A (CD(ErV]+V2>V/(v1> + ( 1) CD(EVV]+V2) ) '
r+1 r+1
V) —V1)B 1 1
< (H_ii)q {(plcl +mp12C2) 4 + (p2Cy +mP21C2)"} (20)
with A, p1, p2, pi2 and py as before, B, = 711, C = folt”_%hs(ri—l)dt,
(n—F+1) 1

and Cy = fol s (1—h (rtiIt))sdt'

Proof. As before, from the Lemma 11 we have:

[t ()
_W(n+1) (rj_ : vy + r—r:l_l_tw)] dt
< /01 " |yt (r—f-lvl + ri_il_th)
+/01 = |yl (;»Jtrl"”rtil_t“)

and using well known power mean inequality, we have
/O1 % W(n+1) (rj— : Vi + ri_iIIV2>

1 o -3 t r+1—t¢
< tni?dl‘ (VH’I)
(/0 ) i r+lv1+ r+1 v2

q (/1t”?
0

dt

dt.

dtdt

7 \7
dt) 1)

and

dt

1
[
0
1
1 =3 1
< (/ t"%dt) (/ P
0 0

(n+1) t r+1—t
v <r+1V2+ el

(nt1) tv r—|—1—tv
v <r+12+ 1

Y
dt) @
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Using the modified (h,m)-convexity of ‘u/ (n+1) ’ we get

1
n_a (n+1) t r+1—t¢
/0 e <r+1vl+ 1
b q r+1-1\Y\" Vo |4
< n s r+1 _ (n+1) (2
\/ot k[h (n—l—l)‘w vl)‘ —|—m<1 h( r+1 )) ‘Vj (m)) i
_ |y nt+1) q/ n—¢ s
‘u/ (vl)’ Ot kh (r 1>dt

_|_
q 1 a —|—1—t s
el 1 [t (o)
t +1—t
W(Hl) ( Vo + - Vl)

Similarly
1 o
[
0 r+1 r+1
< ‘W(nJrl ‘ / n7h8< )dt
S
(1) (11 ’q/l e Y G | 2
—|—m’l// (m) 0 r+1 ' 24

If we put (23) and (24), in (21) and in (22), it allows us to obtain the inequality
(20). In this way the proof is completed. [l

q
dt

REMARK 19. This last result covers Theorem 7 (g > 1) of [12], Theorem 5 from
[13] (¢ > 1) and Theorem 3.3 from [23], for different values of r and different defini-
tions of convexity.

3. Conclusions

In this paper, we have obtained different variants of the well-known Hermite-
Hadamard Inequality in the framework of the Caputo fractional derivative, the gen-
erality of our results has been demonstrated by showing that they contain as particular
cases, several known from the literature.
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