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Abstract. In this article, we establish some new properties of the two-parameter Mittag-Leffler
function and use them to prove that, mild solutions of the evolution equation CDtau(t) =Au(t)+
f(t) (t €R) are (w,c)-asymptotically periodic, where A is the generator of a strongly con-
tinuous semigroup {7(0)}p>o (Which is exponentially stable) on a Banach space X and CD,“
denotes the Caputo fractional derivative of order 0 < or < 1. We further establish an existence
and uniqueness result for optimal (w,c)-asymptotically periodic mild solution if X is a uni-
formly convex Banach space.

1. Introduction

Let A be the generator of a strongly continuous semigroup {7(6)}g>o on a re-
flexive Banach space X equipped with a norm || - ||x and such that there exist positive
constants M,b > 0 with

1T(0)||x <Me*° 6>0; (1)

Let f: R — X be a strongly continuous function. We consider the following fractional
evolution equation:
“DYu(t) = Au(t) + f(t), t€R )

where CDtO‘ denotes the Caputo fractional derivative of order 0 < ot < 1.

In 2018, E. Alvarez et al. [4] introduced the concept of (®,¢)-periodicity. It all
started with the fact that, according to the Floquet’s theorem, the Mathieu’s equation
y" +ay —2qycos(2t) = 0 admits solutions of the form y(¢z) = eM p(t), t € R where
u€Cand p: R — C satisfies p(t+ w) = p(r) for o > 0. It follows that y(t + @) =
cy(t), t € R where ¢ = e*®. From this observation, the authors defined for the first
time an (w, ¢)-periodic function as any function f for which, for some strictly positive
number @, there exists a non-zero complex number ¢ such that f(r + @) = cf(¢) for
all # € R. This appears to be a generalization of w-periodic functions (for ¢ = 1).
When ¢ = —1, we have the so-called w -anti-periodic functions.
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One year later in 2019, E. Alvarez et al. [3] extended the latter concept to a new
class of functions called (w,c)-asymptotically periodic functions, including asymp-
totically periodic, asymptotically anti-periodic, asymptotically Bloch-periodic, and un-
bounded functions. The definition of an (®,¢)-asymptotically periodic function is pro-
vided in the preliminary section of this work. The same year, E. Alvarez et al. [2] also
introduced the so-called (®,c)-pseudo periodic functions including pseudo periodic,
pseudo anti-periodic, and pseudo Bloch-periodic; with some applications on the first
order abstract Cauchy problem and the Lasota-Wazewska equation. Since then, several
results have been published regarding the (w,¢)-periodicity (see [1, 12, 14, 16, 17, 18,
24, 32)).

More than two decades earlier, S. Zaidman [35] introduced in 1994 the concept
of optimal mild solutions dealing with the so-called min-max Amerio method in some
problems concerning bounded (on the real line) solutions of the differential equation

W) =Au(t)+ f(t), t€R 3)

in Banach spaces (X, ||-||), where A is a bounded linear operator. The author defined an

optimal mild solution as follows: A mild solution #(z) of (3) is said to be optimal if it

minimizes the functional u(u) = sup |[u(t)||x over the collection Q of such solutions
teR

which are bounded on R; that is,

p(i) = p* = inf p(u).
ueQy

In 2005, G. M. N’Guérékata [29] studied the existence and uniqueness of the op-
timal mild solution u(r) of the equation (3) and proved that u(¢) is weakly almost
periodic, where (X, ||-||) is a uniformly convex Banach space, A: D(A) C X — X
a linear operator that generates a Cp-semigroup of uniformly bounded linear operator,
and f: R — X is a nontrivial strongly continuous function.

A few years later in 2009, A. Debbouche et al. [11] proved the existence and
uniqueness of the optimal mild solution for the linear fractional evolution equation

DYu(t)+ (A—B(t))u(t) = f(r), t > 1y (withty € R)

in a uniformly convex Banach space (X, ||-||), where 0 < o < 1, f is a given abstract
function with values in X, —A is a linear closed operator which generates an analytic
semigroup, {B(¢): r € RT} is a family of linear bounded operators defined on X
into X. The authors used the Gelfand-Shilov principle to prove the existence, and
then the Bochner almost periodicity condition to show that solutions are weakly almost
periodic. More results on optimal mild solutions of differential equations can be found
in [7, 26, 28].

Recently in 2020, R. G. Foko Tiomela et al. [13] used the Banach contraction
principle to prove the existence and uniqueness of a mild solution to the semilinear
fractional differential equation

CDYx(1) = Ax(t) + f(t,x(1)), 1 €[0,b] with x(0) = xo,
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in an infinite dimensional Banach space (X,||-||), where A is the infinitesimal gen-
erator of a semigroup of uniformly bounded operators. The authors also established
the stability and stabilization of the system. Numerous researchers have been inter-
ested on the existence of solutions for evolution equations, and we refer for instance to
[6, 8,9, 10, 15, 19, 21, 22, 23, 25, 27].

The main purpose of this paper is to establish the existence and uniqueness of opti-
mal (,c)-asymptotically periodic mild solution to the fractional differential equation
(2). The rest of this paper is organized as follows. Section 2 is devoted to some prelimi-
naries very useful in the sequel, including new properties of the Mittag-Leffler function.
In Section 3, we prove the existence of an (, ¢)-asymptotically periodic mild solution
to the equation (2) when the Banach space (X, ||-||x) is reflexive and Q # 0. Af-
terwards, we prove in Section 4, the uniqueness of the optimal (®,c)-asymptotically
periodic mild solution assuming that the Banach space (X, ||-||x) is uniformly convex.
Finally, Section 5 concludes this work.

2. Preliminaries

Throughout this article, 7y € R and we denote by & ([tp, ), X) the collection of all
functions 4 : [fy,0) — X which are continuous; B%E ([ry,=),X) denotes the collection
of all functions 4 : [fp,e2) — X which are bounded and continuous, and we set

Co(X) := {h € BE ([ty,~),X) such that tlim h(r) = 0}.
A mild solution of the evolution equation (2) is defined as follows.

DEFINITION 2.1. [13] A function u : R — X is said to be a mild solution of
(2) if the function s — (t —s)*~'R(t — 5) f(s) is integrable on (¢o,) for each ¢ > 1,
to € R and

ult) = 01— to)ulto) + [ (1=5)*"'RU —s)7(s)ds, 1210, @)
where: .
00) = [ LalO)T(“0)a0 5)
and .
R(t):/O a0, ()T (1%0)d0, ©)
with |
5a(0) = —0" 'y (677 ™)

denoting the probability density function defined on (0,e) (that is, {(0) > 0 for

0 € (0,%0) and / £a(0)dO =1) and py(0) is the one-sided stable probability density
0

defined by

r 1
(—l)k’le’o‘k”%sin(kna), 0 € (0,00).

Mg

=

Pa(0) =

k=1
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We will need the following definitions and properties of the Mittag-Leffler func-
tion.

DEFINITION 2.2. [30] The two-parameter Mittag-Leffler function is defined by
the series expansion:
k

- b4
Eyg2)=Y —> 0>0,8>0,zcC
ap(2) k%r(ak—i—ﬁ)

where I'(x) is the gamma function.

PROPOSITION 2.1. [34] Let t € R and 0 < ot < 1. Then the following holds:
Eq(1) >0, Eqq(t) >0, and Eg (1) > 0.

PROPOSITION 2.2. [33] Let t,t1,t € R and 0 < o < 1. The following results
hold:
0<Equ(t1) <Eqa(0) <Egqq(t2) for 1 <0<t.
Moreover,
lim Ea7o¢(t) = oo and . lim Ea7a(t) =0.

f—c0

Now, we have the following very important result, obtained immediately from the
asymptotic expansion formula for the Mittag-Leffler function (see [5, Page 12]).

PROPOSITION 2.3. Let t € R and 0 < a < 1. Then the following holds:

lim Ea71(l) =oco and lim Ea71(l) =0.

[ ——00 f———o0

PROPOSITION 2.4. [31] Let 0 < o < 1. Considering the probability density
Sunction £y (0) defined by (7), the following results hold:

(i) /O " £4(0)e0d0 = Eqy(—2), z€C

(ii) / 0C(0)ePd0 = Eqo—2), z€C.
0
Inspired by Proposition 2.4, we established and proved the proposition below.
PROPOSITION 2.5. The following results hold:

lo(m)llx < MEq1(—=bn®), n =0 (®)

and
IR(M)[|x < MEg.o(—bn%), n >0 9)

where Q(n) and R(n) are respectively defined by (5) and (6), M,b two positive num-
bers satisfying (1).
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Proof. Let n > 0; we have:

lo(n ||X—H/ La(0 aedeH /ca IT(1%6)[|xd6.

Since n%6 > 0, then according to (1), there exist two positive numbers M and b such
that ||T(n%0)||x < Me 1% So, from the equality (i) in Proposition 2.4 we obtain:

1QM)llx <M [ Gal0)e 00 = MEw 1 (—bm®).

Similarly, using the equality (ii) in Proposition 2.4 we have:

IR(M)lx = H/ 08, (0)T(n*0)do

X
< | w0za(0)I7(n0)]1xd0
0

gM/ 008, (0)e M 0q0
0
== MEa’a(_bna).

This ends the proof of the proposition. [

The following definitions on the (w, ¢)-periodicity were introduced by E. Alvarez
etal. [3,4] and are essential in the characterization of an (@, ¢) -asymptotically periodic
function.

DEFINITION 2.3. [4] A function i € €([tg,),X) is said to be (w,c)-periodic
if for some w > 0, there exists ¢ € C\{0} such that

h(it+w) = ch(t) Vi>1. (10)

We denote by P,(X), the collection of all functions & € €'([tp,>=),X) which are
(w,c)-periodic.

DEFINITION 2.4. [3] Let c € C\{0} and @ > 0. A function h € € ([to,*°),X) is
said to be c-asymptotic if ¢\(—1)h(r) € Co(X); that is,

lim ¢"(—t)h(t) =0,

t——o0

where ¢"\(—) = ¢/ The collection of those functions are denoted by Cy .(X).

DEFINITION 2.5. [3] Let ¢ € C\{0} and w > 0. A function h € % ([ty,°°),X)
is said to be (w,c)-asymptotically periodic if & = hy + hy where hy € P,(X) and
hy € Cp(X). The collection of those functions (with the same period @ for the first
component) are denoted by APy (X).
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Endowed with the norm

12]lawe == sup [||c|" (—0)h(2) x, (11)

=1

AP, (X) is a Banach space (see [3]).
The following Hahn-Banach theorem is very useful in establishing the existence
result.

THEOREM 2.1. (Hahn-Banach theorem) Let X be a normed vector space and X*
the topological dual of X . Let Y be a subspace of X and Y* the topological dual of Y .
Then any continuous linear functional A € Y* on Y can be extended to a continuous
linear functional A € X* on X with the same operator norm; thus p) agrees with A on
Y and |A||x- = |A||ys. (We note that the extension A is, in general, not unique).

For the uniqueness result, we will need the following definition of uniform con-
vexity.

DEFINITION 2.6. A uniformly convex space is a normed vector space such that,
forevery 0 < &€ < 2 there is some 0 > 0 such that for any two vectors x,y with ||x]| < 1

ll<is.

and ||y|| < 1, the condition ||x — y|| > & implies that

3. Existence result

In this section, we establish an existence result for optimal (o, ¢)-asymptotically
periodic mild solution to the fractional differential equation (2).

The following intermediate results are very useful for clarity of our demonstra-
tions.

PROPOSITION 3.1. Let f € Py.(X), and define v by
v(t) = /;O(t — )% R(t — 5) f(s5)ds.
Then v belongs to Py (X).
Proof. Let w > 0. We have:

v(it+w) = /t+w(t +0—5)*"R(t+ w —s)f(s)ds.

—oo

By the change of variable z = s — w we have:

v(t+ o) :/jw(t—Z)O‘*lR(t—z)f(Z—kw)dz. (12)
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Since f is an (w,c)-periodic function, then there exists ¢ € C\{0} such that f(z +
) = cf(z). Hence, (12) becomes:

v(it+w) = C[w(t —2)*R(t —2) f(2)dz
=cv(t). O
PROPOSITION 3.2. Let f € APyc(X), and define v by
v(t) = [ (t —5)*'R(t —5)f(s)ds.
Then v belongs to APy (X) if |c] > 1.

Proof. Since f € APy.(X), then there exist fi € Pyc(X) and f> € Cp(X) such
that f = fi + f>. We have:

v = [ =) RO=9)(1(6)+ o(s)ds
= @) 4 020),
where

n) = [ =9 Ra-)A6)ds
va (1) :/joo(t—s)O‘*lR(t—s)fz(s)ds.

Based on Proposition 3.1, it is clear that v; € P,.(X). It remains to prove that v, €

Coo(X).
We have:

e (ol = | [t =0y e s)e (o

X
Making the change of variable T =7 — s, we obtain:

e R O AT
0

X
< [l e R x| e pa )| a3
0
We note that T =7 —s > 0; if |¢| > 1, then we have \c\_f/“’ < 1. Based on Proposition

2.5, we have also
[R(7)||x < MEq,(—bT%).

Since t — T =+ and s € (—oo,7], the inequality (13) becomes:

e (=1)v2(0)llx <M< sup {c-"/%(s)nx}) | Eaa(-bear.

SE(—oot]
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We have previously established that:

1
Eg (1) = aEaﬂ(t) Vt € R (this is also true in C).
Hence, we obtain

[ (=22 (1) ]|x <M ( sup

Let us consider the integral

I:/ at® El, | (—b1%)dT.
o :

Considering the change of variable { = —b7%, we have:

1 1
ra:—zé’ and r:——{é.

by
So,
1 1
dr=—L 1 i

x pa

‘We have also:
L
,L.chl b 1 .leolz
1 1 bl—é
ba
In addition, { — 0 as 7 — 0 and { — —e0 as T — oo,
Hence,

- 1 1 1 1 1

] =— -5 E! —.—taly
I A e
0 1 ,

- | EEa,l(C)dg

According to Proposition 2.3, we know that

: lim Eq () =0. It is also clear that
Eq.1(0) = 1. Hence, we have:

and the inequality (15) becomes:

M
e (=emallx < 5 ( sup
NS

(_wt]{c_s/“’fz(S)llx}> .

{c-"/%(s)nx}) [ oty e
SE(—o0t] 0

(14)

15)
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Now, since f» € Cp(X), then

. —s/o —
[E}nw <-\'€?u£)°,f] { ||C f2 (S) X}> "

and therefore,

lim ¢"(—t)v,(t) =0,

f——o0

which means that v € Cp +(X) and therefore v € AP,(X). O

PROPOSITION 3.3. Let f € AP,(X), and define v by

V(t) = [ (= )Rt — 5) f(s)ds.

0

Then v belongs to APy (X) if |c| > 1

Proof. Since f € APy.(X), then there exist fi € Py.(X) and f> € Cp(X) such

that f =

where

fi+ f>. We have:
(0= [ (=9 R0+ (o)
—/ ) R( - 5)fis) ds+/ (1 —5)*"'R(t = 5) fals)ds
- / (1= RG=5)fi()ds— [ (19" R 5)fi()ds
n / ) LR(t — 5) fo(s)ds

= v (1) + (1),

vi (1) :/joo(t—s)a_lR(t—s)fl(s)ds, and
nt)= [ (=9 Ru-9)p6)ds— [ (1= RG =5 (5)ds

fo

Based on Proposition 3.1, it is clear that v; € P,.(X). It remains to prove that v, €

Coo(X).

Let € > 0. Since f> € Cy(X), then there exists 7 > 0 such that forall s > T,

1™ fa(s) |1 < €. (16)

In order to prove that v, € Cp (X), we must consider two cases: 7 > 7T and t < —T.
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Without any loss of generality, let us assume ¢ > T'; we have:

v (t) = /T(t —5)* IRt —s)fz(s)ds—F/Tt(t — ) IR(t — 5) f>(s)ds

fo

~[* =9 R A (s)as

—oo

and

(95}

" (=e)va(s)llx < DL A(0),

i=1

where

)

X

L(t) = |[c/® / T(t—s)o"lR(t—s) fols)ds

fo

b

X

L(t) = |[c/® /Tt (t —5)*'R(t — 5) fo(s)ds

B = | [ =9 RE-5)(6)

X

Now, we have:

Il(l):

T
/ O — IRt — 5)c ™ fo (s)ds
fo

X
T

S/t e 7 —5) " IR = 5) el fals) | edls.
0

We note that 7 > T and 79 < s < T implies that 7 —s > 0. Then, if |c¢| > 1 we have
|c|‘(t_s)/“’ < 1. Based on Proposition 2.5, we have also

IR(t = $)l|x < MEgo(=b(1 —5)%). (17

So, we obtain:

0 <s<T 0

I <M ( sup {||c-s/wf2<s>x}) [ =9 (bl ).

According to (14) and the chain rule, this inequality becomes:

T

W) <M< sup {c-"/%(s)x}) 5 Ear(-b0 -9

to<s<T s=1

-3 ( sup {c‘f/%(s)x}) (Ear,1 (—b(t —T)*) = Eq1 (—b(t — 10)%)).

b \y<s<t

Since ) lim Eq,(f) =0, we deduce that Eq 1(—b(t —T)%) — 0 as t — oo and
Eq1(—b(t—19)*) — 0 as t — oo because t > T and ¢ > fg.
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In addition, since f> € Cp(X), then sup {||c*“‘/ “f (s)||x} < oo and therefore,
to<s<T

Tim 14(1) =0. (18)
‘We have also:

t
Lt)= ||| ¢V —5)* Rt —5)c ™ 5 (s)ds
T

X

t
</T e~ =) IR — ) Il fa(s) | edls.

We note that T < s <t implies that 7 —s > 0. Then, if |¢| > | we have |c|’(”“‘)/“’ <1.
According to (16) and (17), the above inequality becomes:

eM/ ) B (—b(t — 5)%)ds
t
= EM[ Eq1(—=b(t—s5)%)
b s=T
eM
= (Ea1(0) = Eq, 1 (=b(t=T))).
But we know that Ey 1(0) =1 and Ey ((—b(t —T)*) — 0 as t — e=. So, for any
M
€ >0, wehave L(1) < b — & and consequently,
lim L(t) = 0. (19)

f—c0

Finally, making the change of variable 7 = — s, we have:
Ty
= H/ O — 2 IR(r — 5)c O fi (5)ds
oo X

| 1elmer Rl i - ).
11—y

N

We note that 7 =7 —s > 0; Then, if |c¢| > 1 we have |¢|~%/® < 1. According to (17),

the above inequality becomes:
)/ 1" By o(—b1%)dT
11—y

)[ Egi( br“)]jtm.

Since ) lim Eg (t) =0, we deduce that Eq1(—b7%) — 0 as 7 — o and we have

13(f)<M< sup {||C =D/ f (1 —1)|x

TE[t—10,00) }
—m( sup {0 f -1k}
T€|

1—10,%)

TE[t—10,00

wm%( sup ){IIC_(t_’)/“’fl(t—T)IIx}) (0-+ B (=b(t —10)%) .



12 R. G. FOKO TIOMELA, G. M. N’GUEREKATA AND G. MOPHOU

Again, since ) lim Eq () =0, we deduce that Eq 1 (—b(t —179)*) — 0 as T — 0

and therefore,
lim (1) = 0. (20)

f——00
We have just proved that for + > T, tlim (=) f2(t) = 0. Similar arguments can

be made if + < —T. Therefore, if |c| > 1 we have f> € Cp(X) and therefore, v €
APye(X). O

PROPOSITION 3.4. Let ¢ € C\{0} and ® > 0. Forall t >ty and u € X, we have
Ot —19)u(ty) € APye(X) if |c| > 1.

Proof. Let t >ty be fixed, ® >0, ¢ € C\{0} such that |[c| > 1 and u € X. We
have:

(o)
‘c‘t/w

" (=) Q(t —to)u(to) || x < [1Q(r —10)|Ix

< M) e (bt —10)")

Since ) lim Eq (1) =0, we deduce that Eq 1(—b(t —179)*) — 0 as t — 0. In

addition, — 0 as 1 — oo (because |c¢| > 1 and ® > 0). Then,

1
|C|t/w

lim ¢ (—1)Q(t —to)u(ty) =0

f—c0

which means that Q(r —1p)u(fo) € Co.(X) C APyc(X) and therefore, Q(t —19)u(ty) €
APy (X) forany u € X. 0O

As an immediate consequence of Propositions 3.3 and 3.4, we obtain the following
very important theorem.

THEOREM 3.1. Let us assume that the inequality (1) hold. Then, for each f €

AP, (X), all mild solution u of (2) are (w,c)-asymptotically periodic, where @ > 0
and ¢ € C\{0} with |c| > 1.

From now on, we denote by Q the set of mild solutions u of (2) which are also
bounded over the real line R ; that is, such that

p(u) = sup|u(t)x < ee. 1)
teR
In what follows, let us assume that Q¢ £0.

DEFINITION 3.1. [29] A bounded mild solution ii(7) of (2) is called optimal mild
solution of (2) if

u(i@) = p* = inf p(u). (22)
MEQf
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THEOREM 3.2. Ifthe collection Qy is not empty and f is a strongly continuous
function from R to a reflexive Banach space X, then the fractional differential equation
(2) has at least one optimal (®,c)-asymptotically periodic mild solution.

Proof. By the definition of u*, there exists for any n € N, a function u, (1) € Qf
such that

1
H*SH(Mn70)<H*+Z<H*+1, neN. (23)

This means that the sequence (u,0(0));>_; is bounded in X. Since X is a reflexive
Banach space, then there exists a subsequence of (u,0(0));_;, denoted (u,,1(0))5_,
which converges weakly to g € X.

Similarly, if we consider the sequence (uy,1(¢));_, , then according to the inequal-
ity (23) the sequence (u,,1(—1));_, is bounded in X; so, there exists a subsequence of
(t4n,1(—1))57_,, denoted (u,2(—1))5_, which converges weakly to @) € X.

Proceeding like this, if we consider the sequence (u,4(¢));_, for all integer ¢ >
0, then according to the inequality (23) the sequence (uyq(— q));"= is bounded in
X so, there exists a subsequence of (u,4(—q));_,, denoted (i, 4+1(—q)),_, which
converges weakly to 7, € X.

Now, let us consider the sequence (ug,4(7));_; - Itis clear that (ugq(—k))7_; con-
verges weakly to i for all integer k > 0. We note also that the sequence (ug,4(7));-;
is bounded over the real line R and admits the representation formula (4). This means
that u, () € Qf satisfies:

T
u%q(t)ZQ(t—lo)u%q(l‘o)-l-/ (t—5)*"'R(t —s)f(s)ds, t>19 (Y19 €R).
fo
In particular, for 1y = —k we have:
qq(t) = Q1 +k)ugq(~ +/ )*'R(t—s5)f(s)ds, 1=>—k, (Vk=0,1,2,3,--).

Now, let X* and T* be the topological duals of X and T respectively. Let u* € X*;
we have:

(0t + k)ttg g (—K)) = <u (/w ga(e)r((z+k)ae)de> uq7q(—k)>

<</ Ca(O)T*((t +k)* 6)d6>u*,uq7q(—k)>.

Taking the limit when ¢ — oo, we have:

im0+ K (—K)) = lim << / Ca(0)T*(( +K)* G)de) u*7uq,q(—k)>

g—o0

<</ ()T (1 +K)® 9)d6>u*,ﬁk>
_ <u (/0 Ca(Q)T((t+k)°‘9)d9> zzk>

= (", Q1 + k)i -
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Hence, we deduce that Q(r +k)ug 4(—k) converges weakly to Q(# + k)ii; and we have:
) t
gq(1) = Q1 + k)i + / (t=)*"'R(t —s)f(s)ds, 1>k, (24)
—k

where ” —- * denotes the weak convergence.
Let us denote by

!
a(t) = Ot + K)iig + / (6 — )% 1R(t — ) (s)ds 25)
—k
the weak limit of the sequence (ug,4(7));_; . Now, we need to prove that (r) admits

the representation formula (4).
For all 7o € R and ¢ > 1y, we recall that

Uy q(t) = Ot —10)ug.4(t0) +/ (t—$)*'R(t —s)f(s)ds, t>19 (Vig ER).

We have already proved that u, ,(f) converges weakly to 7(r) and in particular u 4(fo)
converges weakly to #(t). So, let u* € X*. For 7 > 1y, we have:

(g 0) = (00~ g 0)) + (i, [ (15 R =909
([ O~ 0)0)a0 )y ) )
(i[9 Ra=5150)

([ @O (=000 )u )

L[ R 90)).

0

Taking the limit when ¢ — oo, we obtain:

0 ={ ([ 0@ -)0)a0 ) i)
+<u / (t )% 1R(r—s>f<s>>

= ([ @O oo ) atw) )
(o [ = R 90

= (", 00— 1)l10)) + < A ’(r—s>“1R<t—s>f<s>>
- <u*7Q(t ~ )t + [

fo

1

(t—s5)*"'R(r— s)f(s)> .
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According to the Hahn-Banach theorem, this implies that

!
a(t) = Q(t —10)ia(to) + | (t—)* 'Rt —s)f(s)ds, t>10 (V1p€R). (26)
To
Therefore, #(¢) is a mild solution of the fractional differential equation “D%u(r) =
Au(t) + f(r). Now, we need to prove that (¢) is an optimal solution.
We note that:
Ugq(t) == i(t) YteR. (27)

Let u* € X* such that ||u*||x < 1; we have:

[ ug.q ()| < Mlu” ||l uag,q (1) ||
< ugq()lx
<

u(ugq)- (28)

In addition, according to the inequality (23), we have p(ug4) — U* as g — o and
hence, from (28) we obtain

Jim (g (0)] < p° (29)
But it is also clear that
lim [(u", g g(0))| = (", (0))]. (30)

q

According to (29) and (30) we have just proved that
|(u*,a(r))] < u* forall reR.
This means that
la()||x < u* forall 1 € R and therefore, u(d) < p’* (31)

because (i) = sup||4(t)||x. So, the function #(r) is bounded over the real line R and
teR

consequently i1 € Q.
Moreover, since i € Q then according to (31) we deduce that (i) = u* because

u= ilg u(u). Whence # is an optimal mild solution of (2). We have previously
uclly

established in Theorem 3.1 that all mild solutions of the evolution equation (2) are
(w,c)-asymptotically periodic. Therefore, the fractional differential equation (2) has at
least one optimal (,c)-asymptotically periodic mild solution. [J

4. Uniqueness result

In this section, we prove the uniqueness of the optimal (®,c)-asymptotically pe-
riodic mild solution to the equation (2). To achieve this, we consider X as a uniformly
convex Banach space.
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THEOREM 4.1. Assume that the Banach space X is uniformly convex, and any
non-trivial and bounded (®,c) -asymptotically periodic mild solution u(t) of the frac-
tional differential equation Du(t) = Au(t), t € R satisfies

inf [|u(z)||x > 0.
teR

Let f € € (R,X) and assume Qs # 0. Then, the optimal (w,c)-asymptotically periodic
mild solution of the fractional differential equation (2) is unique.

Proof. Let us assume that 7;(r) and #(¢) are two optimal (®,c)-asymptotically
periodic mild solutions of the fractional differential equation

“Dffu(r) = Au(t) + £ (1)

such that 4 (r) # d(1).
Based on the development in Theorem 3.2, we have clearly that u(i;) = u* and
w(ip) = pu*. Now, let us consider z(¢) = i) (¢) — éi2(¢) . We have:

a1 (1) = O(t — 19)iiy (to) +/[t(t — ) IR(t —5)f(s)ds, t>19 (Vg €R);
(1) = Q(t —t0) 1z (10) +/tt(t — )Rt —s)f(s)ds, t>=10 (V1p€R).

Then,

2(t) = O(r — 10) (11 (t0) — 12 (t0) )
=Q(t—10)z(t), t =10, (V1o €R).

If we set @ = inlg |lz(#)]Ix, then by hypothesis it follows that @ > 0. In other words,
te

lz@)||x > @ forall ¢ €R.
Now, let us set
V1) = 30 (1) + ().
It is clear that the function v is continuous from R into X, and we have
) = (3 + )

=§3H5H§<m(t>+az<z>>ux.

By Triangle inequality, we obtain:

1 . .
) < 5 (supllin 0+ sup o)l )
teR teR

[y

*

(i) +1(02)) = 3 (1" + 1) = 1

2
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This means that u(v) < u*. Moreover, we have:

[

v(t) = 5 (@ (1) + 42(1))

=5 (Q(f—to)ﬁl(lo) +Q(t —19)da (to) +2[0t(f—S)Q_IR(I—S)f(S)dS>

— N

= 0-10) ((@r00) + aat0)) + [ =) R =515

fo

:Q(z—to)v(to)+/tt(t—s)a‘1R(t—s)f(s)ds7 t>1y (Vip €R).

Therefore, v(r) is a mild solution of the fractional differential equation D%u(r) =
Au(t)+ f(¢). By construction, it is clear that the function v(¢) is also bounded over the
real line R (because #1; and 7, are bounded over R) and consequently v € Q.
Now, for all r € R, we note that ||u(t)||x < sup||u(r)||x = u(u) forall u € Qr and
teR

irg u(u) =u*. So, it follows that u* > ||i; (¢t)||x and u* > ||4x(¢)||x forall r € R. If
uclly

we set

ti (1) = max{ || (1) %, [142(1) |}

this implies that
W=t (1) (32)

and then {
Eﬁm(t) <1 VrieR. (33)

Multiplying both sides of (33) by @ = inﬂg llz(t)]lx > 0 we obtain:
te

%ﬁm(t) <@ VicR. (34)

But we note that @ < ||z(r)||x for all # € R; then (34) implies that

%ﬁm(t) <o <|z(t)|x VieR.

This means that

[ X @) @) T
ﬁm(t)Hul(l)—Mz(l)Hx— i) m(0) X>H* VieR. (35)

‘We note that

(1) (1) 1

(1) [l I 121 (1)l [l
and

i (1) ‘ i) || _

(1) ||~ [ 182(0) 15 Il
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Moreover, ||z(t)||x = ||a1(t) — 2 (1) ||x < |1 (0)||x + |42(0)]|x < 2u* and @ <
|z(¢)||x forall # € R implies that % <2.

. w . . .
Choosing € = —, then by the uniform convexity of the space X, there exists
u

6 > 0 such that:

- + =
fin (1) 5 fin (1) <1-8 VieR;
X
that is,
Al () +i(t) <1-06 VreR.
fm (1) 2 X
So,
v(O)llx < (1=8)dm(t) Vi €R
<(1=8)u* vreR (according to (32)).

This implies that:

*

sup [[v(t)[lx < (1 —8)u’;
teR

and then,
pv) < (1-6)u".

Since 1 —§ < 1, we deduce that u(v) < u* (with v € Qy); which is a contradiction to
the fact that u* = irg wu(u). Therefore, i (1) = i1z (¢) for all + € R and consequently,
ucly

the optimal (w,c)-asymptotically periodic mild solution of the fractional differential
equation (2) is unique. [

5. Conclusion

In this work, we have established the existence of optimal (®, ¢)-asymptotically
periodic mild solutions to the fractional differential equation (2) in a reflexive Banach
space (X, |[|-|lx) when the collection &, of bounded mild solutions over the real line R
is not empty. Furthermore, we have established the uniqueness of the solution when the
Banach space (X, ||-||x) is uniformly convex, provided that any non-trivial and bounded
(w,c)-asymptotically periodic mild solution u(z) of the fractional differential equation
“D%u(r) = Au(r), t € R satisfies tlgﬂgﬂu(t)HX >0.

Acknowledgements. We are sincerely grateful to the anonymous reviewers for their
valuable comments and suggestions.
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