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ON SOME GENERALIZATION OF ABSOLUTE
CESARO SUMMABILITY FACTORS

W. T. SULAIMAN

Abstract. In this paper, we improve the result of Saxsena [3] concerning generalization of abso-
lute Cesaro summablity factors of infinite series.

1. Introduction

Let Y a, be a given infinite series with the sequence of partial sums (s,), and let
(@) be a sequence of positive real numbers. By (z,) we denote the n-th (C, 1) means
of the sequence (nay,). The series Y a, is said to be summable |C,1]|,, if (see [1])

=

k
2l < (1)

n=1
and it is summable ¢ — |C, 1|, k > 1, if (see [4])

o k-1
®

S Zk |t |© < oo, )

n=1

Clearly, ¢ — |C, 1|, summability reduces |C, 1|, for ¢ = n.
A positive sequence ¥ = (},) is said to be a quasi- f -power increasing sequence,
if (see [6]) there exists a constant K = K(7, f) > 1 such that

K foYn 2 fin'¥m 3)

holds for all n > m > 1. Every non-decreasing sequence is quasi- f -power increasing
but the converse is not true.
The following result is due to Mazhar [2]

THEOREM 1.1. If

An=0(1), m— oo 4)
Y nlogn|A*A,| = O(1), (5)
n=1
3 Ll = Oltogm)., asm < ©
v=1

then the series Y, anA, is summable |C, 1], k > 1.
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Ozarslan [5] in his role generalized the above theorem by giving the following

THEOREM 1.2. Let (¢,) be a sequence of positive real numbers and conditions
(4) and (5) of Theorem 1.1 are satisfied. If

—1
Y 2o Il = otogm), asm— e, )
v=1

m kl
o
Enm = ( v ) (8)

then the series Y. anAy is summable ¢ —|C, 1|, , k> 1

By weakening the conditions, Saxsena [3], presented the following

THEOREM 1.3. Let () be a sequence of positive real numbers and condition (4)
of Theorem 1.1 and condition (8) of Theorem 1.2 are satisfied. Let (X,) be a positive
non-decreasing sequence and (A,) a sequence such that

[An] X, = O(1), asn— oo ©)
S n|A | X =0(1), m— oo, (10)
n=1
m (pkfl i
Y Lk Ity = O(Xputm), as m — oo, (11)
v=1

where (W) is a positive non-decreasing such that

nX Ln A (%) =0(1), m— oo, (12)

n
then the series Y, anAn/ Wy is summable ¢ —|C,1],, k> 1
2. Lemmas

LEMMA 2.1. Let (X,) be a positive non-decreasing sequence, and let (A,) be a
sequence of number satisfying (4), (9) and (10), then these conditions does not imply

_— o
neither Y, [l < oo nor Y, |Ay| < oo
n=1 n=1
Proof. As 2 [An| > Z u it is sufficient to prove the first part. The following

counter example glve the proof

1
Let A, = (logn)~", X, = (logn)*, 0 < o< 1. Clearly A2 (2,) = O — |,
(nlogn)

and the three conditions of the lemma are satisfied, but Z ‘ i =oo. [
n=1 N
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‘We name the conditions

n' B (logn)? X, u,A (%) =0(1), n— oo, (13)
A — 0, asn — oo, (14)
> nP T (logn)" X, [A% 4| < o (15)
n=1
m k—1 ty k
%] - :0(mﬁ (logm)me‘um>, m — oo, (16)

n=2 n* (nP (logn)"X,)"~

LEMMA 2.2. Let (X,) be a quasi- f -power increasing sequence, f = (fu), fu =
nP (logn)?, 0 < B <1, y> 0. Then conditions (14) and (15) imply

mP (logm)” X |A 2| = O(1), m — oo, (17)
2 (logn)? X, |AL,| = O(1), (18)

and B
nP (logn)” X, | A = 0(1), n— oo. (19)

Proof. As AL, — 0, we have

nP 1 (logn)" X, |Ad,| = nP 1 (logn)?X, Y A|AL,|

v=n
1) 2 VB (logv) X, |A27LV|
V=,
= 0(1).
This proves (16). To prove (17), we observe that

Zn (logn)” X, |Ad,| = Zn (logn)” X, 2A|AM

n=1 n=1 v=n

< 2 A|AL| 2 nP (logn)? X,
=0(1 2 P (logv)" X, |A%A,|
= O(1).

Finally,

nP (logn)? X, | A = nP (logn)" X, 3" A|, |

v=n

< Y P (logv) X, [AL|

= 0(1), by (17). O
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LEMMA 2.3. Condition (15) is weaker than (11).

Proof. If (11) holds, then as (n/3 (logn)”X,) is non-decreasing, we have

m k—1 k m k—1 k
Pt 1 @t
il 1 =0 T | 2 k| | = O (Xntim),
n=2n* (nP (logn)”X,) (28 (log2)7X5) P R

while if (15) is satisfied then,

(Pk ! |tn‘ < (Pkil |tn‘k B k=1
= n n” (logn)" X,
2 25k (nP (logn)7X,)"! ( (logn) )
k—1 m k=11, |k
-0 (mﬁ (logm)YXm> ! O |t

n—2 n* (nP (logn)yX,,)k_l
k—
=0 (ml3 (logm)YXm> 1O <ml3 (logm)meum>

-0 ( <mﬁ (logm)me> ' #m)

# O (Xntm) -

Therefore (11) implies (15) but not conversely. U

3. Main result
THEOREM 3.1. Let (¢,) be a sequence of positive real numbers. Let (X,) be a
quasi- f -power increasing sequence, f = (f,), fn=nP (logn)’, 0<B <1, y>0,

and let (Ay), (W) be sequences of numbers such that (W,) is positive non-decreasing
and all satisfying (8), (15), (14), (13), (16) and the following

oo |A¢n
25,

1 A )
WA 0 7 21
: Q&) <naﬂ| @b

then the series Y anAy /1y is summable ¢ —|C, 1|, , k> 1.

(20)

REMARK 3.2. 1. It may be mentioned that there exists two mistakes in proof
. Y] o

of Theorem 1.3. The author consider the two series Y, [l and Y |A,| are
n=1 N =1

n=
convergent via conditions (4), (9) and (10). But this is not true (see Lemma 2.1).

2. In this paper we are giving the corrected proof via adding the conditions (20) and
20).
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3. We also reducing conditions (4) and (9) to one condition which is (14), (see
Lemma 2.2).

4. We also replaced condition (11) by a weaker one which is (16), (see Lemma 2.3).

Proof of Theorem 3.1. Let T, be the n-th (C, 1) mean of the sequence (na,A,/Uy)-
Then we have

=

E £)o () (D))

= 1 (v+ l)l‘v (A (i) A+ ) lnxn
n+1\ 5 My Hy+1 Hn
1 1 - Ady  tahy
= v+ DA — v+ 1)t +
n+1v:l( ) <»uV) Z{ Hy+1 Hn

=T+ T+ T3.

In order to prove the theorem, by Minkowski’s inequality, it is sufficient to prove that

o k—1

nj’k < oo, J: 1a2a3'

Applying Holder’s inequality, we have

m X m (pk—l n—1 1 k
=3 Z(V+1)tVA<—)/lV
n=2 n= 1 v=1 My
m (pk—l n—1 - 1 ' n—1 1 k-1
= 0(1 L VBITA | — ) A, A(—)
) N L
m (pkfln 1 i i 1 i
=0(1) Y, 2= > Vn| A(—) |2
=2 N v=1 My
Dn

V|’V‘ < ) k—1 B k=t
A — ) MWley (I[P (logv)'X,
=1V (VB (logv)VXV)k P\ ( )

—~
=
E

m |t|}‘ < )
= 0(1 Ao @}
=1 VK (VB (logv)YXv)k P\

o3 BB pa (] )
= A% _—
S0 vk (v (logv) "X, ) ty
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l‘tr‘ A(VMA(i))
rﬁ logr YX) Hy
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1
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+0(1)mj1 P+ (logv)" X, |A%2, |+ O(1)
v=1

—0(1)
m k—1 m k—1 k
Pn k O |t
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ng,l nk ‘ 3| 0( )ng‘l nk L

m k—1 k
¢ |t | 2]
=0(1) 2 k vy k1 [k
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m k—1 k
® " |t ||
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KSR 0| g~ |2
—on’y (3 =) s ()
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(logn)" Xopts (A (—) 2+ 122 ) 01X [
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m—1
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n=1
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