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ON THE ASYMPTOTIC EXPANSION OF A BINOMIAL

SUM INVOLVING POWERS OF THE SUMMATION INDEX

R. B. PARIS AND P. J. LARCOMBE

Abstract. Work elsewhere [1, 3] has revealed the leading asymptotic behaviour of the binomial
sum Sp(n) defined by

Sp(n) =
n

∑
j=1

jp
(
n+ j

j

)

in the limit n→ ∞ in the case of positive integer p . In this paper, we establish the asymptotic ex-
pansion of Sp(n) first for positive integer p and secondly, by means of an integral representation
for the sum, for arbitrary values of the index p .

Mathematics subject classification (2010): 05A16, 30E20, 34E05, 41A60.
Keywords and phrases: Binomial sum, asymptotic expansion, method of steepest descents.

RE F ER EN C ES

[1] P. KIRSCHENHOFER, P. J. LARCOMBE AND E. J. FENNESSEY, The asymptotic form of the sum

∑n
i=0 ip(

n+i
i ) : two proofs, Util. Math. (2014), to appear.

[2] P. J. LARCOMBE AND E. J. FENNESSEY, Applying integer programming to enumerate equilibrium
states of a multi-link inverted pendulum: a strange binomial coefficient identity and its proof, Bull. I. C.
A. 64 (2012), 83–108.

[3] P. J. LARCOMBE AND E. J. FENNESSEY,Some properties of the sum ∑n
i=0 ip(

n+i
i ) , Cong. Num. (2012),

to appear.
[4] F. W. J. OLVER, D. W. LOZIER, R. F. BOISVERT AND C. W. CLARK (EDS.), NIST Handbook of

Mathematical Functions, Cambridge University Press, Cambridge, 2010.
[5] F. W. J. OLVER, Asymptotics and Special Functions, Academic Press, New York, 1974. Reprinted in

A. K. Peters, Massachussets, 1997.
[6] R. B. PARIS AND D. KAMINSKI, Asymptotics and Mellin-Barnes Integrals, Cambridge University

Press, Cambridge, 2001.

Journal of Classical Analysis
www.ele-math.com
jca@ele-math.com

c© � � , Zagreb
Paper JCA-01-12

http://dx.doi.org/10.7153/jca-01-12

