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MOMENTS OF A ¢-BASKAKOV-BETA OPERATORS IN CASE 0 <g <1

A. R. GAIROLA, P. N. AGRAWAL, G. DOBHAL AND K. K. SINGH

Abstract. In this paper we obtain the estimates of the central moments for the recently defined
g-analogue of Baskakaov-beta operators. We obtain the evaluation for the rate of convergence
in term of the first modulus of smoothness and Voronovskaja-type theorem for these operators.

1. Introduction

Recently, Phillips [19] proposed the following generalization of celebrated Bern-
stein polynomials operators based on g-integers

uals) = 37 (G st o

where p, (g:x) = [}]x*TT"Z8 ' (1 — ¢"x). These operators have been studied by sev-
eral authors (cf. [12], [19]- [25]). The Bernstein polynomials were suitably modified
by Durrmeyer to approximate Lebesgue integrable functions (cf. [7], [15]). Derrien-
nic [5] introduced a g-analogue of the Durrmeyer operators wherein she established
some approximation properties of the g-Durrmeyer operators. Similar to these modi-
fication, the g-analogue of some well known positive linear operators e.g. Bernstein,
Baskakov and Szdsz operators were introduced and studied by several authors, many
of which have been introduced by Gupta (see [2], [8], [10], [11]). Motivated by these
modifications the authors in [3] introduced the g-Baskakov-beta operators %, ,(f,x)
as follows:

Let N be the set of positive integer and f € Cp[0,o0) (the class of the continu-
ous and bounded functions on [0,0)). For any n € N, the operator %, , : Cp[0,%0) —
C[0,) is defined by

oo /A
In /

By g(fox) = [;}Hliobn,k(q;x) / q*pui(qiu) f(u)dgu,
- 0

k(k—1)/2 k _ k(k—1)/2 k
q X n+k—1| q X
where b 1X) = , 1X) = ————— and
nk @) = e () k(@) [ T ESIGD
(1+4x) =IT;Z o(14+¢x).
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The operators %, , are linear positive and reproduce constant functions. Some
approximation properties was established by the authors in [3]. In order to make the
paper self contained we recall some definitions and properties of g-calculus. (see [14],
[20]).

Let g be a real number satisfying 0 < g < 1. For n € N, we define

[n]:{%’ o

n, q=1.
]! = nl[n—1][n—=2].....[1], n=1,2,.....
1, n=20
The g-binomial coefficients are defined by
n [n]!
=——"— 0<k<n.
M G "

And by

n—1

(a+b)" =T](a+4¢’b)
J=0
we denote the g-rising factorial. The g-analogue Ej of classical exponential function
which we shall use in this paper is given by
c e e
E} = ZqJ(J )/ o
j=0 I

For further properties see [14]. The g-Jackson integrals and g-improper integrals are
given by [13] and [17].

and
/A

[ rax=a-0 3 (%)% axo0
0

Nn=—oo

respectively, whenever the sums converge absolutely.
For g € (0,1) and any arbitrary real function f: R — R, the g-derivative D, f(z)

is defined as
[ —f(gx) . x#0

Dyf(x) = { e

lime_oDyf(t); x=0.

The g-derivative of the product is given by the formula

Dy(f(x)g(x)) = f(gx)Dy(g(x)) +&(x)Dy(f (x))
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Analogous to the well known gamma and beta function the g-gamma and g-beta func-
tions are introduced.
We define ¢g-gamma function

1/(1—q)
o= [ 4Ed

(=)

The g-beta function is given by

oc/A

~1
By(t,s) = K(A,1) / i
0

(L) %

where K (x,1) = = (1+ %);(l +x),". In particular, for any positive integer

n(n—1)

K(x,n)=q 2 K(x,0)=1
and
T,()y(s
-

I'y(¢r) and By(t,s) are the g-analogues of the gamma and beta functions. In the limit
q — 1 they reduce to T'(r) and B(z,s) respectively and also satisfy certain well known
properties of classical T'(#) and B(,s) functions. The space Cg[0,) is endowed with
the norm ||f]| = sup{|f(x)| : x € [0,00)}. The first order modulus of smoothness of
f € Cpl0,0) is defined by

0y (f,V8) = sup  sup [flx+h)— f(x)].

0<h<V/5X€[0,)
In what follows, we shall denote /x(1+x) by ¢(x) and C3[0,) will be used for

the space of all twice continuously differentiable functions for which f” is bounded.
Further, throughout this paper C is a constant different at each occurrence.

2. Moment Estimates
In this section we shall use the identities (see [3])
49> (X)Dy[pn x(q:x)] = ([k] - q"[ﬂ]X) Pui(q:4%)

and
692 ()Dy[byaq:0)] = (1K) = gIn+ 1)) (i),

frequently, where D, denotes the g-derivative operator.
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LEMMA 1. [3] Let us define Apm(x) = Py q(t™,x). Then, we have
An70(x) = l,

Apa(x) = — 5 <1+[n—i(—]1]x>

and
Ayax) = (2] + q2Pln + Ux+ [+ 1) [n+ 2)2)
"2 =2 —3]

Further, there holds the recurrence relation:

¢l =m =241 (@) = ([In-+ U [ +1] JAnn(g) + 97 () DgAnm(x) (1)

COROLLARY 1. [3]Since, B, 4(f,x) arelinear and preserve constants, it follows

that
n+1 1
Aale=99= (G523 ) 5y
And
B g((t —x)%,x) = m [613(1 +q)+ (61(61—1— 1?n+1] —2615[n—3]>x

+ (4 1 +2] = 26"+ =3 + g%l —2)[n— 3]
Moreover, there holds the inequality
Fng(1=3%3) < iy (0200 + 3y ) = S5 82 (%),

where 82(x) = max{¢>(x), ﬁ}

LEMMA 2. Let Tyl (x) = B g((t —x)") x) be the mth q-central moments of the
operators P, 4, then there holds the recurrence relation

¢2('x>Dl1 (anm(x))

= (" n—m=2) T, (qx) + | ([nlxg" ™" = [0+ Ux+ [n]xg" — [n]xg ")

1
—[m+1](1+ 2qu+qm71x+q2m71x2) —[m+2]x (qm — 5) ] T, (qx)

— [ ([m)¢* (@) + [n+1](¢" = D) = ¢" ' [n]?(¢" — 1))
+m+1x(g" = 1)(1 +¢"x+¢" " 'x)

+m+1]¢"*(¢" - 1)(1 +qm1x)] T, 1 (gx).
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Proof. We have

oo /A
n /

9 (1)Dg (T3, (x)) = [;]”gﬁx) / ¢ uid@:)Dy (Bar(g:x) (e =)™ dyt
- 0

oc/A

= i¢2(x) /tlkpn,k(q;t)bn,k(q;qx) (Dq(t—x)('”)dqt>
0
oo/A

S 0200 [ pustante—0 (Dgbus(g:) dy
[n] k=0 0

= E|+ E; say.

oo /A
> 62 @bux(giar) [ o paslan)e - g0y
0

= - [m] ¢2 (x) T m—1 (gx).

And in view of ¢*¢?(x)Dy (b, 1(q;x)] = ([k] —gFn+ l]x)b,,’k(q;qx) we get

/A

—-11& m
B ]Zq “bui(q:9%) / kg Pk (g0) (1 = x)™ dgt

[n] k=0 0

= 7
A L ]Ebn,k(q;qx) / q pas(g:t) (1 =)™ dyt
[l’l] k=0 0
= E3+ Ey4 say.

It is obtained easily that (r —x)("™) = x(¢" — 1)(t — gx)" =V + (r — gx)"). Therefore,
Ei=—[n+1x [x(qm ~ DT () + Y}Zm(qx)} . Next,

- =/
E3 = [n[;]l]goqkbn,k(q;qx) O/ ([k] —qk’l[n]f> @ puilq:t)(t —x)™ dyt
- =/
S e 0/ (¢ 00l ) ¢ pun(a0) 0~ 00
= E5+ E¢ say.
Again,
: =/
Es=q '[n] [n[;]l] > bux(g:qx) / d i)t — q"x) (t —x)™ dyt
k=0 0
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oo /A

_ 1 2
k-1l 2. bui(g:0%) / q"xq" pus(q:0)(t —x)" dyt
k=0 0

[n]

= E7+ Eg say.

+q'[n]

Clearly, Eg = g™ ![n]x [ (¢"—1)T? - 1(qx)—|—T,f{m(qx)] . Next,

/A

—11 &
2L S sl [ dpustasnc—x) Y dy
k=0 0

]

=q '[n] [X(q’"“ —1)T4,,(qx) + T, m+1(qX)]

E; = qil[n]

In order to simplify E5 we take the transformation r = gz which is valid in the case of
q-integration.

o o/A
Es = [’1[;]1] k;bmk(fﬁq@ 0/ q([k] —qk[n]z> (qz_x)(m)pn,k(q;CIZ)qu
1] & /A
_ [n[;] 'S buslaian) / 99%(2)Dy (pail(4:2)) (g2 — )" dyz. o
k=0

Next, we write the function ¢?(z) = z+2% as ¢>(z) = (qmﬁqmilx;l)(qz*qu) +q" x(1+

_m _m+1
g )+ 0@ 4 substitute in (2). We obtain three terms corresponding
to the three terms in (2), namely Ey, Ejg and Ej;.

o — (qu+qm1x+1> [n[;]l] iq”‘bn,k(q;qx)

q k=0
oo /A
X /qk-fIDq(Pn,k(q;Z))(qz—x)(’"“)dqz.
0

Now, we integrate by parts and then make the inverse transformation z = g~ !¢ which
gives

+q" x+1
E9=<qx qq * ) ZCI by x(q;qx)
oo/A /A
X{ Pui(@:2)(gz—x) " | - / Pur(:92)Dy ((gz =) V) qu}
o 0
m m—1 _
—[erl}qz(q x+qq XH) [n[ 1 ank 4:9x)q"
k=0
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oo/A
X / Pui(:q2)(qz —x)™ dyz
0

qu_|_qm—1x_|_1 n—11
n—1] > burlg:ax)q"
q [n] k=0

—[m+ 1}q<
/A

X /pn,k(q;t)(t—X)(’")qu
0

—[m+1](¢"x+¢" 'x+1) [X(q’” = D)Tm-1(gx) + Tn.,m(qX)} :

And
p-1] & N
m— m— n— m
Eio = ¢" 'x(1+¢" %) B > bui(g;gx) / Dy (Pus(4:2)) (qz— )"V dyz
k=0 0
n—1] & m“
RN -
= 11" TS Y busaian) [ o pus(n) -0
k=0 0

—[m+1]g"x(1+ 4" ) [X(c/” — D) Tm-1(gx) + Tn.,m(qX)} :

Similarly,

E; = —@ [x(qu — )T m(gx) + Tn,m+1(¢lx)] .

Combining the estimates E| — Eq; the lemma is established. [J

Now, we are in a position to state the following lemma

LEMMA 3. Let m€ N, 0 < g < 1. There exists a constant C = C(m) > 0 inde-
pendent of x and n such that for any x € (0,e) we have

1
—x)(m) -
Fna((1-3) w<C(MWHW0~

Proof. The proof follows by induction on m and the Lemma 2. [

LEMMA 4. Suppose the functions Anm,(x) are expressed as
Apm(X) = @@ + dfx+ ayx* + ..y,
where a' are corresponding coefficients. Then the recurrence relations hold

22 —m—2)d" T = [n+m+ 1]d 3)

q m+l —
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" n—m=2ld"" = [n+mla"_ +[2m+1]a" €]
qz’"_’H[n m—2)ay m+1 =n+m—rld)_,_ |+ 2m—rldr_,, 1<r<m (5)
qm+1[n m— 2] m+1 _ [m_|_1] (6)

Proof. Using Ay (x) = X" a"x' in (1) and equating the coefficients of various
powers of x the we get the recurrence relations

q2m+2[n—m—2]a$ﬂ = ([m]+qm[n+ 1]>aﬁ,
" n—m—2ap = (= 1]+¢" "o+ 1))+ (I + 4"+ 1))
" n—m—2]d"t = ([m —r—1]+q¢" " n+ 1]>aﬁ_,_1
+([m— rl+q" m+ l])aﬁf,, I1<r<m
" —m—2]aftt = [m+1]af)

q

Now, using [n] = g¥[n — k] + [k] in these relations (3)—(6) are established. [

LEMMA 5. Let me N, 0 < g <1, n> 4. There exists a constant C independent
of x and n and § € (0,1) such that

2
Brallt =)', ><c<q g >> v (0.4).

Proof. The quantities A, x(x), k= 0,1,2 are obtained in Lemma 1. Now, using
(1) we obtain

An3(x) = [([n+Uxg ™"+ B])(¢*[2) + q2P[n + 1x+ [+ 1] [n+2)x%)

HO0/a)) 2P+ 1)+ 2+ U+ 2 ™) e

and

An74 (x) =

[+ Vg™ + [3]) (b + g™ + [4)) (@°12] + g2+ 1]

i+ 1in+2)| + 0 (/a){ a2+ 1]+ 2]l + 1+ 2xg ™
+21g%n+ 1]+ 2PBlgln+ 1]+ [2lxg~ (120 + 1)+ 2)g 72

+2Pg I+ 1]+ 2P+ 12+ B[+ 1[0 +2])

+312g 2 (2l + Ui+ 20+ [+ 1Pn+2lg ™) + 2P[+ 1]
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1
“ P =2 =343

We write %, 4((1—x)*,x) = 3¢ _o (3) (—1)¥x**A4,, ¢ (x) and substitute A, z, k=0, 1,...4.

2
The coefficient of x* in the quantity C( p] 82 (x )) — B g((t —x)* x) is obtained
as

(256" [Tin— ] +4¢™ (@l 1]+ Dfn+ ]fn+ 2~ 2n - )
k=2

5 3
<2On 2Hn k+6q14Hn+k lln—2][n—4][n—5]+ Hn+k>
=2 k=1 k=1
1

P — 2T A

10,414 o
429169 which is

Now the coefficient of the terms of O([n]?) in numerator is

1/4
positive iff g < (ﬁ) . Further for sufficiently large n, remaining terms in the

numerator are positive. Therefore the coefficient of x* becomes positive for ¢ € (0,4),
1/4 .

where § = <ﬁ> . Similarly the coefficients of x’, i = 1,2,3 are positive for large

n. In case ¢ — 1, we have [n] — n as [n] is continuous function of ¢, the lemma is

established easily in this case again. This completes the proof. [

LEMMA 6. For the coefficients a' defined in lemma 4 there holds

(1))

Proof. For r =1, we need to prove a),_, = 0<ﬁ> In case m = 1, we have

ah = q[nl 77 and using recurrence relation " n—m—2]=[n+mla”_, +[2m+1a

m [n+1]....[n+m]
m = qm(m+l)[n_2]””[n_m_l] ’
true for a certain r, then from the recurrence relation (5), we get

the lemma is proved for r = 1. Suppose the lemma is

b= Ay = " I m = 20— 4

_ 2m—r+1 n— m— 1 r+1_ m—r ! '
=q [ z]o<[n}> 2 +1]0<[n]>
. | r+1
am—(r+1) = 0([1’1}) :

This proves the lemma. [J]
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3. Applications of the moments

The following theorem due to Pop [21] will be used in our asymptotic results.

THEOREM 1. Let I C R be an interval, a € I, n € N and the function f : 1 = R,
f is n times derivable in a. According to Taylor’s expansion theorem for the function
f around a, we have

where [l is a bounded function and | imt_w[.t (x—a)=0.If f (") is a continuous function
on I, then forany 8 >0 |u(x—a)| < L[1+672(x—a)?] o, (f(’)

THEOREM 2. Let r >0 and s > 1. Then, for 0 < g < 1,

D; (ﬂw(trﬂ,x))
]! [n+1]....[n+7+s] o
s gt D[ 2] —r— s — 1]

[rs— 11 n+1]...[n+r+s (Z;i‘f)*l g2+ 1})

[s—1]! q(r+s)2+3(r+s)+l[n_2}'“[,1_,._5,_2]
+ M'.xr 5 o <—) 5
=2 ! [n}J

where M;’s are independent of 7.

Proof. Using Lemma 1 we get following coefficients

1
0 1
ap =1, ,
0 07 gln—2]
: 2 oo APl ottt
q®ln—2][n 3] q®ln—2][n—3] q®n—2][n 3]
and in general
m—2
m 1+j]
ao = mm+1/2H<n_2 ]]> >3
From previous Lemma 6, it is known that
rts [n+1]...[n+7r+s]

pys = gurs)rtst [ — 2] . [n—r—s—1]
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Simplifying recurrence relation (4), we get
" n—m—2]a™ = [n4+m)a™_ | + [2m+ 1]a™.

Now, putting m = 1,2,... we obtain from above recurrence relation

gt = it 2]t (g + Bl o 4 1))
g 3t —2]...[n—m—1]
Pt g 1)
qm2+3m+lnz1=+22 [n —k}

Similarly simplification of (5) gives

M —m—2]a" " = [ntm— a5+ 2mlal_,.

q
Now, in view of Lemma 6, it follows that

J
azﬂﬂ» = O(ﬁ) ,j =2,3,.... This completes the Theorem. []

Following is a Voronovskaya-type theorem for monomials.
THEOREM 3. Let r >0 and s > 1 and (q,) be a sequence in (0,1) such that
qn — 1 as n — oo, then

(r+s)! 5] _ (rs)(r+s)! -
I P Y o

lim [n] [Dfl (B (17 ,%)) —

n—oo

Proof. Tt results from Theorem 2 and the limit

rts—1) [n+1]...[n+r+s] (22 + 5lg™ "+ ..+ [2r+ 25+ 1])
[s—1]! qrts? 43049+ — 2] .[n—r— 5 — 2]
(r+s—1)r+s)(r+s+2)—3]

- (s—1)! - U

n — ool

THEOREM 4. For f € C3[0,%), g € (0,4] we have

1 4 X 16 2 X
<w< PV >> [q%—z} o )1'

Proof. From finite Taylor’s expansion for the function f around x, given in The-
orem 1, we have

2 ok x
‘%,qu,x)— y ZrallC02)

k=0

7O (x)

2 — ok x
(B (.0) 3, ZralT0

k=0
= | B (¢~ 5Pl )

)|
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o(f".9) U%A(z 02,0 |+872| B —x>4,x>)]

2
1 2 -2 16 2x
50", 5)[ TR AAR (7616[,1_2]5"())]'

Choosing 8% = 82(x) the theorem follows. [

n2]

THEOREM 5. If f € C3[0,), and g, be a sequence in (0,1) such that lim, ... q,
=1, then we have

lim [1] [2,.4(f.2) ~ £ ()] = % (x(1+2)f'(x)).

n—00

[n ] . The proof re-

Proof. Throughout the proof it will be assumed that [n] =
,x), j=0,1,2. We have

sults from Theorem 4 and the limits lim, ... [n] %, 4, ((t — x)’
limy,—co[1] B 4, (1,x) = 0 and

lim [n] %y q, ((t —x),x) = lim [n ( nt 1] )x—i—q%

n—eo n—eo q*[n—2] [n—2]
. [2]J(1+4g")x 2]
= lim S TIX
nﬂll e R U R e e ST
:1+2x,

where we have used the relation [n] = [2] + ¢*[n —2].
Writing By.q, ((t —x)%,x) = o+ c1x + c2x?, where cls are the coefficients given
in Cor. 1. Then,

lim [1] %, 4((t — x)?,x) = lim [n](co + c1x + c2x?)

n—o0 n—o0

Clearly,
r}ijrgo[n]co =0,
_ _ (613(1+q)+ <61(61+ 1?n+1] —2615[n—3]>
rllglgc[n]clx - }gll[n] q°[n—2][n— 3] *
) 21214 21245 —24°
- tim @)+ -2) (g i+ )

= 2x.
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And simplification yields

. o (k2 - 26t 1) - 3]+ g - 2l 3
lim [n]cx” = lim [n]

n—es n—es q°[n—2|[n— 3]

(=) W R
= ]< 2] +q2[n—31+q6[n—2nn—31>

=22 O
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