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A CLASS OF HARMONIC STARLIKE FUNCTIONS WITH
RESPECT TO SYMMETRIC POINTS ASSOCIATED WITH THE
SRIVASTAVA-WRIGHT GENERALIZED HYPERGEOMETRIC FUNCTION

R. M. EL-ASHWAH, M. K. AOUF, A. SHAMANDY AND S. M. EL-DEEB

Abstract. Making use of Srivastava-Wright operator we introduced a new class of complex-
valued harmonic functions with respect to symmetric points which are orientation preserving,
univalent and starlike. We obtain coefficient conditions, extreme points, distortion bounds, con-
vex combination.

1. Introduction

Denote by .77 the family of functions

f=h+g, (1.1)

which are analytic univalent and sense-preserving in the unit disc U = {z: |z] < 1}. So
that f is normalized by f(0) = f;(0) —1 = 0. Thus, for f=h+g € 2, we may
express the analytic functions # and g in the forms

h(z) =z+ Zakzk, g(z) = Zbkzk bl < 1. (1.2)
k=2 k=1

where / and g are analytic in D. We call & the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and sense-
preserving in .77 is that i (z)] > |g (z)| in 2 (see [3)).

Hence

f@) =z+ Y axZ + Y bz, |by] < L. (1.3)
k=2 k=1

We denote .77 the subclass of .7 consists of harmonic functions f = h+g of the form
f@)=z2— Y ad+ Y b, |by| < 1. (1.4)
k=2 k=1
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Let the Hadamard product (or convolution) of two power series ®(z) =z+ Y, ¢ z* and
k=2

Y(z) =z+ i v 7" be defined by
K=

(@) (z) =z+ iq)k‘//k = (P*®)(2).

Let a,Ay,...,04,A4 and Bi,By, ..., B, Bs (g,s € N) be positive and real parame-
ters such that
s q
1+ Z Bj — ZAJ' =0
j=1 j=1

The Srivastava-Wright generalized hypergeometric function [18] (see also [4-5], [17],
[12], [13] and [14])

qlP-\'[((XlaAl)w-a(O‘quq)§(ﬁlaBl) (ﬁw \) ]—qq’ (O‘u 1) (Bl: 1) }

is defined by

o ﬁr(ai+nAi) "
q\P [(an l) BH S,Z] 21:87121_ (ZEU)
n=0 H (Bi+nB;) ™

i=1

IfA;=1 (i=1,....,q) and B;=1 (i=1,...,s), we have the relationship:

Qs [(00,1),3 (B )52] = oFy (010, s Bii)

where ,Fy is the generalized hypergeometric function (see for details [5,6]) and

®)

|
—
=

(1.5)

f=

Il
-

—
K

In [4] Dziok and Riana extended the linear operator by using Srivastava-Wright
generalized hypergeometric function (see also [11] and [16]). First we define a function

4 [(06,A0) 3 (Br.B):2) by

s [ (00,403 (BB iz| = Q2 ¥ [(00,40),3 (BB

and consider the following linear operator

6.0 |(0.40),: (B, Bi), | St — S
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defined by the convolution

O |(0A1)y 3 (BB, | £(2) =4 @ |(0AD) (B B)ic| # £ (2).

We observe that, for a function f(z) of the form (1.1), we have
6, (04,40, (BB, | £ (2) = 2+ 3, Qo (on) (1.6)
k=2
where Q is given by (1.5) and oy (o) is defined by

T(oy +A; (k—1))..T(cg+Ag (k—1))
T(Bi+B1(k— 1) T (B + By (k— D) (k— 1)1

If, for convenience, we write

9l17S [al’AlaBl}f(Z) = 9117-\'[(061"41)7""(aq’Aq);(ﬁlaBl)7""(ﬁS7B.\')}f(Z)7

then one can easily verify from the definition (1.6) that (see [10] and [16]):

o (o) = 1.7)

A1 (645 [ou,A1B1] f(2)) = 016y [0 + 1,A1,B1] f (z) — (01 — A1) 6y [0, A1,B1] £ (2) -
(1.8)
Applying the Srivastava-Wright operator to the harmonic functions f =h+g
given by (1.1) we get

045 [01,A1,B1] f(z) = 0,5 [0n,A1,B1) h(z) + 645 [01,A1,B1] 8(2) (1.9)
Motivated by Jahangiri et al. [7-9] and Ahuja and Jahangiri [1], we define a new
subclass HSg+ ([04,A1,B1],7) of S that are starlike with respect symmetric points.

DEFINITION 1. For 0 < y< 1 and z = re'® € U, we let Sy ([o,A1,B1],7)
a subclass of 7 of the form f = h+g be given by (1.3) and satisfying the analytic

criteria
>v, (1.10)
n} !

5 (z=re'®). We also let
y Sy ([on,A1,B1],7)
[By] and [ay], we note

. 22 (65 [0n, A1, B1] £(2))
Z, [e%s [alyAhBﬂ f(Z) - 9’17-Y [al’Al’Bl]

(=
where 6, [0n,A1,B1] f(z) is defined by (1.9) and 7 = &
Sy (Jan,A1,B1],y) = 7S5 ([ou,A1,By] ,)/)ﬂ% The faml
is of special interest because for suitable choices of g, s, [A{],
that

(\)IfA;=1(i=1,...,q)and Bj=1 (j=1,...,5), we have Sy ([0, 1,1],7) =
S+ ([ou],7), which was studied by Murugusundaramoorthy et al. [11];

() If f(—z) =—f(2), Ai=1 (i=1,...,q) and Bj=1 (j=1,...,s5), we have
JCSg ([a,1,1],7) = 8%, (0ou,7), which was studied by Al-Kharsani and AL-Khal [2].

REMARK 1. If the co-analytic part of f =h+g iszero, o =A;=1 (i=1,...,q)
and B;=B;=1 (j=1,...,s) then JSs ([(1,1),7]) turns out to be the class S;(y) of
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starlike functions with respect to symmetric points which was introduced by Sakaguchi
[15].

In this paper, we have obtained the coefficient conditions for the classes
S+ ([on,A1,By1],y) and JSs ([o,A1,B1],y). Further a representation theorem,
inclusion properties and distortion bounds for the class S ([o,A1,B1],y) are also
established.

2. Coefficient characterization

Unless otherwise mentioned, we assume throughout this paper that g,s € N, a; =
1, 04,Ay,...,05,Aq, B1,Bi,....Bs,Bs €RT and 0 <y < 1 . We begin with a sufficient
condition for functions in .7 Sg ([01,A1,B1],7).

THEOREM 1. Let f =h+g be given by (1.3). Furthermore, let

5 20O e 3 2O
O (0) |ak| + O (00) [Dk| <
= 2(1=y) 2(1=7y)

2.1
where Q and oy (o) are defined by (1.5) and (1.7), respectively. Then f is sense-
preserving, harmonic univalent in U and f € Ss ([0n,A1,B1],7).

Proof. According the condition (1.10), we only need to show that if (2.1) holds,
then

22 (8, 01,41, B1] (2)) AR
e {z’ (O [, A1,B1] £(2) — 6 [0, A1, Bi] £(—2)] } ~Be T

where

Az) =2z (eq.,s [ou,A1,B1] f(z )) = 2Z

Z+ZkQGk o) az —ZkQO‘k al)bkz]

P! &
and
B(z) = 2 [6y5[04,A1,B1] f(2) = 645 [0, A1,B1] £(—2)]
_ zz+§[1_(_ ] 20 (@) i 2[ }Qck(al)bkz]

Using the fact that Re {w(z)} > y if and only if |1 — y+w| > |1 +y—w], it suffices
to show that

A(z) + (1 =7)B(2)| = |A(z) = (1 +¥)B(2)[ > 0. 22
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Substituting for A(z) and B(z) in (2.2) and by using (2.1), we obtain

22— )2+ i [2k+ (1—y)(1— (—1)k)] Qo (o) a2

Mx

=3 %= 0h] Qo (o) B F
k

I
—_

2yt 3 [ (1490 - (-1 Qo (o)
k=2

i [2k+(1 (- (—1)")} Qo (o) by &5
k=1
40— -2 3, [k~ 70— (1] Qo (o) a2
k=2

23 [2r v1— (1)1 20 () ] o

= [2- 01— (1)) .
=4(1-7)[¢] {1 —Z,z 20-7) Qo (o) || [2*"

2k+y(1- (1))
k=1 2(1_7)
= |2k = (1= (=1)h)]

>4(1-7) l_kg’z ) Qo (o) |a

Qoy (o) |brl |Zk_1] -

w :2k+y(1—(_1)k)
"Xy }ng(a‘)b”]w

This last expression is non-negative by (2.1).
The harmonic univalent functions

- 2(1-7y)

flz)=z+ A X 2
= [2k— y(1—(=1) )} Qo (1)
" 2(1 — 7) Y—k
; (2.3)
A e

where E | X | + E |Ye| = 1, show that the coefficient bound given by (2.1) is sharp.
k=2 k=1
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The functions of the form (2.3) are in 7S, ([o1,A1,B1],y) because

o [2k—y(1— (-1 o [2k+y(1— (=1
2[ 2§1—y) ﬂQGk(alHak‘i‘];{ 251_7/) ”

Qoy (o) |brl

k=2
=2 X+ X nl=1

k=2 k=1
This completes the proof of Theorem 1. [J

In the following theorem, it is shown that the condition (2.1) is also necessary for
functions f(z) are of the form (1.4).

THEOREM 2. Let f=h+g be given by (1.4). Then f € AS¢ ([ou,A1,B1],7)

if and only if
o |2k—7y l—(_l)k o [okiy 1_(_1)k
kztz{ 251_7,) >]Qak(a1)lak+kzl[ 2E1—y) H

QGk((Xl) ‘bk| <1

2.4
where Q and oy (o) are defined by (1.5) and (1.7), respectively.
Proof. Since Sy ([ou,A1,B1],Y) C 7 Ss (Jon,A1,B1],7Y), we only need to prove
the “only if” part of the theorem. To this end, for functions f(z) of the form (1.4), we
notice that the condition

22 (O, [04,A1,B1] f(2)
Re {ZI (04,5 [a1,A1,B1] f(z) — 645 [01,A1,B1] f(—2)] } >

is equivalent to

P PSSR Hj“ ok k-1
2(1-y)— ¥ [2k—y(1—(~1)")]Qoy (o )z 3 [2k+y(1=(=1)")]Qoy (01 )i Z
Re k=2 _ Z k=1 > 0
2 5 (- 0hQo(an)ad 142 3 (1-(-1})Q0 (0 )b 2!
=2 7451
(2.5)

The above required condition (2.5) must hold for all values of z in U . Upon choosing
the values of z on the positive real axis where 0 < z =r < 1, we must have

2(1—Y)—k

|| V18
©

~

<

[Pt r(1- (-1 Jo(@nart~! - 3 Pty (1)o@ b !

)

2

>0. (2.6)

(=000 (en)aert 1+ T (1-(~1)})00k(oa)ort !

[\S]

k

If the condition (2.4) does not hold, then the numerator in (2.6) is negative for r suffi-
ciently close to 1. Hence there exists zo = rg in (0, 1) for which the quotientin (2.6) is
negative. This contradicts the required condition for f(z) € 7S ([oy,A1,B1],7y) and
so the proof of Theorem 2 is completed. [
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3. Extreme points and distortion theorem

Our next theorem is on the extreme points of convex hulls of 77°Sg ([0, A1, B1],7)
denoted by clco S5+ ([on,A1,B1],7).

THEOREM 3. A function fi(z) € clco 7Sy ([0n,A1,B1],Y) if and only if fi(z)
can be expressed in the form

i (X e (2) + g (2)] G.1)
where hy(z) =z,
( ) k
h(z) = 2 — k>2),
k(Z) - [Zk ’)/( k ]QGk Otl)z ( )
and
2(1- 7) —k

X=0, Y%=0, Y (X+Y)=1

In particular, the extreme points of 7 Ss+ ([01,A1,B1],y) are {hi} and {g;}.

Proof. For functions f(z) of the form (3.1), we have

fild) =z— kgtz [2k7y(172((7117)?‘l))}96k(a1) szk + kg‘l [2k+)/(172((—117)2))}96k(051) Yka.
Then by Theorem 2
- [Zk—y(l—(—l)kﬂ - [2k+y<1—(—1)">]
P 20-7 fok(al)|ak\+k§,1 30=7) Qo (1) [y
e [2r(1-0Y)] 2(1-7)
— Q X
D Ty o) 2k —y(1- (1) ] Q0 (@) ‘

+,§1 2(1—y) Qo (o) ({2k+y<l—(—l)k>}QGk(al)Yk>

and so fk € S ([(Xl,Al,Bl} vY)
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Conversely, if f; € clco Sy ([01,A1,B1], 7). Setting

X, = Pk_y(l_(_l)k”szok(al)ak| (k>2),

2(1=v)
and .
2k+y(1- (1)
il Zgl_w o arind >0,

We obtain f;(z) = i [Xi hi(z) + Yigr(z)] as required. O
k=1

THEOREM 4. Let the functions f(z) defined by (1.4) be in the class 7€ Ss+([0,A1,
B\],7). Then for |z =r < 1, we have

(1= [b1])r = gy { 22— Bl } 2 < U£(2)]

-y 1
(U [b1])r+ oy {152 = S 1|} 2
The result is sharp.

Proof. We only prove the right-hand inequality. The proof for the left-hand in-
equality is similar and will be omitted. Let f(z) € 7Sy ([ou,A1,B1],7). Taking the
absolute value of f we have

If(@)] < (1+|bi])r 2 lag| + b)) * < (L+ b1 ])r+ Y, (lak| + [Bx])

< (U e+ i 5, L) 14y 1 o]

= (gt 3 { B g+ By 2 )
= (14| ])r 2262?;1)];{[% Y((l -y Mg k\+[2k”((1 -y "l |bk}QGk((x1)
< Ut ST (1 )

B 1 -y I—H/
= (1+|b1\)r+902(a1> { 5 |by ]

The bounds given in Theorem 4 for functions f = h+g of form (1.4) also hold for
functions of the form (1.2) if the coefficient condition (2.1) is satisfied. The upper
bound given for f € 7S ([oy,A1,By],7) is sharp and the equality occurs for the
functions

flz) =z+biz +

1 -y 1 + Y
b 1 )
Qo (0oq) | 2
show that the bounds given in Theorem 4 are sharp. This completes the proof of Theo-
rem4. U
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4. Convolution and convex combination

For our next theorem, we need to define the convolution of two harmonic func-
tions. For harmonic functions of the form:

f(z) —z—Eakz +2bkzk by| < 1 4.1)
k=2 k=1
and N _
G(z) =z— Y, A + Y, B (Ax > 0; B > 0) (4.2)
k=2 k=1

we define the convolution of two harmonic functions f and G as

(f*G)(2) = f(2) ¥ G(z) =2 — 2 arAr + Z by BiZ". (4.3)

k=2 k=1

Using this definition, we show that the class 77’ S ([ot1,A1,B1],7) is closed under
convolution.

THEOREM 5. For 0 < u <y <1, let f € ASs([ou,A1,B1],y) and G €
HSg ([on,A1,B1],10). Then f+G € Ss ([ou,A1,B1],y) C HSs ([0n,A1,B1],10).

Proof. Let the function f(z) defined by (4.1) be in the class 7S ([c1,A1,B1],7Y)
and let the function G(z) defined by (4.2) be in the class 7Sy ([ot1,A1,B1],1). Then
the convolution f G is given by (4.3). We wish to show that the coefficients of f*G
satisfy the required condition given in Theorem 2. For G € J# S ([ot1,A1,B1], 1) we
note that 0 < Ay < 1 and 0 < B < 1. Now, for the convolution function f G we
obtain

Ms

[zk y(l—— )]Qak(a1)|ak\Ak+z[zk+y( (= )kHQGk(al)\bHBk

T
[\S]

Mx

27 (1- (-1)) | 20 (@) \ak|+2[2k+y( ~ (=1)")] Qo () by

=),

since 0 < u <y<1and f € 7S ([oq,A1,B1],7). Therefore f*G € Sy ([0, A1,
By],v) C ASs ([ou,A1,B1], 1), since the above inequality bounded by 2 (1 — y) while

2=y <2(1—p). O

Now, we show that the class Sy ([01,A1,B1],7) is closed under convex com-
binations of its members.

N
N T
/:N

THEOREM 6. The class 7Sy ([ot,A1,B1],7) is closed under convex combina-
tion.

Proof. Fori=1,2,..., let f; € /'S¢ ([a1,A1,B1],7), where f; is given by

ﬁ(z)zz—Z’ak’z +Z’bk|z, ag, =05 b, =05 z€U).
k=2
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Then by using Theorem 2, we have

o |2k—y(1—(—1) o [2k+y(1—(=1)
kztz{ ZEI—Y) ﬂga"(m)'ak"H%[ 2E1—7) )

Qo (o) by <1
4.4)

For Y #;=1,0<1 <1, the convex combination of f; may be written as
i=1

Stifim)=z—> | Stilag| | F+ Y 1 |b])Z (4.5)
i=1 k=2 \i=1 k=1 i=1
Then, by using (4.4), we have

& [ok—y(1- o [2¢
2%9@ (o) lont ) + 3 B oy (o) { Sl
= =1

8
8

2k 2k k
2 y ) ey Qo (o) ay, | + 2 Hi(y)))]ﬂﬁk(al) ||

this is the necessary and sufficient condition given by (2.4) and so % fi(z) €

i=1

Sy (Ja1,A1,B1], 7). This completes the proof of Theorem 6. [

REMARK 2. Putting A; =1 (i=1,...,q) and Bj =1 (j=1,...,s) in our results
we obtain the results obtained by Murugusundaramoorthy et al. [11].
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