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SOME PROPERTIES OF p—-VALENT ANALYTIC FUNCTIONS
INVOLVING CHO-KWON-SRIVASTAVA INTEGRAL OPERATOR

K. I. NOOR, S. Z. H. BUKHARI, M. ARIF AND M. NAZIR

Abstract. In this paper, we introduce a subclass of p-valent functions involving Cho-Kwon-
Srivastava integral operator. We study some interesting results including inclusion relations,
convoltion with convex functions and integral preserving property for this class.

1. Introduction

Let A, denote the class of functions f of the form
f@) =2+ Y apu’™*, peN={1,2,..}, (1.1)
k=1

which are p-valent analytic in the open unit disk £ = {z € C: |z| < 1}. For functions
f, g €A, of the form (1.1), We define the convolution of f and g by

f(Z)*g()—Z”+2ap+kbp+kZ”+ g(2)*f(2).
k=1
We consider the following well-known subclasses

zf' (2)
f(@)

S;(S):{f:feApandRe >5,0<5<p,z6E}

and )
Cpo(0)=1f:f€A, andRe(f())>5 0<0< €E
’ oy ~ 0RO hEERp
Both of these classes were extensively studied by many authors, for example, see
[17,22]. The operator @,(a,c) is defined as follows
p(a,c;z) ZE—””‘,aER,ceR\ZO,ZO:{0,—1,...},26E, (1.2)

where (x); is the shifted factorial defined in term of gamma function by

_r(x+k) { 1, k:07x€(C\{0} }
x(x+1)...(x+k—1), keN, xeC .
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Using convolution, the operator L,(a,c) can be defined as

a)k

apd ™, Z€E, (1.3)
)k

Ly(a,c)f (z) = @pla,c;2) = f(z) =27 +
1

DM

k

where a € R, c€ R\Z, , f €A, and @, (a,c) is defined in (1.2). The operator L, (a,c)
was studied by Saitoh [19]. This operator is an extension of the operator L(a,c) intro-
duced by Carlson and Shaffer [1] and fractional derivative operator D? , for details, see
[15,16,21]. Moreover, these operators were studied by various authors, for example
[11,13].

Analogous to the operator L,(a,c), Cho-Kwon-Srivastava [2], introduced the oper-
ator I;,L (a,c) as below.

apu’™, (14)

1 (a.0) £ (2) = @}{a.ci0) 1 f(2) =2+ Y.

where a,c c R\Z;, A > —p, peN, f€A, and (p;(a7c) is such that
Zp

— & Z€E.
(I_Z))L-i-p

@) (a,c:2) % @pla,ciz) =
From (1.4), the following identities can easily be obtained.

z (1177L (a+ 1,c)f(z)>/ :aIIQ,L (a,c) f(2) — (a—p)lf,L (a+1,¢)f(2), (1.5)

and

(1@ @) = A+ P (@) )~ AT} (a,) £ 2). (1.6)

For (1.5) and (1.6), we refer [2]. We also observe that Ill, (p+1,1)f(z) = f(z) and

1117 (p,1)f(z) = Zﬂ% The operator I} (v+2,1), 2 > —1, v > —2 was studied in [3].
For some details, see [7,10,14].

For any two analytic functions f and g, we say that f is subordinate to g and
write f(z) < g(z), if there exists a Schwarz function w analytic in E with w(0) =0
and |w(z)| <1 for z € E such that f(z) = g(w(z)). Futhermore, if g is univalent in
E, then f(z) < g(z) if and only if f(0) = ¢(0) and f(E) C g(E).Let N be the class
of analytic functions »¢ such that 5(0) = 1, which are univalent and convex in E and
satisfy the condition Res¢(z) >0, z€E.

As in [12], using the principle of subordination between analytic functions, we
define the following.

DEFINITION 1.1. Let f€ A, fora,ccR\Z; ,A>—-p,peN,>0,0<0<p

and » € N. Then f € Qﬁ’ﬂ’é (a,c;5¢(z)) if and only if

l{z@mmw%wﬂmmvw”
p=8 | (1-B)1} (a.) f (2) + Bz (I (a,0) £ (2)

—5}-<%(z)7z€E. (1.7)
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We have the following special cases.

(i) For B =0, we obtain the class %7075 (a,c;5(2)), introduced in [2] and further

studied in [20].

(ii) By taking B =0, a=p+1, c=1= 2 in (1.7), we obtain the class
§5(0;5¢(z)) and B =0, a=p, c=1= 2, gives us the class Cp,(8;5(z)). These
classes were studied by Ma and Minda [8]. For details, also see [6].

1
(iii) For0< B <1l,a=p+1l,c=1=21 and »(z) = i,wehavetheclass
-z
Tg (p, &) which has been studied in [5].

1
Furthermore, for different choices of parameters being involved, we obtain many
other known subclasses of the class A, .

2. Preliminary results

The following lemmas are of prime importance in the proof of our main results.

LEMMA 2.1. [4] Let ©#0 and v be complex numbers and let > € N such
that Re (t22(z) +0) >0, 2 € E. If h(z) = | +b1z+byz® + ..., is analytic in E with
h(0) =1, then

7H (2)

h(z)+1h(z)+v

<x(z),z€ E = h<x(2).

LEMMA 2.2. [18] Let f € S* and g € C. Then for any analytic function )

f*xg
fxg

(E) Ccoy (E),

where coy (E) denotes the closed convex hull of y (E).

LEMMA 2.3. [9] Ler H € S* defined in E with H(0) =0 and let h(z) = b+
b, 7"+ anz"“—I— ..... with b # 0 be analytic in E and satisfy

2 (z)
h(z)

<H(z), z€E.

Then

n

Z
1
h(z) < q(z) = bexp —/t‘lH(t)dt ,Z€E,
0

where q is the best dominant in the sense if h(z) < q1(z), then q(z) < q1(z).
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3. Main results

THEOREM 3.1. Let f €A, for a,cc R\Z,, A>—-p, peN, 2>20,0<6<p

and » € N with Re »(z) > <l - pf(S). Then

Ql’}ﬁ‘s(a,c;%(z)) C Qﬁ’ﬁ’é (a+1,6:%(z)), z€E.

Proof. For feA,, a,ceR\Z,,A>—-p,peN,B>0,0<8<pand »x(z) €
]V,consider , ,
Iy (a+1,0)f) + B2 (I} (a+1,0) f)
(1—ﬁ)]ﬁ(a—k1,c)f—|—[32(1§(a—|—1,c)f)/’

where H (z) = (p—0)h(z)+ 6 is analytic in E with H(0) = 1. Using (1.5) in (3.1),
we have

H(z) =

3.1)

(1= B)IX (a,c) f (2) + Bz (1% (a,c) £ (2))
H a—p= - 3.2
@ P U= ar.of @Bzl (at Lo () G2

Differentiating (3.2) logarithmically and then using (3.1), we obtain
!/ "
H (7)) 2((a,0) f(2) +B2 (1) (a,0)f(2)
H@)+a=p (1-P)Ik(a,c) f(2)+Bz (I} (a,0) f(2)
Using (1.7) in the above equation and then replacing H by (p — 8)h+ 0, we can write

7h (2)
(p—08)h(z)+6+a—p

H(z)+

h(z)+

<x(z),z€E. (3.3)

Lemma 2.1 and (3.3) yield A (z) < »(z) for Res(z) > (1 - ﬁ) ,thatis f €
Q,%’B"S (a+1,¢;5¢(z)). Thus
0h P2 (a,¢;5(2)) C Q5 PP (a+1,¢;5¢(2)), z € E.
THEOREM 3.2. Let f € Qﬁp’é (a,c;5(z)) andlet a,c € R\Z;, A > —p, peN,
B >0, 0<5<pand%6ﬁ with Re s (z) > <1—’;Tg>. Then
OLTP0 (a,015(2)) € Q5P (a,¢;2(2)), z € E.

Proof. Let f € Qf;“’ﬁ o (a,c; »(z)) for the conditions on the parametres described

above in the theorem. Then by (1.7), we have

1 z (I;}H (a,c)f(z))/ + B2 (I;}H (a,c)f(z))//
P3| (1= Byt a.e) £ @)+ B2 (I (@) £ )

—8p<x(z). (34



SOME PROPERTIES OF p-VALENT ANALYTIC FUNCTIONS 39

Set
1 [ 2(B} (a0 () +B2 (I (a,0) £ (2)" }
h(z) = - —0 p, (3.5)
& p—ﬁ{( —B)1} (a0) £ () + Bz (I} (ae) £ 2))
where £ is analytic in E with 2(0) = 1. Using (1.6) in (3.5) and simplifying, we can

write

(1-B) I (a.0) f (2) + Bz (11 (a.0) £ (2))”
(1-B) I (a,c) f (2) + Bz (14 () £ ()

where H (z) = (p—0)h(z) + 8. Logarithmic differentiation of (3.6) and an applica-
tion of (3.5) yield

H(z)+B=(p+A) , (3.6)

1

H'(2) 2l (@) () + B2 (1} (a.0)f (2))
HE+B (1-B) (a,0)f (2) +Bz (1} (ac) £ ()"

Replacing H (z) by (p— 0)h(z) + & in the above equation, simplifying and then using
(3.4), we have

H(z)+

7 (2) .
(p—0)h(z) +o+p

Applying Lemma 2.1 to (3.7), we have h < »(z) for Res(z) > (l - @) . That is
fe Q;L'p’ (a,c;5(z)). Thus

h(z)+ #(z),z€E. (3.7)

<

Qlﬂﬁa(ac%( ))CQM}B(aC%( ), z€EE.

The operator .7, : A, A, is defined as follows.
+ Z
I (@) =T (f(2) = %/l”‘lf(t)dt,n >-p,z€E. (3.8)

By taking p =1 and 1 € N in (3.6), we have the well known Bernardi operator. [

We now prove:

THEOREM 3.3. Let f € Qﬁﬁ’é (a,c;(z)) for a,c e R\Zy;, A > —p, p €N,
B>0,0<8<pand »€N. Then the function Fn defined by (3.8) is also in the
class Qﬁ’ﬁ’é (a,c;5(2)) for Res(z) > (1 - —) and 7 € E.

Proof. By simplifying (3.8) and using the operator 117} (a,c), for z € E, we can
write

z (1,% (a,c) Fn (z))/ = (p+mIk(a.c)f—nI}(a,c) Ty (2). (3.9)
We take
1 (2 a0 Py () +BE (I (a.0) Fa (1)
h_l’—‘s{ P @e) 7t e @a )y o
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where his analytic in E with #(0) = 1. Equations (3.9) and (3.10) yield

(p=8)h(D)+8+n _ _(1=P)} (@) () +Ba(l;(a.c) ()
p+n (1—ﬁ)lﬁ(aﬁ){%n(z)—f—ﬁz(l%(a,c)ﬂn(z))/

Using technique similar to that of Theorem 3.2, we obtain the required result. [J

THEOREM 3.4. Let f€A,, a,ccR\Z;, A>—-p, peN, B20,0<6<p
and » € N. Then fteﬁé(ac%( ) if and only if

G(2)=(1-B)f (&) +Bzaf1(z) € 0y *° (a,c;3¢(2)), z € E.
Proof. Using the operator 117} (a,c), we can write

I;,L (a,c)G(z) = (1 —[3)1;} (a,¢) f(z)+ Bz (I;,L (a,c)f(z))l, Z€E. (3.11)

Logarithmic differentiation of (3.11) yields

(1} (@.0)6R) (1 (a0 f(@) +B2 (1} (a.0) ()" (3.12)
I} (a,c)G(z) (1=B)1} (a,c) f(z)+ Bz (I} (a7c)f(z))" ,

From (3.12), we obtain the desired result. [J

THEOREM 3.5. Let f € A,, a,ce R\Zy, A>—p, peN, 2>0,0<5<p
and % €N. ThenforfeQi,L'p’ (a,c;(2)) and ¥ (z) € C, we have

[zl”l‘{’(z)] *f(z) € Qﬁ’ﬁ’a(a,c;%(z)), z€E.

Proof. Let a,c c R\Zy, A >—p, peN, B>0,0<06 <p, €N and f €
Qﬁ’ﬂ’é (a,c;5¢(2)). Then by using (1.7), we have

"

Z(Iﬁ(mc)f())/—f—ﬁz ( (a,c) f(z))
(1=B) I} (a.c) f(2)+ Bz (I} (a.c) £ (2))

where x (z) =((p—8) (3(w(z)) + ), w is analytic in E with w(0) =0 and |w(z)| <
1forzeE.

Let G(z) = [277"W(2)] * f (2) for f € Qlﬂ é(a,c;%(z)) and ¥ € C. By using
the properties of the convolution and (3.13), we can write

= x(2), (3.13)

2(1} (a,0)G(2) + B2 (I} (0,0)G(2))" ' (2)xgx(2)
(1-B)I}(a,0)G(2) + Bz (I} (a,0)G(z) ¥ (@) *g(2)
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where g (2) = (1— )1} (a.0) f (2) + Bz (I} (a.c) £ (). We take

(3.14)

Since z!7* ((1 —[3)11’} (a,c)f%—ﬁz(lf,L (a,c)f)/) € §* and ¥ € C, so application of
Lemma 2.1 in (3.14) yields the required result. [

THEOREM 3.6. Let a,c e R\Z;,, A>—p, peN, >0, 0<8<pand x€N.
Then f € Qﬁ’ﬁ’a (a,c;(z)) if and only if

[z K(a) o ey [ 1O
f(z)_Lzo<A+p>k<c>k[1—ﬁ+ﬁ<p+k>lzp+] lzpe po/ ’ dl]7Z€E’

where H(t) = ((p— 6) (5¢(w(t)) — 1), wis analytic in E with w(0) =0 and |w(z)] < 1
for ze E.
Proof. Let f € Qﬁ’ﬁ’é (a,c;5¢(z)) for a,c e R\{0, —1,...}, L > —p, peN,

B>0,0<0<pand x€ N. Then by using the definition of the class Q??ﬁ’é (a,c;2(2))
and simplifying, we can write

"

(13 (@) f(2) + B2} (@) f ()" p_ (p=8)(x(w)—1)
(1=B) 1A (a,0) f(2) + Bz (IM (a,e) f(2)) 2 z

where wis analytic in £ with w(0) =0 and |w(z)| < 1 for z € E. Thus

k)

(1= B)I} (a,) £ (2) + Bz (I (@) £ (2)) :Zpexp/@d
0

for H(t) = ((p— &) (>¢(w(r)) — 1). This implies that

v k!(a)x +h| X
0= s {Zpe o[ ] .

COROLLARY 3.1. A function f belongs to the class Qﬁp’é (a,c;A,B) for a,c €
R\Zy, A>—-p, peN, B>0,0<0<pand -1 <B<A<L1,ifand only if

& k(@) [ Hit)
LZE) A7), [1—ﬁ+ﬁ(p+k)}zp+k]* [z”expO/Tdt],
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(p—96)((A=B)w(r)
(14+Bw(t))

where Hy (1) =
for ze E.
THEOREM 3.7. Let f€A,, a,c€R\Z,, A>—p, peN, B2>20,0<6<p

and » € N. Then for f € Qﬁ’ﬁ’é (a,c;7(z)),

, w is analyticin E with w(0) =0 and |w(z)] < 1

(L=B)Ij (@) f (&) +Bz (I} (@.0) £ (2)) <exp/z((p_6)(%(t)_l)dt ek
ZP ) t ’ '
Proof. We consider
F(z)=z7"|(1 —B)I;L (a,c) f(z)+ Bz <II),L (mc)f(z))l} (3.15)

=1+4biz+by + .., ZEE.
By taking logarithmic diffentiation of (3.15) and then using (1.7), we obtain

ZF1(z)
F(z)

<H(z)=((p—6)(>(z)—1),z€E.

The function H (z) = ((p — 6) (5¢(z) — 1) is starlike because s (z) is convex univalent
in E. Using Lemma 2.3, we have

(1= B) A (a.0) f (2) + Bz (I} (a.0) £ (2)) ) exp/z HO 4\ e
zP J t
where H(t) = ((p—906)(»>(t)—1). O

COROLLARY 3.2. Let f € Qﬁ'p’é (a,c;(z)), where a,c e R\Zy, A > —p, p€
N, B>20,0<8<pand »€N. Then

i (A +p) (C)k/(c'l(;)f+ﬁ (p+k))ap+kzk < exp/ ((p= 6)(:{0) Y zeE.
=i ' 0

The proof is simple and straight forward.
COROLLARY 3.3. Let f € Qﬁ’ﬁ’é (a,c;A,B) where a,c € R\Z,, 0< 0 < p,
A>-—p,peN, B>0and -1 <B<A<L1. Then

(1=B)1} (a.) f (2) + Bz (I} (a.c) f (2))

zP

!/
< (1+4Bg) A BP=98 - cE
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