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ON RATIONAL APPROXIMATION OF FUNCTIONS
IN REARRANGEMENT INVARIANT SPACES

HASAN YURT AND ALI GUVEN

Abstract. Some direct theorems for polynomial and rational approximation of functions in the
complex plane are proved.

1. Introduction and main results

Let (Z,11) be a non-atomic o -finite measure space, i.e., a measure space with
non-atomic o -finite measure p given on a o -algebra of subsets of %Z. We shall denote
by .# the set of all p-measurable complex valued functions on %, and .# * will be
the subset of functions from .# whose values lie in [0,00]. The characteristic function
of a u-measurable set £ C & will be denoted by ..

A mapping p : .#" — [0,c0] is called a function norm if it satisfies the following
properties for all functions f,g, f, € .4 (n € N), for all constants a > 0, and for all
U -measurable set E C % :

(1) p(f)=0&f=0p—ae,plaf)=ap(f), p(f+8) <p(f)+p(g),

(2) 0<g<f p—ae=pg<p(f),

(B) O<fulfu—ae=p(fa)Tp(f),

(4) WM(E) <eo=p(xp) <o

(5) U(E) <eo= [pfdu <C.p(f), where C, is a constant depending on E and

p, but does not depend on f.

If p is a function norm, its associate function norm p is defined by

P (g) = sup{ [ ssau:gea o) < 1} )

for g € .. If p is a function norm, then p’ is itself a function norm [2, pp. 8-9].

Let p be a function norm. We denote by X = X (p) the linear space of all func-
tions f € .# for which p (|f|) < eo. The space X is called a Banach function space. If
we define the norm of f € X by

1A 1x = p (/1)
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then X will be a Banach space [2, pp. 6-7]. It follows by property (5) that if the
measure space (%, 1) is finite, i.e., if 4 (#) < oo, then X C L (%, 11).

Let p be a function norm and p’ be its associate function norm. The Banach
function space determined by the function p’ is called the associate space of X and
will be denoted by X'.

If f € X and g € X', then the Holder inequality

[ el <71 il

holds [2, Ch. 1, p. 9, Theorem 2.4].

Every Banach function space X coincides [2, Theorem 2.7, pp. 10—12] with its
second associate space X” = (X')’ and ||f||y = |lgllx» for all f € X. So, by (1) we
have

I =sup{ [ Lreldu ¢ € X'l <1} @
and
el =sup{ [ 1reldu rex. sy <1} ®

Let .# and ///J be classes of [t — a.e. finite functions in .# and .# ", respectively.
The distribution function uy of f € .#) is defined by

e (A) = pfxe Z:|f ()] > A}

for A > 0. Two functions f,g € .#, are said to be equimeasurable if us (1) =, (1)
forall A > 0.

DEFINITION 1. [2,p.59] If p (f) = p (g) for every pair of equimeasurable func-
tions f,g € M, the function norm p is called a rearrangement invariant function norm.
In this case, the Banach function space generated by p is called a rearrangement in-
variant function space.

Let f € .#j. The function f* defined by

fo(t) ==inf{A:pus(A) <1}, >0

is called the decreasing rearrangement of the function f.

Let X be a rearrangement-invariant space over a non-atomic finite measure space
(Z%,1). By the Luxemburg representation theorem [2, pp. 62-64], there is a (not nec-
essarily unique) rearrangement-invariant function norm p over (R, ,m) such that

p(N=pP(f%). fe.#,

where m is the Lebesgue measure on R := [0,00).

The rearrangement invariant space over (R, ,m) generated by p is denoted by
X.

Let us consider the dilation operator Ey, x > 0 defined on .#, (R, m) by

o IRT o
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It is known that E;, € B(X) for each x > 0, where B (X) is the Banach algebra
of bounded linear operators on X ([2, p. 165]). Let &, (x) denote the operator norm of
By 1 iy () = By )

The numbers o and By defined by
logh, (x)

ox = sup ———= x = inf —————
0<XI<)1 logx ' P l<x<eo logx

are called the lower and upper indices Boyd of X, respectively. It is known that [2, p.
149] the Boyd indices satisfy
0<ox <PBx <L

The Boyd indices are said to be nontrivial if 0 < oy < fBx < 1.
Let T be a rectifiable Jordan curve in the complex plane C and let G := IntT,
G~ := ExtT". Without loss of generality we suppose that 0 € G. Further, let

T:={weC:|w|=1}, U:=ImuT, U :=ExT.

We denote by ¢ and ¢, the conformal mappings of G~ and G onto U™ normalized
by the conditions
¢ ()

Q(e0) =00, lim—=%>0

7= 7
and
P, (0) =% lir%z(pl (Z) >0,
7

respectively, and let y and y, be the inverse mappings of ¢ and ¢,.
For z€ T and € > 0, we denote by I'(z,€) the portion of I" in the open disk of
radius € centered at z, i. e.,

[(z,e):={treTl:|t—z <e}.
Further, let |T'(z,€)| denotes the length of T'(z,€).
DEFINITION 2. T is called a Carleson curve if the condition

1
supsup—|T'(z,€)| < o
€l e>0€

holds.

The class of Carleson curves is a wide class of curves. For example, analytic
curves, Lavrentiev curves and Dini-Smooth curves are Carleson curves.

We assume that the rectifiable Jordan curve I" is equipped with the arclength mea-
sure and in this case we denote any rearrangement invariant space over I' by X (T').

For ¢ € I we define three points ¢, €', g, €' and ¢, €T as

S =vle(g)e], ¢y =l (9)e’], & =wlp,(5)e’],

where 6 € [—r, 7] and the function ¢, (¢, (0) =0) maps the domain G conformally
onto U.
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Let X (T') be a rearrangement invariant space over I'. For f € X (T') we define the
shifts Ty, T1g and Trg as

f(s)
T, = , 4
() o0
T = 216 5
10.f(5) o (.0) ¢ (g)e ©)
and ( )
f(S)
T = 6
29f(g) (Pé (gze) QDZ (g) (6)
forgel.

For example, if I'=T, then Ty f (w) = f(we®), Tigf (W) = f(we ®), Trof (w)
= f(we®) and hence Ty f (w), Tigf (W), Trof(w) € X (T) assoonas f € X (') and
X (T) has non-trivial Boyd indices. Moreover, if X (I") has non-trivial Boyd indices
and

0<c, <|9' ()] <e, <eo

0<c, <ol (z)| e, <oo

or
0<es < |(p2 ’ Cg < o0,

for z € I' and with the constants ¢ ,c,,c;,c,,cs and ¢, which are independent of z,
then it easy to verify that the space X (T') is invariant with respect to the shifts Ty f,
Tiof, T f. Starting from this, we define the functions (u)(f) (.f), a)l(f() (.0, a)z(? (,.f)
and QY (., f) for § >0 as

' (8.) = sup [ Tof +To)f =2y r)

16]<8

oy (8,f) == sup |Thof + Ti—o)f — 2fo

16]<é

oy (8.f) = sup ||Tof +To_g)f — ZfHX

16]<é

Y (8.f) = o (8,f) + oy (8,1).

Let @ (0) be anon-negative, continuous, non-decreasing real function such that o (0) =
0,0(8) >0 for § >0, and w(nd) < ¢,nw(8) for every natural number n and with
some constant ¢, > 0. Similarly, let another @* (0) have all properties of @ (§).

Let L, (") and E,(G) (1 < p <o) be the Lebesgue space of measurable com-
plex valued functions on I' and the Smirnov class of analytic functions in G,respectively.
Since T is rectifiable, we have (p €E, ( 7)., ¢/ €E (G) and ', y| € E (U7)
which imply that the functions ¢’ and (p admit the nontangential limits a. e. on I
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belong to L; (T'), and v’ and 1//{ admit the nontangential limits a. e. on T belong to
Ly (T) [9, pp. 419-453].

Now we denote by Ey (G) the class of functions f € E; (G) for which the bound-
ary function f belongs to X (T"). Similarly, the class Ex (G~) can be defined. Ob-
viously, the class Ex (G) is wider than Smirnov classes E,(G) and as well as the
Smirnov-Orlicz classes Ey (G) given in [13] (see also [6], [7]).

We define the classes of functions X (I'),X® (I')*, EQ (G) and E¢ (G™) as

Xo )= { rexr): Q¥ (6.5) <)},
XOr)y = { fexm: o (8.1)<c,0(8) and o (8,f) <,y (3)},
ER(G)i={ f € Ex(G): o’ (8,f)" <c 0 (8)},

EZ(G7) = { FEEX (G0l (5,f)< clza)(S)}7

where the constants ¢,,¢,,c,,,c,, , and c,, are independent of f and 0.

Itis clear thatif f € X® ('), then Tof € X (T') and Typf € X (I). If f€ X ()",
then Tpf € X (I') and Trgf € X (T') . Similarly, if f € EP (G), then Tpf € X ('), and
Tiof €X(I) for feEP(GT).

For a > 0 and b > 0, we will use the expression a < b (order inequality) if a <
cb. The expression a < b means that a < b and b < a simultaneously. Through the
paper, ¢;, i = 1,2, ... will denote the positive constants which are not important for the
questions involve in the paper and can be different in each occurrence.

Our main results are given in the following theorems.

THEOREM 1. Let T be a Carleson curve, X (T') be a rearrangement invariant
space with non-trivial Boyd indices, and f € X® (T'). Then, for each natural number
n, there exists a rational function R, (z, f) such that

Hf_Rn(-7f)||X(F) <c;0(1/n), (7
with a constant ¢, which is independent of n.

COROLLARY 1. If f € EZ (G), then for each natural number n, there exists an
algebraic polynomial P, (z, f) of degree < n such that

||f_Pn(~»f)HX(r) <co(l/n) ®)
holds with a constant c,,, which is independent of n.
COROLLARY 2. If f € EY (G™), then for each natural number n, there exists a
polynomial Q,,(1/z,f) of 1/z such that
Hf_Qn(-af)HX(r) <c0(1/n) (€]

holds with a constant c,., which is independent of n.

15°

Similar results were obtained in [8].
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*

THEOREM 2. Let T" be a Carleson curve and f € X® (I')" and

Foy._ L[ 15

Then the following properties are satisfied for the function
Fpp(2) :=Af (2) +Bf (2).

(1) If A= B, then for each natural number n, there exists an algebraic polynomial
P, (z,f) of degree < n such that

| Fan —Pn(~7f)HX(F) <c2A] o (1/n).

(2) If A # B, then for each natural number n, there exists a rational polynomial
R, (z,f) of degree < n such that

1Fap =R (-, N)llx(r) < €17 [(A+B) @ (1/n) + (B—A) 0" (1/n)].
The analogue of Theorem 2 was proved in [11] for Orlicz spaces Ly (T').
2. Auxiliary results

Let I be a rectifiable Jordan curve and f € Ly (T'). Then the functions f* and

f~ defined by
t) = L (1)
2= i e Q—ng’ z€G (10)
and . o)
_ L S _
()= o F—g_zdg, z€G (11)

are analytic in G and G~ respectively, and f~ (e0) = 0.
The Cauchy singular integral of f € L (T') at z € T is defined by

—im L[ L)
Sef (@)= eli%lJani / g—zdg'
MNI(ze€)

It is known that this limit exists for almost every z € I" ([3, pp. 117-144]).
The functions f and f~ have nontangential limits a.e. on T, and the formulae

1 1
[TR=Sf@+31@), [ @=5/@=5/() (12)
holds a.e. on T" ([9, p. 431]), and hence
f=r=r (13)

a.e.on I
For f € L; (T'), we associate the function S, f taking the value S,.f (z) exists a.e.
on I'. The linear operator S defined in such way is called the Cauchy singular operator.
A necessary and sufficient condition for the boundedness of Cauchy singular op-
erator in rearrangement invariant spaces was given in [12].
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THEOREM 3. Let T be a rectifiable Jordan curve and X (T') be a rearrangement
invariant space with non-trivial Boyd indices. Then the inequality

18- (Dllxery < € Ifllxry,  fEX(T) (14)

holds if and only if T is a Carleson curve.

Let k be a nonnegative integer. Then the function ¢’ (z) @* (z) has a pole of order k
at eo. Hence there exists a polynomial By (z) of degree k and a function Ej (z) analytic
in G~ such that Ej (e0) =0 and

0" (2) ¢’ (z) = B (2) + Ex (2)

holds for every z€ G™.
The polynomials By (z) (k=0,1,2,...) are called the Faber polynomals of the
second kind for G and satisfy the expansion

TOERP (1s)

for z€ G and we U™ [16, p. 95].
Now let’s consider the function [¢, (z)]" @/ (z). This function is analytic in G\

{0} and has a pole of order & at the point 0. If we denote its principal part at 0 by
By (1/z), then there exists an analytic function £ (z) in G such that

k=2

[0, 172 9] (2) = Be (1/2) + Ex (2)
holds for every z € G\ {0} and for the principal parts By (1/z) the expansion

w2 _ i ~ Bi(1/2)

v, (W) R = wht

, 72€G, welU~ (16)
holds ([4]).

3. Proofs of main results
Let f € X(T). Since X (') C L; (T'), we get f € L; (T'). Hence the functions

fow) = f(w(w) v (w)

and

fiw):=f(y, W) ) (w)w?

are integrable on T. We can associate the series

w) ~ i aw (17)

k=—oo
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and

filw)~ Y, aw (18)
k=—oo
forwe T.
Let .
K (0)= 3 e

be an even, nonnegative trigonometric polynomial satisfying the conditions

l 4
2 [Tk, (0)d0 =1, 19
L[ Kito) (19
V1
/6K,,(9)d9<c9/n7 (20)
0

for every natural number n and with a constant ¢, > 0. In special case, the Jackson
kernel
3sin* (n6/2)
Jn (0) = 2 . 4
n(2n*+1)sin” (6/2)
satisfies these conditions ([5, p. 203]).
Let us consider the integral

1(6.2) = — /lf(ge) +f(€e)]<p’(g>

Z)i=——
2miy [ 9'(s5)  9'(g)] 52

dg, z€G.

Using the change of variables ¢ = y (¢) , we obtain

100.2) = %/_’; [fo <ei(t—9)> s <ei(t+9)>] W(:%;_ng.

Since by (17)

and by (15)

v (e —z ~ Pl
we can associate to 7(6,z) the series expansion
1(0,z) ~ ZakBk () [ef’.ke —|—e"ke} . z€G([1, pp. 74-75)).
k=0
Since 1(0,z) € L ([—m,n]) and K, (0) is of bounded variation, by the generalized
Parseval identity [I, pp. 225-228] and (19), we get
l n

T
1 _ ) 4 3.0
57 | Kal0)1(6.5)d6 g()(uk 1+ )akBk(z).
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By definition of 7(6,z) we obtain

ﬁ/” K, (6) {/ [f(ge) n () ] ‘glgdg}de: i (M;En)—klk(")) a,By ()

—r (ol (Qg) k=0

for z € G.
Hence, we conclude that

Pi(z,f )= ﬁ/oﬂl(n(e){/ [(Z’((i‘ge)) + g/(éf’e))] ‘g/gdg}de, Z€G

is an algebraic polynomial of degree n.
Now, we consider the integral

1 f(gfle)e_ﬁe f(gle)ezie
1(0,z):=—
1(6,2) zm“ ? (5 15) " ¢! (Sio)

o/ (¢)
S—z

dg, z€G .

Substituting ¢ = y, (¢") here, we obtain
—it

1,(0,2) = %/ﬁ; {fl (ei(t—6)> + fi <ei(t+9)>} mdn

Then, (16) and (18), the function /, (0,z) has [, pp. 74-75] Fourier expansion
1,(6,2) ~—> aB(1/z) {eiike +eik6} , z€G .
k=0

Since I, (0,z) is integrable and the kernel K, (6) is of bounded variation, generalized
Parseval identity ([1, pp. 225-228]) yields

1 T i n 7 (n ~ D —
_/ K, (0)1,(0,9)d0 == ¥ (8" + 4" ) 2B (1/2).2€ G,
27 Jn k=0

for z € G~. Taking into account definition of 7, (6,z), for z € G~ is seen that

T o—2i0 207 o
oiven ety oo L5551 L

r

a polynomial of degree n of 1/z.
On the other hand, by (4) and (5), we obtain

pn(z,f>=ﬁ/0"1<n(e){/%}de, e
T
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and
1 y F d
Qn(l/z7f)=m/0 Kn(e){/%}d& ze€G,
r
where
Fo() =T f(5)+Taf(s)
and

Fio(g) :=Ti—e)f(5)+Tiaf (5)-
Taking into account (10) and (11), we get

Pet) = 5= [ K0 (0)(F)* ()40, z€G @

and
w(1/z,f) = /K (Flo)” (z)dB, z€G . (22)

Proof of Theorem 1. Let f € X®(T). Letus take 7 € G. By (19) we have
1
(7 + 0)do
rHE)= 2 [ 2 @) Kaeyas.
which together with (21) implies that
@) -pr(.f Zn/ K. (0){2f " () — (Fo)" () } ab.

Limiting 7/ — z € T, along all nontangential paths inside T", by (12) we have

N f () K (6)d6 =

I @-Res) = 3 [ Ka(®)[27 ~Fo) )]0 3)
2ﬂ/ K2 (60)[5, (2f — Fy) (2)]do

for almost all z€ T
Taking the supremum over all functions g € X’ (T') with [g]| x/(r) < 1 in the rela-
tion (23), we get

Hf+ Pa( ||x _SUP/F}JH(Z)—P Zngz |dz|
S S L ﬁ on’“ QS = Fo)( d6||g (2)|ldz]

L [ K O)ls, 2f Ry <z>}de\ 15(2)]|dz]

<o [ { 3[R t0) 27~ ) @6 {2l

wsop [ {52 7K (0)15¢ 21  Fo) @146 e 0]
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By Fubini theorem and (14) we obtain

15 =Bl < 5z [ K@) {sup [ 127~ o) () ¢ @)l o

+§/”Kn<9> fsup [I5. 7 - Fo) @) e @)1z f a0

< 12 [ Ko@) [127 = Folly) a6
o [ KaO) [ 27— Fo)ll ) a6

<ey [ Ka [HFe—zf Iy + 150 —2/ x| 40
and then by definition of a))((z) (.,.f ) we have
1+ =Pl My < e | Ka(0)0f7 (6.)a6 (24)
Similarly, for 7 € G~ we obtain

F ) =0, (1/7.f /K ){2f~(Z) — (Fie)™ () } a0

Here letting 7/ — z € T, along all nontangential paths outside T" by (12) we get

fT@-0ul1/2f) = 5= /K - (2f — Fio) (2)]40
b [ KO [(Fro~21) @) e

for almost all z € T'. Therefore,
17 = @uCoPllyiry < car [ Kn(8) [IFo — 21 l(ry| a6
and by definition of |} (.,f ) we obtain

157 =@ Dl <czz/ Ky (8) iy (6./)d6 (25)

If we set

R"(Z7f) ::P"(Z’f)_Qn(l/Z’f)a
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then by (13), (24), (25) and by definition of Q} (., f) we get
1f = Ra o f My < |IFF=Pa( Hx I =0 G D iy
e [ Ki(6)27 (6.5 )do

< 024/ K. (8)w(0)d6
- 024/ K, (6)®(n6/n)d6
a)(l/n)/o K, (6)(n0 +1)do.
This relation, (19) and (20) give (7). O

Proof of Corollary 1. Let f € EZ (G). Let'stake z/ € G™. Since then f € Ex (G) C
E| (G) we have by the Cauchy theorem

277:1/ dg =0.

Thus f ~(Z) =0 for almost all z € T and hence f = f* a.e. on I'. Now, by (24),

by the definition of cof) (.,f), and by properties (19) and (20) of the kernel K,, (0), we
have

17 =B Pl < e [ K@) (8,516 < ey [" K (0)0(0)d8
<oy l/n)

and hence (8) is proved. [

Proof of Corollary 2. Let f € EQ (G™) and ' € G. Then by the Cauchy formula

we have ©
N L 1) e

Hence f* (7) = f () a.e. on T and by (12) we have f = f (c0) — f~ a.e. on T'. Now,
setting

On(1/2,f) = f () = Qu(1/2,f)

and applying the relation (25) we conclude that

Hf On (. Hx ng/ Ky ( le (6,f)d 030/ Ky ( de
<c,0(1/n),

and the proof is completed. [
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Proof of Theorem 2. Let T be a Carleson curveand f € X (I')*. Since X (T')" C
X (') c Ly (T) ([12]) we obtain f € L; (I'). Cauchy’s singular integral Srf (z) exists
a.e. on I'. Hence, by Privalov’s theorem Cauchy type integrals f* and f~ (z) have
non-tangential limits a.e. on I'([9, p. 431]).

Therefore, we have

Fag (1) = Af (0) +Bf (1) = A[fT(0) = f~ O] +B[fT (0) + 1 (1)]
)

=(A+B)fT(1)+(B—A)f (1 (26)

a.e. on T'. By this relation, for the approximation of the function Fyp (7), it is sufficient
to approximate the functions f* and f~ which are analytic inside and outside of the

curve I', respectively.
From the property of the kernel K, (0), the function f* can be written as

T
:l/ K, (6)Sr(t d9+—/ K
T Jo

By Corollary 1, we get
1" =B Dy S e (1/n).
Then we obtain
I(A+B)f — (A+B) P (. N)xr) < ey (A+Byo (1/n). @7

To complete the proof, we investigate the approximation of the function f~ (z).
We denote by T” the image of T" under the transformation z — Z—l, and set f1(7) =

F(3).
We have f~ (z) = f" (z) where the function f;" is analytic in /ns/I”. Then by the
relation (24), there exist an algebraic polynomial 7, (Z, f,) such that

157 @) =2l < [ K@) (6.5,)d8
By the definition of wX (9 f,), (19) and (20) we get
1A (@) =B (& )y < 35 /OK (0)ay” (6,1,)d60 < cy0” (1/n,f,).  (28)
Further, since f;" (') = f (¢) and the point z =0 is in /nsT", we obtain

150 = Bl ) e = 1 )~ BaC1 /)y )

Using the same method in Teorem of [15] we can prove that

o (1/n.f,) = o5 (1/n, f). (30)
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Since (26), (29) and (30) we obtain
£~ @) = Po (/1,0 ) < sy (1/n, ).
Then, by (31) we can write

¢y (B—A) w3y (1/n,f)
¢y (B—A) 0" (1/n).

H(B_A)f_ (t) — (B—A)Pn(l/tvf)HX(l")

<
<

Hence from relation (13), by virtue of (27) and (32), we get
Fas (1) = [(A+B)Pu (. )+ (B=A) By (1/8, )] [l
< [[(A+B)f7 () = (A+B) B (1. f )|l xry
+B-4) 0= B=AE/10)|y
<cy(A+B)o(1/n)+c5(B—A)o"(1/n).
Setting .
Ru(t,f)=(A+B)P(t,f )+ (B-A) B (1/1,f),
we have

1Fag (1) = Ru (¢, f)lx(r) S ¢y (A+B) @ (1/n) +¢,5 (B—A) 0" (1/n).

Now we study the following cases:
1. Let A = B; then

| Fas (1) 24Py (1./) |y < ¢y 24] 0 (1/m)

(€29

(32)
(33)

and in this case we have polynomial approximation of the function Fz (). In special

case, if A=%, B=1 we find

Fun(t)= 3£ () + 37 () =1 (1)

and thus we have
||f+ —h (taf)HX(r) <cu,o(l/n).

2. Let A # B; then
1Fag (2) = Ru (2, )llx(ry S €45 (A+B) 0 (1/n) + ¢, (B—A) 0" (1/n).
IfA=1,B=0 we get
Fap(2) = f(2), Ru(zf)=Pu(ef)+Pi(1/2.f) = Rn (2. f)-
By (34) we obtain

1F () = Ry (2, /) Iy ) S iy @ (1/n) +ci507 (1/n).

(34)
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Let A=—4%, B=1 Thus

F@)y=f (1) (35)

N —

Fun (1) = =3/ (1) +

and by (35) we have

||fJr _an (Zaf)Hx(]") < C49w*(1/n)~

where

an (Z,f) :ﬁn(l/z7f)

Thus the proof of Theorem 2 is completed. [l
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