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ON A-PSEUDO-STARLIKE FUNCTIONS

K. O. BABALOLA

Abstract. In this paper, we isolate some new, interesting classes of A -pseudo-starlike univa-
lent functions in the open unit disk E = {z € C: |z] < 1}. Some characterizations of them are
obtained and examples given.

1. Introduction

We begin by letting A denote the class of functions
fR)=z+@m? +azz +--

which are analytic in £ and by S the subclass of A which consist of univalent functions
only. Furthermore, let R(f3) and S*() be the usual subclasses of S consisting of
functions which are, respectively, of bounded turning and starlike of order 3, 0 < 8 <
1,in E. That is, functions satisfying, respectively, Re f(z) > 8 and Re zf'(z)/f(z) >
B in E. In [5], Singh studied a subclass of S denoted by B;(¢t) consisting of functions
which are a special case of Bazilevi¢ functions (known to consist of univalent functions
only). Functions in Bj () satisfy the geometric condition:

f@)*'f(z)

Re
701

>0, ze E

for nonnegative real number o and are known as Bazilevi¢ functions of type o. The
class B (o) includes the starlike and bounded turning functions as the cases oo =0 and
o = 1 respectively. For the purpose of this paper, we say f € A is a Bazilevi¢ function
of type o, order B if and only if

fR)*'f(z)

Re
701

>fB, z€E
and we denote the class of such functions by B (o, 3).
Next we say:

DEFINITION 1. Let f € A. Suppose 0 <8 <1 and A > 1 is real. Then f(z)
belongs to the class %, (B) of A -pseudo-starlike functions of order f in the unit disk
if and only if

«(f'(2)*
Re =—~—>f, z€E.
f()
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REMARK 1.

(a) Throughout this work, all powers shall mean principal determinations only.

(b) If A = 1, we have the class of starlike functions of order 8, which in this
context, are 1-pseudo-starlike functions of order f3.

(¢) If B =0, we simply write ., instead of £} (0).

For A =2 we note that functions in .%5(f3) are defined by

zf'(2)
f(2)

which is a product combination of geometric expressions for bounded turning and star-
like functions - an interesting analytic presentation of univalent functions as would be
shown later.

It is interesting also to note that .%..(f) is the singleton subclass of S containing
the identity map only.

We shall prove in Section 3 that .%; (B) is a subclass of B; (¢, ), thus A -pseudo-
starlike functions are Bazilevi¢, univalent in E. We shall also obtain some character-
izations of these new classes of functions. In particular, we shall obtain their integral
representations, sufficient univalence conditions and some coefficient bounds and also
estimates of their Fekete-Szego functional. We shall mention examples for some spe-
cial cases. We remark here that though for A > 1, these classes of A -pseudo-starlike
functions ‘clone’ the analytic representation of starlike functions, it is not yet known
the possibilty of any inclusion relations between them.

In the next section, we shall state the preliminary results.

Re f(2) >fB, z€E

2. Preliminary lemmas

In this paper we shall require the following preliminary results:

LEMMA 1. If z is a complex number having positive real part, then for any real
number t such that t € [0,1], we have Re 7' > (Re z)'.

Proof. Let z=cos0+isin 6. The case 8 = 0 holds trivially. Now suppose 6 # 0.
Define

y(t) = (Re Z)/(Re z)' =costO/(cosO) .

Then by elementary calculus, y(¢) attains its maximum value at 7y € [0,1] where 7 is
given by

arctan (77 logecos 0 )

0#£0

0 ) # )

forall 6 € (—%,%) (8 #0) since Re z> 0. Then y(¢) is decreasing on € [fo, 1] and
increasing on ¢ € [0,7]. In particular, y(¢) = cost6/(cos0)" > y(0) = y(1) = 1, and
the conclusion follows immediately. [l

o =
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Now let P,; be the class of functions
p(2) =1+ciz+ed +--

which are analytic in the unit disk £ and satisfy Re p(z) > B there. The class of
functions Pg is known as Caratheodory functions of order B. If B =0, we write P

simply in place of Pg.

LEMMA 2. Let p € Pg. If q(z) = [p(2)]', t €[0,1], then q(0) =1 and Re q(z) >
B

Proof. Tt is easy to see that ¢g(0) = 1. Applying Lemma 1 we see that Re ¢(z) =
Re [p(z)]' > (Re p(z))" > 0. Thus Re g(z) > B" as required. [J

We shall require the well known Caratheodory inequality for P, whichis |ci| <2,
k=1,2,3---, as well as the following coefficient inequalities for P.

LEMMA 3. ([1]) Let p € P. Then we have sharp inequalities

2(1—-o0), if 0<0,
2
Q—G%—< 2, if 0<0<2,
20(0—-1), if 0>2

LEMMA 4. ([3]) Let p€ P. Thenforn>2 and s > 1,
‘Cn - Cscn—s| <2

These inequalities are sharp for all n and s.

COROLLARY 1. Let p € P. Then
2(3—-20), if o<1,

Cp— OCsCh—s| <K 2, if o=1,
220—-1), if o> 1.

Proof. Noting that

‘Cn - Gcscn—s‘ = ‘Cn — CsCp—s+ CsCpys — Gcscn—s‘
< ‘Cn - Cscnf.\'| + |Cscn7s - Gcscnf.\"

~
< len — esen—s| + lesl|en—s|| 1 — o

and using the Caratheodory inequality and Lemma 4, we have the result. [
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LEMMA 5. ([4]) Let q be univalent in E and let ¢ be analytic in a domain D
containing q(E). If zq'(z)9(q(2)) is starlike in E, then

' (2)9(p(2)) < 24 (2)0(q(2)) = p(z) < q(2)
and q(2) is the best dominant.
The next lemma is a sharp version of a result of Frasin [2]. The lemma and its

proof (based on the Lemma 5 above) were suggested by the referee to whom the present
author is indebted.

LEMMA 6. Let p be holomorphic in E with p(0) = 1 and suppose that

7' (z) 31
Re <1+ (2 ) > B z€E.

Then
Rep(z)>2""YP 1)2<B <1, z€E

and the constant 2'~Y/B s the best possible.

Proof. Using Lemma 5, define ¢(z) = 1/z and ¢(z) = 1/(1 —z)™ where m =
(1-P)/B € (0,1]. Then we get

which can be rewritten as

2zp'(z) 1+z 1
m ) 1oz PO S T

which is equivalent to

7' (z) 31 1
Re <1+ o) ) > 2B = p(z) <

Now the subordination p(z) < 1/(1 —z)™ implies

1
Re > inf Re——=2"=2"1B ,cE
P) 961[0,27r] (1 —eit)m ¢

which completes the proof. [
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3. Some properties of pseudo-starlike functions

THEOREM 1.
Z(B) C By (1—1/4,B'%).

Proof. Let f € .2, then for some p € Pg we have z(f'(2))*/f(z) = p(z). We
write z(f'(z))*/f(z) as

Zl/)Lf/(Z) A
f(2)V*
so that N
A (R
f@)“(f@v1> o

which implies
M) (o)A
faa e
So, by Lemma 2, we have
Zl/}Lf/(Z)
f(2)V/*

Taking oo = 1—1/4, we have f € B;(1—1/A,BY*). O

Re > BlA,

COROLLARY 2. All pseudo-starlike functions are Bazilevi¢ of type 1 —1/A, order
BY* and univalent in E.
THEOREM 2. Let f € 5 (B). Then f(z) has integral representation
A
Aot e (P07 e
f(Z): Tfo <T> dt , it A>1,
exp Ji XYy, if A =1

Jor some p € Pg.
Proof. Since f € £ (B), then there exists p € Pg such that

2@

fA
Then taking o = 1 — 1 /A we have

f@E) _ e

Lo 1 =P



142 K. O. BABALOLA

so that
(f(Z)a)/ — azo‘_lpl_o‘.

f@>=:{[faf11pof%ﬂ}é

which gives the representation. For A = 1, the integral representation of starlike func-
tions is well-known. [

Hence

COROLLARY 3. Let f € % (B). Then f(z) has integral representation
L)t
Z )4 t 2
=222
1) {24 (7) }

THEOREM 3. If f € A satisfies

f"(2) zf'(m)\ . 1+B
k{xﬂ@ ﬂa}> 2B b

then f € %5, (2'7V/B), 1/2 < B < 1. The constant 2'~'/B is the best possible.

Jor some p € Pg.

Proof. For z € E, define

/ A
p(z) = Lj;((j))) :
Then we find that (2) 7(2) 1(2)
wpz) . iz Y \z
o e e
T (9 e o FO,T0)
p(z) f(Z) f/ (Z)
31
> 55 B
yields

2@ () } 1+B
e{ F@ - f@ )7 2B
which, by Lemma 6, implies
/ A
Re % >2-UB 1< p <
as required. [J

The following corollary is a new stalikeness condition for analytic mappings of
the unit disk.
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COROLLARY 4. If f € A satisfies

Re {Zf”(Z) (@) } L3

= E
RGN R
then f/( ) |

Z Z
R > -
‘F@) T2
That is f is starlike of order 1/2 in E.
THEOREM 4. Let f € 25 (B). Then
2(1—
ol < 5=
2(1-B)dA—1) . 2+V2
A 2GA=y TISAS
sl 2(1—PB) 2+2
- . +
31 tA>—
20-B)FR-GB+HB?) .|, 1+V73
as] < 3L —1)P3BA—-1)dA—1)’ N )
as| x
2(1—B)(F,— G2+ HB?) F S 11++v73
324 —1)3BA—1)(41—1)’ 12
where
Fi =240% — 4423 +781% — 250 43,
F> = 168A% — 30813 +25812 — 794 +9,
Gi =2(24A% — 116A° + 16247 — 551 +6),
Gy =2(24A* — 1161° + 16217 — 551 + 18),
and

H =4(242% — 804> + 8442 — 281 +3).
The bounds are sharp.

Proof. For f € %, (), there exists p € P such that

A @
) =B+ (1-B)p(2)

so that z(f'(z))* = f(z)[B + (1 — B)p(z)] and expanding in series forms we have

2+ 2aA % + Bash 4244 — 1)d3)Z
+ [dasA + 64 (A — Dazas + %l(l DA -2)a3 |+

=z+[1=B)er+a] +[(1—=B)er+ (1 — B)eras +asl
+[(1=B)es+ (1= B)erar + (1 — B)eraz +ag)d +---



144 K. O. BABALOLA

Comparing coefficients, we have
CA—=Day=(1-P)c; (3.1)

which, using the Caratheodory inequality |c| < 2, gives the bound on a;. Next we
have
3azA 424 (A —1)a5 = (1 —B)ea+ (1 — B)eras +as

which yields

2(1—ﬁ)(2x2_4a+1)ﬁ} (3.2)

(3/1—1)a3:(1—ﬁ){02— 402 —4L+1 2

Applying Lemma 3 with ¢ = 2(1 — 8)(2A4% —4A4 +1)/(4A> — 44 + 1), we have the
inequalities for a3 . Next we have

4a4l+67t(l—l)azagﬁ-gl(l—l)(k—Z)ag = (1-B)es+(1-B)crar+(1—B)craz+ay

so that
612 — 111 +2
(@2 = Nas = (1=Ples = (1= B g 57 1)1

| a324A% — 8047+ 8447 —284 43 ,

A Ty Ty
Now, if 642 — 114 +2 is nonpositive, that is A < (114 \/7_3)/12, we have
, 11IA—6A%2-2 etlleal
QA—1)(BA—1) 1%
2404 — 8013 + 8412 — 281 +3
+(1-B)? - -

322 —123A-1)

and by the Caratheodory inequalities, and careful computation, we obtain the first in-
quality for a4 . Otherwise, we write

(44 = Dlas| < (1= B)les[+ (1= )

le1f?

—_B)2 _
(42, — 1)614 = (1 —ﬁ)[Cj, — (1 —ﬁ)Clcz] + %Clcz
324A% — 8043 + 8442 — 281 +3 4

A Yoy W Ty

which by triangle inquality yields

— ()2 _
(=Dl < (1= Bles = (1= Blereal+ (5720 el

324A% —80A3 + 8412 — 281 +3

32 —1P(BA-1) eaf”.

+(1-pB)

Thus taking 0 = 1 — 3 < 1 in Corollary 1 and then using the Caratheodory inequalities,
we obtain the second inequality for a4 and the proof is complete. [
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COROLLARY 5. If f(z) is starlike, that is f € £, then
laz| <2, |az| < 3, |asq] < 4.

The bounds are sharp and well-known.

COROLLARY 6. Let f € 4. Then

2

| ‘<2 82
az| < =
3’ 3

5’ |Cl4| < =

<
] < 105

The bounds are sharp.

THEOREM 5. Let f € £ (B) and u any real number. Then

2(1-B)(J+KB) . 42 —22% —1
CACIRGA-1) THS =31
2 4% 222 —1 242 —B(A%+41—1)
—udldl<cd = e

|Cl3 ‘uaz‘\ 3%-17 if 3&-1 g.ug 3&-1 )

20B—-1)(J+KB) . 242 —B(2A%+4A1 1)

ifp>

(A —1)2(3A —1) 30—1

where
J=22-3u)A+2u—1

and

K=2A+0Bu—4)A —u+1.
The inequalities are sharp.
Proof. From (3.1) and (3.2) we have

_Byaat— _ 2
e = (1 )| - 2 PIBE A B DR

The conclusion now follows by taking ¢ = 2[2A4% —4A +u(3A — 1) +1]/(24 —1)? in
Lemma3. O
COROLLARY 7. Let f € % and U any real number. Then

14—20u . 1
Caint T
15 T HSTS

a3 — paz| < § = if——susg,

The inequalities are sharp.
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In addition to the identity map f(z) = z, we give some nontrivial examples of
pseudo-starlike functions for the special choice, A =2.

EXAMPLE 1. The functions f;(z) j=1,2,3,4 givenby

1 2 22 4
= - (Va1 1 V1 —p L
2) 4( z(1+z)+1n(y/z+ —|—z)> =t 3 45+105 1575+

z(z)z%(x/z(l—z)—arcsin\/l—z)zzz—z——z——z———'—m.

3 45 105 1575
2

2 872 474 3847
f3(z)=<ln(\/2+\/1+1)> =2- gt st

2 2 87 474 3847
) = 1 1 — ) = —_— —_— . e
fa(2) (arcsm\/ z z+ t st T st

belong to %%, thus Bazilevi¢ of type 1/2, umvalent in the open unit disk.

Proof. By careful computation we find that

I+zif j=1,

i@ Ji-zif =2,

fj(Z) - ? if ] —3

= if j=4

Since the right hand side of the above equations are all functions in P, we have
2(fl(2))?
Rem>0, j=1,2,34
fi(2)

so that f; € 25 . The proof is complete. [

Based on Corollary 3, we conclude this paper by mentioning that the following are
starlike univalent functions in the unit disk:

EXAMPLE 2. The functions f;(z) j=5,6,7,8 given by
4 /5 5
fo(z) = 7 (51— 1) CXP{EZ}
f2) = exp { ) } .
3(1—2)2
fule) = exp{z(3z+4§) }
3(l+2)?2

are starlike of order 1/2 in the open unit disk.
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