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PROBABILITY DISTRIBUTIONS OF EXTREMES
OF SELF-SIMILAR GAUSSIAN RANDOM FIELDS

YURIY KOZACHENKO AND VITALII MAKOGIN

Abstract. We have obtained some upper bounds for probability distributions of extremes of a
self-similar Gaussian random field with stationary rectangular increments, which is defined on
a compact space. In the paper we also present the probability distributions of extremes for
normalized self-similar Gaussian random fields with stationary rectangular increments defined
on Ri . In our work we have used the techniques developed for self-similar fields and based on
the classical series analysis of the supremum distribution for Gaussian fields.

1. Introduction

A self-similar process is a stochastic process that is invariant in distribution under
suitable scaling of time and space. A random process {X(z),7 € R} is a self-similar

process with index H > 0 if forall a > 0: {X(z),r € R} 4 {a X (at),t € R}, where

“«L» denotes equality of finite-dimensional distributions. We refer to Embrechts and
Maejima [7] and Samorodnitsky and Taqqu [16] for extensive surveys of results and
techniques for self-similar processes.

In this paper we consider self-similar random fields, which generalize the self-
similar random processes. More precisely, we deal with anisotropic self-similar ran-
dom fields, which means that their indexes of self-similarity are different for different
coordinates. We denote R = [0, 4-o).

DEFINITION 1. A real valued random field {X (t),t= (11,...,1,) e R’ } is a self-
similar field with index H = (Hy,...,Hy) € (0,+o0)" if

(X(aitr, ... antn), teRL} L {a’f’l X (1), te Ri}

forall a; > 0,...,a, > 0.

An interest to anisotropic self-similar random fields is motivated by applications
coming from climatological and environmental sciences (see [13, 14]). Several authors
have proposed to apply such random fields for modeling phenomena in spatial statistics,
stochastic hydrology and image processing (see [3, 4, 5]).
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DEFINITION 2. A normalized fractional Brownian sheet with Hurst index H =
(Hi,...,Hy), 0<H;<1,i=1,n, is acentered Gaussian random field By = {Bu(t),t €
R’ } with the following covariance function
E(Bu(t)Bu(s)) = 2" (6l + |s:/* — |t: —si*™),  tseR].
i=1

It is a self-similar field with index H = (Hj,...,H,) by Definition 1.

Further in the paper, we assume that the fields under consideration satisfy Defini-
tion 1. Moreover, we shall consider only the case n =2 since switching to the parameter
of a higher dimension is rather technical.

Denote 0 = (0,0).

DEFINITION 3. Let X = {X(t),t € R2} be a self-similar field with index H =
(Hy,H,) € (0,+20)2. For any u= (uj,uy) € RZ and any v = (vy,»2) € R% such that
Vi > uy, vy > up let us define

AX (V) =X (v,v2) — X (uy,v2) — X (vi,u2) + X (ug,uz).

The field X admits stationary rectangular increments if for any u = (uy,u;) € Ri

{AX(u+h) heR2} L {AX(h),heR2}.

The fractional Brownian sheet has stationary rectangular increments. The proof of
this property for the Ri case can be found in the paper [2]. A similar property for the
case n > 2 can be easily proved as well.

The aim of the paper is to obtain the upper bound for probability distributions of
extremes of normalized self-similar Gaussian random fields with stationary rectangular
increments. These probabilities can be used for estimation of asymptotic growth of
sample paths of a fractional Brownian sheet. Furthermore, these probabilities can be
applied in investigation of asymptotic behavior of a fractional derivative of a fractional
Brownian motion, which is used in the analysis of a non-standard maximum likelihood
estimate for unknown drift parameter in the stochastic differential equations driven by
the fractional Brownian motion (see Kozachenko et al. [11]).

To achieve this goal we use the results from the theory of extremes for Gaussian
processes (Kozachenko et al. [12]). This theory, in turn, is based on the theory of metric
spaces. To apply these results we need to choose an appropriate compact metric space
(T,p) and to estimate the variance of the increments. Since we work with anisotropic
field we expect that chosen metric has different geometric characteristics along different
directions. So, we use two metrics p;(t,s) = max;—jo|t; —si|, t, s€ T C R; and
pa(t,s) =X,y |ti—si|f, t, s € TC R}, where H= (H,,H,) € (0,1)? is the index
of self-similarity of the corresponding random field. The second metric has played an
important role in studying anisotropic Gaussian fields and self-similar random fields
(see [18]).

There exist many papers devoted to a study of the distribution of the supremum
of Gaussian random processes (for example [1, 15]). Exponential estimates of the tails
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of supremum distributions have been established for certain classes of Gaussian ran-
dom processes ([6, 9]). I this paper we establish some properties of the covariance
functions for considered centered Gaussian self-similar random fields. Thus we obtain
more accurate inequalities for supremum distributions for such fields.

The main point in the proofs of this paper is the self-similar property of considered
fields. This yields the similar behavior of sample paths on compact subsets. From the
theory of extremes for Gaussian processes we get the upper bounds for the probabilities
defined on compact sets. Hence we expand Ri into the union of the compact subsets
and apply the inequalities for probabilities in each subset. We use the techniques of the
self-similar fields based on the classical series analysis for finding the upper bound of
the supremum distribution for Gaussian fields. Several results in this paper are obtained
by the optimization procedure.

The paper is organized as follows. In Section 2, we present the probability dis-
tributions of extremes of the Gaussian fields defined on compact spaces and a bound
for the variance of increments in the case of a self-similar field. In Section 3 we estab-
lish the probability distributions of extremes of the fields defined on a compact metric
space (T, p;) and derive the upper bounds for such probabilities of the normalized field
defined on Ri. In Section 4 we obtain the probability distribution of extremes of the
normalized self-similar Gaussian field defined on a metric space (T,pz).

2. Probability distributions of extremes of a Gaussian field defined on a compact
space

Let (Q,F,P) be a complete probability space satisfying the standard assumptions.
It is assumed that all processes under consideration are defined on this space.

The next theorem follows from Theorem 2.8 of [17] or it could be obtained from
Lemma 3.2 of [12].

THEOREM 2.1. Let (T,p) be a compact metric space and X = {X(t),t € T)}
be a separable centered Gaussian process. Suppose there exists such a continuous
monotonically increasing function ¢ : Ry — (0,4), c(0) =0 that the following
inequality holds

1/2
sup (E(X(t) ~x(5))2)"* < o(h). (1)
p(ts)<h
Let
1/2

B=o (infsupp(t,s)) , y=sup (E[X*(u)]) @)

s€T teT ueT

We denote as N(€) the minimal number of closed p-balls with radius € needed to
cover the space (T,p). Let r: [1,4o0) — (0,400) be such a continuous function that
a function r(é'), t > 0 is convex. If

/(>+Nr(N (0 (w))du < o,
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thenforall A >0,0<p<1,€e>0

teT l—p

xr(~1 (%p /Oﬁpr<N(G(_l)(u))> du) .

We shall minimize the right-hand side of (3) with respect to A > 0.

2 232
It(g) ::P{supX(t) >£} <Ze:xp{%;l_y;—ﬂnz(yL P E —ks} x
3)

COROLLARY 2.2. Under the conditions of Theorem 2.1 we have

In(e) < 2exp _ﬁ A (é /Oﬁpr(N(G(_l)(u))>du). @)

Proof. Consider the right-hand side of (3). To prove the corollary it is sufficient to
minimize the following value

2 232
1/lyzﬂn AP — Ae.
21-p "2(1-p)?

Differentiating this expression with respect to A, we get

d <1x2y2 A2B2 —/1.9) 192 AB?

a\21—p "Paa—pp 1P

Then, the minimum is achieved if
e(1-
A=A%=— (7”2).
(7 85)
If we replace A by A* in (3), we obtain (4). [

Throughout the paper the field X = {X(t),t € R? } is a Gaussian self-similar ran-
dom field with index H= (H;,H,) € (0,1)? and with stationary rectangular increments.
Denote 1= (1,1). Evidently,

EX(0)] =1"5"EX2(1)], t=(n,n)eR?.
In what follows we need some auxiliary results.

LEMMA 2.3. Forall s = (s1,50) € R%, t=(t1,1n) € R2 we have

E[X(t) — X (s1,0)]* = [t — 1|15 EX? (1), (5)
E[X(s1,0) — X (s)]* = |t — 52|25 EX(1). (6)
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Proof. Without loss of generality suppose that s; < ;. It follows from self-similarity
that for any s € Ry : X(5,0) = X(0,s) = 0 a.s. Then the left-hand side of (5) equals

E(X(t) = X (1,0) = X (s1,12) + X (51,0))” = E (A, 0X (1))*
Stationarity of the increments implies that
E (A, 0X(1))* =E(AX (11 —51,1))* =E(X (1 —51,12))° .
Further, self-similarity implies that
E(X(t)—X(s1,0)° =E(X (11 —s1,0))" = |11 — s1 155 EX?(1).
The proof of the equality (6) can be done in a similar way. [

LEMMA 2.4. Assume that EX*(1) = 1. Forall s= (s1,52) € R%, t=(t1,1n) ERZ

we have 12
< —s1|H1tfz+ |t2—S2|H2sllql. @)

(Ex(®-x()P)

Proof. Using the Minkowski inequality, we get

(Bx®) -x©P)" = (EXO - X(10) + X(s1.) + X(5P)

< (B0 - xG)F) " + (Bl (1) - x(6)7)

It follows from Lemma 2.3 that
E[X(t)— X (s1,0)]* = |11 — 51?1 53™2,

and ,
E[X(s1,00) — X (8)]* = |t — 5o 25710

Hence, inequality (7) holds. [

3. Random fields on space (T,p;)
In this section we put p(t,s) = pi(t,s) = max;_i 2 |t; —si, t, s€e TC R} .

COROLLARY 3.1. Let 6(h) =Ch*, 0< o <1, C >0 and T = [0,T)? in Theo-
rem 2.1. Then

I ry2(€) < 8exp ®)

__ &(-p) 5)2/“
C2T2a
2 <Y2+ 22“0711:)) P

forall 0 < p <1 andée>0.
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Proof. We have

T\* TC!/“ ?
ﬁ:c<5> R N(M)< W+l .

Put r(v) =v*, ve R4, 0 < u < /2. It follows from Corollary 2.2 that

82

Lo (€) < 2exp{ ——————— +Z(p),
[0,7] 2720
2 (7’2 + 2%177;))
where y
1 [Bp u H
—( (=1)
z<p>—(ﬁp [ (v Vw) du) | ©)

Since u < Bp, we have

TCY/@ TC!/“ 2TC/“

> > =
2ul/e Z(ﬁp)l/o‘ 2TCL/ @

Therefore, we obtain

2u 2u
1 Br [TCVe 1 (Br [ TCV
1
_p2c2fe_ ] / i1 2“du ! _ 2oL 1
a Bp)/r\Jo  \ul/e a (Bp)¥* (1—2u/o)t /s

As u — 0, we have

1/p

2/
Z(p) < T*C*@ ! Al =4 (E) a.
(Bp)** P

The last inequality completes the proof. [

From now on we denote H = min{H;,H,}, where H = (H,H,) € (0,1)? is the
index of self-similarity.

PROPOSITION 3.2. Let T=[0,1]?, p = py, and X = {X(t),t € R2} be a cen-
tered Gaussian self-similar random field of order H = (H,,H,) € (0,1)? with station-
ary rectangular increments. Then for all 0 < p < 1 we have

2 1— 2/H
P{ sup |X(t)|>s}<8exp —Lj’) 5) . e>0.  (10)
te[0,1]2 2(14—%) p
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Proof. We have from inequality (7) that for all t,s € [0,1]?

12
< ‘tl — 51|Hll‘§l2 + ‘1‘2 —SQ‘HZSIIII

2
(Ex®-x6)P)
<t —s1| + | —s|™ < 2max|r; — s < Zméllg\fi—Si\H =2[p(s,t)]".
i=1, i=1,

Therefore, it follows from (1) that o (h) = 2h" and y = 1, where ¥ is defined in (2).
Thus, inequality (10) follows from (8), where C=2,T =1, a=H. U

Denote Sy, = [0,T1] x [0,T5] C Ri, Ty > 0, T> > 0. The self-similarity of a
random field gives a correspondence between the probability distributions of extremes
defined on [0,1]? and in S7,7,.

COROLLARY 3.3. Under the conditions of Proposition 3.2, we have

X(t
P{ sup |H()[|{ >ep=P< sup |X(t)|>e
teSry 7, T1 1T2 : t€[0,1)2

< 8exp __el-p (f)z/H
N 4 b)
2 (1 + 22H(f—p>> P

(11)

where € >0, p € (0,1).

Proof. Tt follows from self-similarity that {TfH1 T{HZX (T\t1, o1y t € R+} and
{X(t),t € R} } have the same finite dimensional distributions. Therefore,

X(®)| «
H Hy sup |X(t)|
teSty 7, T, T, te[0,1)2

Hence, inequality (11) follows from Proposition 3.2. [

COROLLARY 3.4. Let € > 2. Under the conditions of Proposition 3.2 we have

P{ sup |X(t) > ¢ <8e§+5e§exp{—7l3i } (12)
te[0,12 2(41-1+3)
Proof.
Put p = 1/€? in (10). Then
P< sup |X(t)]>¢ <8exp{— e—1 }62/H84/H
te[0,1)2 2(1+41-H(e2—1)71)
3¢ 2/H 4/H FEATH 241 4 3¢?
SSeXp{—ﬁ}e/ 8/ e (+ )<8€H 2gH exp _m .

(3+41-H
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The corollary is proved. [

We obtained the upper bound for the probability of exceeding the level € > 2 by
a self-similar Gaussian random field defined on [0, 1]°.

Now we prove the upper bound for such probabilities for normalized fields defined
on R2. Denote xVy = max{x,y}.

THEOREM 3.5. Let X = {X(t),t € R2} be a centered Gaussian self-similar ran-
dom field with index H = (Hy,H>) € (0,1)* and stationary rectangular increments.
Let a function c : (0,+e0) — (0,+e0) and a sequence {b,, n € NUU{0}} satisfy the
following conditions

(i) c isincreasing on [1,+e0), c(t) — oo, t — oo, and ¢ (1) =c(t), t > 1;

(ii) bo=1, by <bps1, €N, b, — o0, n— oo, and

. H|+H,
M:= inf | — b 0;
kEl(r)luN (bk+1> C( k) -

(iii) forall D > 0 the following series converges
oo bH1+H2
= k+1

Then for all € >2/M we have

P sup Xl > €
wer2 (1 Vi) Hitte(ty V)

21 4 i 3¢2 (kal +H, 2 ka1+H2 g
< 16e# " 2g expl — — c(by) ————c(by)
& 24171 1-3) \ e bl

N

(€)-
13)

Proof. Denote

117 1 \?
Be = [0,be i\ 0,602 k>0, B_k:[o,—] \[07—) kL
by bs1

Let us remark that T = [0, +c0)? = J;/= _ By. Denote

P(T,¢) :P{sup X (O] >£}.

ter (11 V)Hitic(t V)

Evidently, we get
P(R%,€) <P(R7\[0,1)%€) +P([0, 1), ¢).
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Firstly, consider P(R2 \ [0,1)?,&). Note that, if t € By, k>0 then by <1, Vy < byyy
and ¢(by) < c(t1 Vo) < ¢(bg+1), k = 1. Therefore, we get

X (1) N X ()]
P su >€ < P< su > €
{teRi\[%,l)z (1 Vi)Hitte(t Vi) g{) tezg( (1 Vi)iittae(t Vi)

oo H+H. o H,+H
cSefup ") Sl L Mo
2 t€Bk bH1+H2 le ) S & P HH, bH1+H2 )

k+1 c(bx = te[0,b1? Dy (bx
2 X _ by
<) P sup > € .
kga {tE[O by1]? bk-sl--l‘_H2 bf—il-THz
From corollaries 3.3 and 3.4 we obtain that for € >2/M
" bH1+H2C(bk)
k o Ltefo,1)? bii
2 H1+H2
2.1 i 3e? piitH2 by,
<8elT2e4H Y expld — k c(b ( ) c(b)YH.
]Za p 2(41_H+3) bi—]i_:_]-]z ( k) bk+1 ( ( k))

Consider P([0,1]2,€). Note that, if t € B_;,k > 1 then ﬁ <nVh < i and
c(br) < c(1 Vi) = (s ét ) < c(bg+1), k> 1. Therefore, we have

X (t)] 1X(t)]
P<{ su P > €
{te[o}f]z (l1Vtz)H‘+HZC(11\/t2 g’ el (V)i e(t Vi)

i xw| b
P ey b T b, e (by)

k+1

o Hy+H,
X by
<Y P osup —— > €
i1 tef0.b; 2 bk Hy—H) bf'JerC(bk)

o H\+Hy
X (1) b e(by)
< Z p sup —H|—H; Hy+H,
k=1 | tefo.p; ]2 by biyi

From corollaries 3.3 and 3.4 we obtain that for € > 2/M

oo bH|+H2 (bk)
Z { sup |X ll,l2)|>8le7+Hz

te(0,1)2 k+1

H1+H2

2

2,1 > 32 leJer by, 4

<8l t3eYHY expd — k__c(by) ( ) (c(b)¥M.
k; 24171 43) \ 1 biewt
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The theorem is proved. [J

The following corollary is an immediate consequence of Theorem 3.5.

. b H\+H>
COROLLARY 3.6. Let M = infyc gy (ﬁ) c(by) > 0. Denote
2
3 M 2 (ot
_ il d =~ | X ___ (b k>0.
SO ) I 7 (zﬁ’ﬂ”zc( J)

2/H
Ifforany H € (0,1)? the series ¥, VQ—,( converges, then for any € > % \/ % (41-H 4 3)

w 2/H
X (t)] eNYH v A —e?
< ~ - . .
P{sup VL)) >ep < 16\/5(2> € ; o |

2
teRL

Proof. Tt is clear that uer > 2 and v, > 2, k > 0. Recall that for ue?, v, > 2 we

have ue? + v < uevy. It follows from (13) that for € > —\/ (41-H 4 3) > % we

have

=~ 241 a/m MAH Vi/H 4/H < vk 4/H —ue?
Z(e)=16ef " 2¢ 2 ST m<16 " gt k;) o | M .

The corollary is proved. [
Consider an example of applying Corollary 3.6.
EXAMPLE 1. Put by = é*, k=0,1,..., and c(t) = \/In(|Int|+e), t > 1 in

H+H
Theorem 3.5. Then M = inficoun (%) b c(by) = e~ (H1tH2) and

3 i — 3 e 2(Hi+H))
(41-H 4+3) 4 4(41-H 4 3) '

u =

In(k+e)
__n,2(H+H,) _
v = 22 HiTH ) =2In(k+e), k=0.

Then inequality (14) has the form

X(t
P< sup X® > €
teR2 (1 V) H1+H2\/In( tl\/lz)H-e)

< 16V2e2/H e/t (/ﬁ() %) 471 GXP{—uez}

o 2/H 2
(In(k+¢)) )exp{_4( 3e e-z<H1+H2>},

< 16y/262/H-8g4/H
v2eH e k§0 (k+e)? 411 1 3)
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Thus, we obtain the upper bound for probability distribution of extremes of a normal-
ized self-similar Gaussian random field with stationary rectangular increments, which
is defined on R .

4. Random fields on (T, p,)

Recall the notation of the metric pa(t,s) = Y12 [t —sil, t=(11,2) R, s =
(s1,52) € RZ, where H= (H,,H,) € (0,1)? is the index of self-similarity of a field X.
Now we want to obtain result witch is similar to Proposition 3.2, but with metric p,.

Let us remember that N(u) is the minimal number of closed p -balls with radius
u needed to cover a space (T,p). First let us prove the estimate for N(u) in the case
p=pP2 and T :STsz'

LEMMA 4.1. Let p = pp and T = Sty1,. Then

T 3 T 3
N(u)<2< L +§>< = +§>,u>0,
4K ufr 4Kru™

H, \m H, )H%
K = K= .
H,+H, Hi+H,

Proof. Consider an auxiliary metric p3 = {p3(x,y) = % + %, x = (x1,%2)
€R?, y=(y1,y2) € R?}, with a; >0, a» > 0. A closed ps3-ball with radius 1 in space
(T,p3) isaset Vp, (1) = {x = (x1,x2) € R? bl % < 1 ;. The minimum number of

b ap

Vp,(1) needed to cover space (T, ps3) is less than 2 <T12%1“1 + l) (%2“2 l) .

where

Put .
H2 H L 1
=2 H =2K et
aj <H1+H2) 1 )
1
Hl Hy 1 1
= e =2Ket .
“ <H1+H2) ’

It is not hard to prove that V), (1) C V), (&). Hence,

T 3 T 3
sz(8)<Np3(1)<2< - +5>< 2 +§>. O

4K18H71 4K28H72

To prove the next statement, we need some notation. Denote
1

1
Ty =max{T{". 1%}, H=min{Hy,H}, Q=+,
1 2

1 1
Hy+Hy\ ™t H +Hy\ %
N = _ 3 N = E—— 3.
: ( H, ) B ( H; ) -
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PROPOSITION 4.2. Let (T,p) = (Sy15,p2), i =1, b > 1 and X = {X(t),t €
Ri} be a centered self-similar Gaussian random field with stationary rectangular in-
crements. Under the conditions of Theorem 2.1, for all 0 < p <1 we have

h@>=P{gyxo>>e}
e2(1-p)

(@]
<N1N2<5> expl ——— Ce>0. (15
p 2 (TP T 4 4T

Proof. Recall that pa(s,t) = |s; — 1|1 + |2 — 12|72, s = (s1,82), t = (t1,10), t,
s € T. From Lemma 2.4 we get
2\ , Hy i
wp(Eam—x@») < wp(@byJHhHIM—QW><%h
p(s,t)<h p(s,t)<h

Thus, we can put o (h) = Tk in Theorem 2.1. From (2) we have

oo((3)"+(3))n (3 (2))

It is clear that

Y =supEX?(t) = T T EX2 (1) = TP T
teT

From Lemma 4.1 we have
T 3 T 3
N@)<z< 11+5><__ir+5>’
4K u™ 4K>u™

1 1
T, T, 1 3 T, % 3
No'w)y<2 | 2+ 2| | 20 +2
4K ju™

and therefore

It follows from 8 > Bp > u that
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1 €L 1
Iy ™ 0\ (BT 31"
Rt
<((n fon\P\ T 13
<[ (Z) +(2 —(=—=+2).
2 2 uFi 2K; 2

Therefore, we have the following inequality for Z(p), where Z(p) is defined in (9).
For each 0 < 1 < 1/Q we obtain

0 u
1 [Br i\ (n\"\" ¢ NN,
< | — = = s d
(] (<z> () )
—2N\N T1 H‘ T ¢ ﬁl’ 1\*
o 17 2 ? ﬁp 1/# neys

_ NN, _H' Z © 1\
2 2 2 l—Qu '

As u — 0, we have

Q )
NN, 0 NN, (e

Z(p) < — R I
(P) < = ((2 >\

Finally, from (4) we obtain

Then
1
T;Ty i

1

4Ku"i

N W

1/u

e*(1-p)

H
2<T2H1T2H2+1 pT2<< )+ (

e (0]
It(e) < NIV, (E) expyq —

53

>H2>2>
0 2
e e~(1-p)
<N1N2<;) XPA TS . p gngd) (
2 (TP T 4 LA H T

COROLLARY 4.3. Under the conditions of Proposition 4.2 we have

3
P{sup|X(t)| > s} < NiN,e*expl O+
{teT| @l 21 T (34 41-H)

(16)
X exp 3¢ £>12
xp — , .
2 <3T12H1 T2 410 T,;‘)
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Proof. The corollary follows from (15) if we put p = 1/¢2. O
Consider probability distribution of extremes defined on [0, 1]2.

COROLLARY 4.4. Let (T,p) = ([0,1]?,p2). Under the conditions of Proposition
4.2 for all € > 2 we have

3 3¢?
P{ sup [X(t)|>e <N1N282Qexp{Q+7_}exp{_7_}7
{te[m]2 2(3+41-H) 2(3+41-H)

e>2.

Proof. In this case Ty = T, = 1, so the corollary follows from (16). [

We want to find an upper bound for probability distribution of extremes defined
on [1,+<0)2. For this goal we obtain probabilities defined on [1,2]?.

PROPOSITION 4.5. Let T=[1,2]?, p=p; and X = {X(t),t e R} be a centered
self-similar Gaussian random field with stationary rectangular increments. Under the
conditions of Theorem 2.1 for all 0 < p < 1 we have

I op(e) = P{ sup |X(t)| > 8}

te[1,2]2

9] 2
e (1—-
<NIM, <£> expq§ — L=p) 5 . (17)
p) S ()

Proof. We prove the proposition in the same way as Proposition 4.2. Denote 1 =
max{H,,H,} and H = min{H,,H,}. Itis clear that o(h) =2"h and

" r1\"
B=o <§> +<§) =2 (27 27 H) = | 42l Hl

J/2 — 4H1+H2.

From Lemma 4.1 we have

on/Hi 3 on/H, 3
N(o™ (u)) <2 <4K1u1/H1 + 2) <4K2MI/H2 +5 -

It follows from 8 > Bp > u > 0 that

B/ (1+2\H1—Hz\)1/H1
1< u/H 2ul/H
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Then for i =1,2

2n/Hi 3 on/Hi3(1 +2|H1—H2|)1/Hi (1+ 2\H1—H2\)1/Hi L3
h 4K,-u1/Hi + 2ul/Hi = ul/Hi +5 -

4K,-u1/H1 * 2

2K 2

Further, from definition (9) of Z(p) we get the following inequality:

1 Bp ON N, \H O\ H
<[ _— |Hi—p| | = 11Y2
Z(p) < <ﬂp/() ((1+2 ) S ) du

- N1N2 (1+2‘H17H2‘>Q 1 /ﬁpi 1/p B N1N2 1 1/u
S2 Bp)/H \Jo wen ) 2p@ \1-0Qu)

As u — 0, we have

Thus, we obtain

g*(1—p)

AH1+Hy | (1 +2\H1—H2\)2 ﬁ)

O

e\ 2
Iop(8) SNIN | — ) expq —
p 2(

As before, denote ) = max{H,,H}.

COROLLARY 4.6. Under the conditions of Proposition 4.5 for € > 2 we have

1 20 3¢?
I o (€) SNlNgexp{Q+72(4Hl+H2 " 1)}8 exp{—2'4n @73 1A } (18)

Proof. The corollary follows from (17), if we put p = 1/£2. O

THEOREM 4.7. Let T = [1,0)2, p = p, and X = {X(t),t = (t;,1r) € R2} be
a centered self-similar Gaussian random field with stationary rectangular increments.
Let ¢ : (0,+00)? — (0,+00) be an increasing function in each coordinate. Suppose that
forany D >0
Y Y exp{—D@(2",2")} < +ee. (19)
n=0m=0
Denote
3

d C = .
boand G 247 (473 1 41-H)

1
Cl :NlNzeXp{Q+ m

2
If8>m,th€n

Y(g) ::P{ sup L)(O>8}<C182Qi i (27,27 . (20)
te|

17+°°)2 tfll tglz(p n=0m=0 €xp {C282(p2 (2n’ 2m>}
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Proof. At first, we have the following obvious inequality

X o — X(t
P{ sup ¢>8}<22P sup &>8
te(l,400)? Z‘l 22(P(t) n=I1m=1 nepR— 12"] tl 112 (p( )
126[2"1 l2m]

Then from monotonicity of ¢ we get for all n,m > 1:

X(t 2(1=m)Hyo(1-m)H> | ¥ (¢
PO s mlsehard e
neprtom 12 o(t) ne-10] p(2r—1 2m=1
ne[2m=1om ne2m-1om

By self-similarity, we obtain the following equality for all n,m > 1:

p(2n12mt)

(1—=n)Hy»(1—m)H,
P sup 2 > |X(t)|>£ :P{ sup %>8}.

ne121) wepop @271 2m

t2€[2m71,2m]

Thus,

te[1,2)2

—

It follows from Corollary 4.6 that for € > ﬁ we have

) < Cre¥@ 2 2 9?2 (2", 2™ exp {—Cre29? (2",2™) }.

n=0m=|
This completes the proof. [
COROLLARY 4.8. Iffor any H € (0,1)? the series
9?2 (2",2")

22 e (222 2]

*(1)

< oo,

then for € > ﬁ % (4H3 4 41-H),

2 a2 oo oo 20 (Hn Hm
Y(8)<C182Qexp{_£ (p (1)}2 ()0 (2 72 )

2 C @2m )’
2 n=0m=oexp{2 o2 }

21
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Proof. Denote

3

_ 0 9*(2",2")
44N (4H3 4 41-H)

0*(1)
It can easily be checked that ug? > 2 and v, ,, > 2, n, m > 0. Recall that for ue?,
Vi > 2 we have ue? + Vam < uezvmm.

2 2 - 2
It follows from (20) that for & > 755 / 75 (473 +417H) > 255 we have

L)
R M < e ey P

2(1) and vy, =2 , n,m=0.

Y(e) < C %@ exp{

The corollary is proved. [
We present the example of applying Corollary 4.8.

EXAMPLE 2. Let @, ¢, be the positive functions from Ri to R such that

01(x) = \/(2+ 5)\/1n(10g2 (x1x2)+e), x=(x1,x)€ Ri

and

o (x) = \/(2+ 6)\/1n(e+10g2x1) +1In(e+logyx1), x=(x1,x)€ Ri.

Then
01(2",2™") =+/In(n+m+e),n,m € {0} UN,

©(2",2™) = \/In(n+e) +In(m+e),n,m € {0} UN,

and y(1) = g2(1) = 1.
Therefore, from (21) we get

i o el i i (In(n+m+-e))2

n ym - 2
n=0m= Oexp{Z(P'qf(f) )} n=0m=0 (n—|—m+e)

oo oo

0y (2",2m) ii (In(n+e)( —l—e)Q.

=Om— 0exp{2“’2 2"(12)"’ } == (nte)(mte)?
¢

Hence, from Corollary 4.8 we have

P{ sup LO>8}<C182QCXP{_%32}§,§%’

te[l,+o0)2 tlltz o (t n=0m=0
X(t (In( Q
Pl sup ¢>£ <C1£29exp{ G 2}22 n(n+e)(m+e)) .
(el +e2 11 32 o () & (nte)(m+e)?

Thus, we obtain probability distributions for extremes of a normalized self-similar
Gaussian random field with stationary rectangular increments defined on [1, H00)2.
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