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GROWTH OF THE MAXIMUM MODULUS OF
POLYNOMIALS WITH PRESCRIBED ZEROS

M. S. PUKHTA

n .
Abstract. If p(z) = Y a§ is a polynomial of degree n satisfying p(z) #0 in |z| < 1, then for
j=0

R > 1. Ankeny and Rivlin [1] proved that M(p,R) < <#> M(p,1). In this paper we obtain

some results in this direction by considering polynomials of degree n > 2, having all its zeros
on |z| =k, k<1 which is an improvement of the result recently proved by M. S. Pukhta (2013)
[Progress in Applied Mathematics, 6 (2), 50-58].

1. Introduction and Statement of Result

For an arbitrary entire function p(z), let M(f,r) = 1|n‘ax |f(z)|. Then for a polyno-
z|l=r

mial p(z) of degree n, it is a simple consequence of maximum modulus principle (for
reference see [4, Vol. I, p. 137, Problem III, 269]) that

M(p,R) <R'M(p,1), forR>1. (1.1)

The result is best possible and equality holds for p(z) = 17", where [A| =1, R > 1.

If we restrict ourselves to the class of polynomials having no zeros in |z| < 1, then
inequality (1.1) can be sharpened. In fact it was shown by Ankeny and Rivlin [1] that
if p(z) #0 in |z] < 1, then (1.1) can be replaced by

R"+1

M(p,R) < ( )M(n 1), R>1 (1.2)

The result is sharp and equality holds for p(z) = a+ ", where |ot| = |B].
While trying to obtain inequality analogous to (1.2) for polynomials not vanishing
in |z] <k, k<1, K.K. Dewan and Arty Ahuja [2] proved the following result.

n .
THEOREM A. If p(z) = Y, a;z/ is a polynomial of degree n having all its zeros
j=0

=
on |z| =k, k < 1, then for every positive integer s

{M(p,R)}* <

(k"—l(l +k)+ (R*—1)

oLy >{M(p,1)}s, R>1 (1.3)
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THEOREM B. If p(z) = 2 ajzf is a polynomial of degree n having all its zeros
=0
on |z| =k, k < 1, then for every positive integer s

o L [nfan {K*(1+K) + K (R™ — 1) +|an1|{2k" +R™ — 1}
M(p,R)} < —
{M(p,R)} k" 2lan_1|+njan|(1+k2)

In this paper, we not only improve Theorem A and Theorem B but also improve
the results recently proved by M.S. Pukhta [7]. More precisely, we prove

THEOREM 1. If p(z) = 2" + Xh—y cnvZ"™", 1 < < n is a polynomial of

degree n having all its zeros on |z| =k, k < 1, then for every positive integer s and
R>1,

2041 ns
iRy < O Dy

ns __ ns—2 __
— s|ay] (R I R 1) {M(p, )} 1, ifn>2 (L.5)

ns ns —

and
o KT R (R 1)
{M(p,R)}* < K20 | fn— i1 M(p,1)}

R™ —1 Rn\ 1_1 ]
—sa1|< ){M( DY ifn=2  (1.6)

ns ns —

If we choose 1 =1 in Theorem 1, we get the following result recently proved by
M. S. Pukhta [7].

COROLLARY 1. Ifp(z)= Z a,z’ is a polynomial of degree n > 2 having all its
j=0
zeroson |z =k, k<1, thenfor R > 1

K 1(1+k) (Rns_l)

MR < =S M(p )y
R™ —1 Rn.\'72_1 ]
sl (ST a2 )
and
s KT+ + (R 1)
{M(p,R)} < T {M(p,1)}
R™ —1 R"‘ 1 '
ol (S B =2

Next we prove the following result which is a refinement of Theorem 1.
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n
THEOREM 2. If p(z) = cnd'+ X cn—vZ'™", 1 < U <n is a polynomial of de-
v=u
gree n having all its zeros on |z| = k, k < 1, then for every positive integer s and
R>1,

1

len—p[{u (k" 4 kHAL L kLR — 1))
MpRY < |~

H]Cn | (KT 1) F ey (6T +1F)

[<n|cn|{kn_“+l(k”_l—|—k2’“‘)+k2“(R"5 )}})}

R™ —1 Rns 2_1

ns ns —

< (DY sl ) My

ifn>2 (1.9)

and

1

+len—u[{ (k" + K H 4 kLR — 1)
M(p.R)Y <

1]cn | (KT E 1)+ nlen| (kT + K2H)

[<n|cn{k"‘“+1(k“‘l K2 R (RS — 1)}})]

x{M(p,1)}
R¥—1 R -1 .
—s|a1< pr — ){M( DY ifn=2 (1.10)

If we choose p =1 in Theorem 2, we get the following result.

n .
COROLLARY 2. If p(z) = X a;z’ is a polynomial of degree n > 2 having all its
J=0
zeroson |z| =k, k < 1, then for every R > 1

<n|c,,|{k"(1 + )+ (RS —1)}
+Hep {1+ £"+ (R — 1))}
2|cp1| +nlea|(1+K2)

MR < | >} .

R™ —1 Rns 2_1 L
—s|a1< — — ){M(p, Wl ifn>2 (1.11)

and

1
+en_1[{(k+ k" + k(R — 1))
2|en—p| +nleal(1+42)

M(p.R) < —

<n|cn|{k"(l+k2)+k2(R"5— )
0

)
) .y

R™ —1 Rns 1_1
—slal( ){M(p, W ifn=2 (1.12)

ns ns —
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2. Lemmas

For the proof of these theorems, we need the following lemmas.

n
LEMMA 1. If p(z) =cud"+ X cnvZ"™V, 1 < U < n is a polynomial of degree
v=u
n having all its zeros on |z| =k, k < 1, then

n

max |p(z)| < max . 21
=1 |p (Z)| Jn—2u—1 g pn—p+1 gt \p(z)| 2.1)

The above lemma is due to Govil [3].
n
LEMMA 2. If p(z2) =cud"+ X cnv?"™V, 1 < U < n is a polynomial of degree
v=q

n having all its zeros on |z| =k, k < 1, then

n nlen | M + | ey |t
ek + lenl max|p(3)]  (2)

/
<
A T P e o [y

The above lemma is due to Dewan and Mir [5].

n .
LEMMA 3. If p(z) = X a;z’ is a polynomial of degree, then for all R > 1

j=0
max |p(o)| < R'M(p, 1) = (R' = K" ) p(0)], ifn > 1 (2.3)
and
gllgg\p(Z)l <RM(p,1)—(R—1)|p(0), fn=1 (2.4)

The above lemma is due to Frappier, Rahman and Ruscheweyh [6].

3. Proof of the theorems

Proof of Theorem 1. We first consider the case when polynomial p(z) is of degree
n > 2. Since p(z) is a polynomial of degree n having all its zeros on |z| =k, k < 1,
therefore, by Lemma 1, we have

n

/
max P @) < G +kn—u+1M(p’ 1) (3.1)

Now applying inequality (1.1) to the polynomial p’(z) which is of degree n—1 and
noting (3.1), it follows that forall » > 1 and 0 < 6 <271

1

1P (re®)| < 201 +kn—u+1M(p’ 1) (3.2)
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Also foreach 8, 0 < 60 < m and R > 1, we obtain
0\ s 10\ s R d 0\ s
[(RE*)y —{ple®)} = [* S {ple®)yar
_/ s{p Z‘el(-) }\ 1 /( )zedt

This implies

[{p(Re®)} — {p(e®)}’] < S/IR [p(ee®)[* ' (ee™) it (3.3)

Since p(z) is a polynomial of of degree n > 2, the polynomial p’(z) which is of degree
n—1 > 2, hence applying inequality (2.3) of Lemma 3 to p/(z), we have for r > 1 and
0<06<2n

[P/ (re®)| <P IM(p' 1) = (=)' (0)] (3-4)

Inequality (3.4) in conjunction with inequalities (3.3) and (1.1), yields for n > 2 and
forR>1

{p(RE®)} — {p(e®))]
R
<s [Cmp, ) M D = (0 =) 0 Jas
= [ M D F MG 1)~ ) () O) e

_ [R"S M(p )Y M(p )

. (R"S_l s ) ” (p,1>}s—l|p/<o>|} s

ns  ns—
On applying Lemma 1 to inequality (3.5), we get for n > 2,

{p(RE)Y — {p(e®)}] < prarr—ggrr (M DY

ns __ ns—2 __
—s(R LK 1){M<p, 119 (0)

ns ns—
This gives

K2 (14 kM) + (RS — 1
m(p Ry < IO D

R™ —1 Rns—2_l 3
ol ()

ns ns

This completes the proof of inequality (1.5). [
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The proof of inequality (1.6) follows on the same lines as that of inequality (1.5),
but instead of using inequality (2.3) of Lemma 3 we use inequality (2.4) of Lemma 3.

Proof of Theorem 2. The proof of Theorem 2 follows on the same lines as that of
Theorem 1. But for the sake of completeness we give a brief outline of the proof. We
first consider the case when polynomial p(z) is of degree n > 2, then the polynomial
p'(z) is of degree (n— 1) > 2, hence applying inequality (2.3) of Lemma 3 to p'(z),
we have for r > 1 and 0 < 6 <21

P (re) < PP 1) = (7 =) (0)] (3.6)
Also foreach 0, 0 < 0 <2m and R > 1, we obtain
. . R 4
(p(RE)) — {p(e®)} = [~ SAplee)yar
1
:/ s{p(te’®) 7 1p/ (1e'%)edr .
1

This implies
PR~ (p(e)1] <5 [ Iple®) /e 67
Inequality (3.6) in conjunction with inequalities (3.6) and (1.1), yields for n > 2,
[{p(Re®)} — {p(e®)}’]
< [ MO 0 1) — @) )
= S/IRI’”‘I{M(A DY M 1) = (" =) M (p, 1)}/ (0)] e

=s[R"‘ M(p )Y M)

R™ —1 Rns 2 _ 1
ns ns —

) a0y 0
Which on combining with Lemma 2, yields for n > 2
[{p(Re®)} — {p(e)}’]

. R —1 nlen|k?H + oy k41
SR ey | (K2R A kM) 4 paf ey | (KETT )

ns ns—2
—s(R LR 1){M<p, 131p0)

ns ns —

o1y

from which we get the desired result. [

The proof of inequality (1.10) follows on the same lines as that of inequality (1.9),
but instead of using inequality (2.3) of Lemma 3 we use inequality (2.4) of Lemma 3.
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