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LIPSCHITZ CONDITIONS FOR RANDOM PROCESSES
FROM L,(Q2) SPACES OF RANDOM VARIABLES

DMYTRO ZATULA

Abstract. In this paper we study the Lipschitz continuity of random processes X = (X (7),1 € T)
from L,(Q) spaces, where (T, p) is some metric space, and provide estimates for the distribu-
tion of sample paths of such processes. Obtained results are used in Analysis in the study of the
rate of approximation of functions by trigonometric polynomials.

1. Introduction

Let (T, p) be some metric space. We study conditions under which the sample
paths of random processes X = (X (¢), r € T) satisfy a Lipschitz condition. In particular,
we consider a function f such that the following inequality holds:

sup [ X () = X(s)]
. 0<p(t,s)<e
limsup

€l0 f(e)

This function is a modulus of continuity for the random process X belonging to
the space L,(Q). The main interest for us is to estimate probabilities

P sup 7|X(t)—X(s)\ >X 0.
0<p(t,s)<v f(p (t7s))

For Gaussian processes similar results were obtained by Dudley [5]. These re-
sults were generalized for some classes of processes belonging to the Orlitz spaces
by Kozachenko [8, 9], see also Buldygin and Kozachenko [4], Zatula [13]. Lipschitz
continuity of generalized sub-Gaussian processes was studied and estimates for the dis-
tribution of the norms of such processes were provided in [7].

There are applications of Lipschitz continuity of random processes to the study
of the rate of approximation of functions by trigonometric polynomials. In particular,
Kamenshchikova and Yanevich investigated an approximation of stochastic processes
belonging to the spaces L,(2) by trigonometric sums in the space L,[0,27] in [6].

Recently, various analytical properties of processes and fields that are not Gaus-
sian, e.g. sub-Gaussian and Orlicz, were obtained. For example, the almost sure
convergence of weighted sums of ¢-subgaussian m-acceptable random variables was
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studied by Giuliano Antonini, Kozachenko and Volodin [2], an application to random
Fourier series for ¢-subgaussian random variables was investigated by Giuliano An-
tonini, Tien-Chung Hu, Kozachenko and Volodin [1], and necessary and sufficient con-
ditions under which a symmetric measurable infinitely divisible process has sample
paths in an Orlicz space Ly with a function y that satisfies A, condition were consid-
ered by Braverman and Samorodnitsky [3]. Krinik and Swift studied different proper-
ties of exponential Orlicz spaces and Fenchel-Orlicz spaces in the book [ 10]. Stochastic
processes that take values in Orlicz spaces and properties of such processes were inves-
tigated by Rao and Ren [11]. Weber in [12] considered stochastic processes with value
in exponential Orlicz spaces.

In all above-mentioned articles the authors consider spaces for which E|£ |7 exists
for each 1 < p < oo, but for L,(Q) spaces similar problems haven’t been investigated,
namely the task about the distribution of  sup X(O)=X(s)|

0<plts) <y flp(ts))

The organization of the article is the following. Necessary technical results for the
proof of the main theorem are introduced in Section 2. The main result (Theorem 2) is
proved in Section 3. Lipschitz conditions for random processes belonging to the spaces
L,(Q) are investigated in Section 4. Section 4 also contains an example of applying
proven theorems for particular function o (k).

2. Definitions and technical results
Random variable & belongs to the space L, (), 1 < p < oo, if the condition
(EIEIN)7 < oo

is satisfied.
It is well known that L, (), 1 < p < o is a space with the norm

1€]1z, = (EIE[P).

THEOREM 1. Let &y, ..., &, be random variables belonging to the space L,(Q),

1 < p < eo. Denote 1 = gllflén\ék , a= gl?én”&kHL"' Then Vx > 0 the following

inequality holds

P{n >x-a~n2/p} < %.

Proof. It follows from the Chebyshev inequality that for p > 0:

. _ ||§||£,, .
{\§|>x}\x—p~ (D
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Inequality (1) implies that
P{n >x~a-n2/1’} =ElJw:n >x-a~n2/1’}
< SEn= (a1 {0 &> va )
k=1

< n- max P{|§k| >x-a~n2/p}
1<k<n

&z, o1

<n-max ——— <n-max ——— = —
S i<k<n (x-a-n?/PYP T i<k<nxP-aP-n? pxP’

which finishes the proof. [J

Let (T, p) be a metric space. The metric massiveness N(u) := Nt ,)(u) is the
minimal number of closed balls (defined with respect to the metric p) of radius u that
cover T [4]. Let us give some properties of the metric massiveness.

LEMMA 1. [4] The following statements hold:

1) For any & >0 we have N(t ,(€) > 1. In this case if € > diamT = sup p(z,s)
t,s€T
then N(g) = 1.
2) The function N, p) (&) is right continuous and non-decreasing as € decreases.
3) A space T contains a finite number of points if and only if supN( ) (&) < eo.
>0

3. Theorem on moduli of continuity of random processes
belonging to the spaces L,(Q)

‘We now prove

THEOREM 2. Let (T, p) be a metric compact space. Consider a separable ran-
dom process X = (X(t),t € T) belonging to the space L,(Q), 1 < p < eo. Suppose
that there is a monotonically increasing continuous function 6 = {c(h), h = 0} such
that o(h) >0 as h >0, 6(0) =0 and the following inequality holds

sup [[X (1) = X(s)l[, < o(h). 2)
p(t,s)<h

Let N(e) = Ny (T, €) be a metric massiveness of the space (T,p). Consider

g=o"1 (sup p(t,s) |, where 6=V (v) is the inverse function of the function c(v),
t,s€T

and
o(e)

g(e) = / <N(G(’1)(t))>4/pdt<oo, £>0.
0
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Then for x >0, € € (0,&)) the following inequality holds true

P{ X (1)~ X(s)]

sup

0<plis)<e (6+4V2)BHPf(p(t,5)) + (5+2v6)BYPg(p(t,5)) >x}
- 2B*+B
= (B2—1)N(g)-xP’

o(e)

2
where B > 1 is some number, f(€) = [ <N(G(_1)(I))> /pdt, £>0.
0

Proof of Theorem 2. Let r € (0,1), {w, k=0,1,2,...} be a sequence such that

Vo = sup p(l7S), Vil = min{rv;“ 5k} with
t,s€T

& =Ainf{v: N(oD(v)) < BNV (v)}, 3)

where B > 1 and A is a number such that A > 1 and Ar < 1. It follows from the second
statement of Lemma 1 that the function N(c(~")(¢)) is nondecreasing as ¢ decreases.
Therefore, for every v; thereisa v > vy so that N(c(~1(v)) < BN(c""(v)). Thus,
the infimum exists. For the sequence {vi, k=0,1,2,...} we have

Vip1r v, k=0,1,2,... 4)

and, hence,

Vi < (Ve = Viy1)- )

The following inequality holds for s < inf{v : N(c=1) (v)) < BN(c=1(w))}:
N(cT(s)) = BN(cD (vy)).
Thus, from (3), (4) and the last inequality we obtain that
N(6TV (vis2) 2 N (6T (rvisr)) = N(aV(r8)) = BN(V (wy)).
Therefore
N(6"V () = BN(6'V (v 2)) = BN (6 (v a)) > ... (6)

Let &g = 6" (w), ..., & = 6=V (v;). The sequence {g, k=0,1,2,...} is non-
increasing and & — 0 as k — oo. Let Vg, , k=0,1,2,... be a set of the centers of closed
balls of the radius & that form a minimal covering of the space (T,p). The number

of points in Vg, is equal to N(g). Denote Vp = U Ve, . It follows from (2) using the
Chebyshev inequality that the process X is contmuous in probability. Therefore, the
set Vp is a set of separability of the process X. Let ¢, be the mapping of the set Vj
into Vg,, where o, (1) =1t if t € Vg, and otherwise o,(¢) is a point in V,, satisfying
p(t,00(t)) < &.
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It follows from the Chebyshev inequality, (2) and (4) that
1X (1) = X (w(0))|17,

P {1~ X (e ()| > 2} < EEU _fi(“"(’>”2 _ {
A0 ) Ol
Therefore
0, (1))| > "2} < oo,

PISCOR

Now it follows from the Borel-Cantelli lemma that X (o4, (r
(

i )) — X(¢) with prob-
ability one as n — oo. Since the set Vj is countable then X (o, (¢

) = X(1) as n— e

with probability one V7 € V.
Let us prove two auxiliary results.

LEMMA 2. Suppose that € € (0,¢&y) and take an integer m such that the inequality

Ent1 < € L &, holds. Then

sup |X (1) —X(s)| <2 Z max X (p) — X (o4—1(p))|+
plr,s)<e k=mt2PEVer
t,seT
+ max X (v) —X(w)]|. 7

v,wengJrl :
2T

[X(v) =X (W), <o(e)1=¢

Proof of Lemma 2. Since V) is a set of separability of the process X, then with

probability one
sup |X(t) —X(s)|= sup [X(r)—X(s)|. (8)
p(t,s)<e p(t,s)<e
t,s€T t,seVy
Lett,s€Vpand p(t,s) <e€.Letk>m+ 1. Denote t; = oy (1), tr_1 = o4—1 (%)
tm = O (tms1)s Sk = Ok(S), Sk—1 = O%—1(Sk), -5 Sm = Oy (Smt1) - Then for any #,s such
that p(z,s) < € we obtain
X(t)—X(s) = (X(r) — X (1)) + Z X(t1-1)) — (X (s) — X (s1))—
[=m+2
k
— Y (X(s) = X(51-1) + X (tmg1) = X (Smp1))- )
[=m+2

It follows from (9) that

X(tmy1) =X (sma1) = (X (1) =X (s)) — (X (1) = X (1)) + (X (5) — X (s))—
k k

- D X)) =X(n-1)+ Y, (X(s1)—X(si-1))

I=m+2 [=m+2
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and

[1X 1) = X (sm0)l|z, < WX () = X ()], + [1X (@) = X (@) [z, + X (5) = X (s) [, +
k

k
+ 2 X @) =X (-1l + Y, 11X () =X (si-1) |z,
l=m+2 [=m+2

< 0(p(t.5) + 0(p(t,0)) + o(p(s.50)) +

k k
+ Y olp(u-1)+ Y, olpls,si1)) (10)

l=m+2 [=m+2
k o
<o(e)+20(e)+2 Y o(g_1)<o(e)+2 Y, o(g-1)
[=m+2 [=m+2

=0(e)+2 Y, vii1<0(€)+2 Vi
l=m+2 =1

=3

2
< G(S) +22 Vin+1 Vl_l = 0_(8) + Verlﬁ
=1 o

< g(s)<1+ lir> ZG(S)T::

It follows from (9) and (10) that Vz,s € T such that p(z,s) < € we have

k k
X)) =X(s)| < D, X)) =X+ Y, 1X(s) =X (si—0)|+ X (1) = X (1) +
) 1=m 2

+IX(s) = X ()] + X (tm1) = X (1)
k
<2 Y max|X(p)—X(oy—1(p)|+ X (1) = X ()| + X (s) — X (si)] +

1=m12P<Ve
+ max X (v) =X (w)|.
v,wEVEmH:

IX() =X ()], <o(€)1=%

7

Now tending k — oo we obtain that with probability one

X(1)=X(s)[ <2 Y, max|X(p)—X(cu-1(p))|+ max (X (v) =X (w)].
I=ma2PEVe vwEVe,
X (v) =X ()1, <o (e) 3=~

(11)

The claim of the lemma follows from inequalities (8) and (11). [

LEMMA 3. Suppose that € € (0,&)) and choose the same integer m as in Lemma
2. Denote ¢ = 6 (g_1)- (N(&))¥P, k=m+2,m+3,..., and let by, (g) = %0(8) :
(N(&n+1))*/?. Then

3—r

2 i Ck+bm(8)<M r(l—r)

0 B*7g(e), (12)
k=m+2

B¥Pf(e)+
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o(e) 2/p o(e)

where f(€) = of (N(G(_l)(f))> dr, g(e) = bf (N(G(_l)(t))>4/pdt,

Proof of Lemma 3. Let us obtain a bound for the sum

=

Y a= Y ole ) (VE)r.

k=m+2 k=m+2

Split the sum into two parts:

Y = 2 Vet - (N(&))?P = Ay + A,

k=m+2 k=m+2
where
Z Vi1~ )2/p Z Vi1~ )2/p
keDl( ) keDz( )

Dl(m) = {k >m+2:v, = rVk_1}7 Dz(m) = {k >m+2:v, = 5k—l}~
Inequalities (4) and (5) imply that

a=L 3 v (v w)

" keDy (m)

/)
=N
—
—
I
~
~—
>~
—~~
=
|
=
+
-
/é\
—
a
|
=
—~~
=
~—
~
N——
3
~
S|

= T / (Ve D) ar. (13)
0

kGDz(m)
1 - 2/p

< (Vi1 = vi) - (BN(a (v 1))

1_rk=m-'r2 < )

Vi1
B2/I7 2/p
(1)

< / (Mo D@y) " ar. (14)

0
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Since Vi < Vipr1 < () it follows from (13) and (14) that

a(e)

- 214 1) N2
2k:§+2ck<m32/1’ / (Mo D@y) " ar.

Let us estimate by, (€). Since Vy,11 = min{rv,,, 6, } let us consider two cases:
Vi1 = Vi and Vi1 = Oy If Vi1 = rvy, then for g, <€ < &y (Vir1 < 0(€) <
Vim):

VA
o
/N
=
~—~
QA
L
—~
~
=
S~—
~——
N
~
=
QU
<

N
SN

If V.11 = Oy, then it follows from (3)

4/p

o(e)- (Ve vun)) " = o(e):

Therefore
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Thus, we have the following estimation

o(e)
2 Y ctbale) < 214+0) gy / <N(G(_1)(t))> Tdr+
k=m42 r(1=r) 0

o(e)

+%B“/1’ O/ (N(G(_l)(t))>4/pdt,

which is the desired statement. [

Let us continue the proof of Theorem 2. Consider 0 < € < & and choose the same
integer m as in Lemma 2.
Denote
& = magX\X( ) =X (0g—1(2))],
k

Nm(€) = max IX(v) —X(w)|.

v7wengH:
X (v) =X (W), <o () 3%

Lemma 2 implies that the inequality

sup [X(1)=X()|<2 ¥ &+ () (15)

p(ts)<y k=m-+2

t,seT
holds with probability one for any &, <y < &,. Let
a(y) o(y)
2(L+r) 2/ / ) 2/p 3—r _ 4/p

_ 22U pp -1 B/p / (-1) ,
GO)= 0 (Vo) L 0 (V) Car

It follows from (15) and Lemma 3 that

)
L < sup sup  —t—— "
(p L,s ) 0<y<e | 0<p(t,5)<y G(y)

2 ¥ &+my)
p=I+1
< sup  sup > '
milaa<ysa 2 3y cp,+b(y)
p=I+1

Therefore, for any x > 0 the following inequality holds:

o { up X (1) = X(s)] >x}
0<pies<e 7y QL+ B2 f(p(t,5)) + (3= 1)B*/7g(p(1,5)))

= >x 3 m(v) X
<2 rla> }+121P{ e i) } (1o

k m+2 =m+ E41<Vsg by
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o(e o(e) 4/p

where f(g) = })(N(o<—1>(t)))2/”dz,g(s)z i (N(o<—1>(t))) dr.
0 0

Evaluate the probabilities in (16). It follows from Theorem 1 that Vx > 0:

p{% >x} =P {iélé‘j,ﬂxm —X(o-1(1)] > x- 0 (e1) - (N (€))7 ¢ < zﬁ ;

7)

max X (v) — X (w)]
V7W€V51+1'

X(v)—X < 3%:
Pl sp MO U_p) o, U 3(_wr>uL,, o(e)} 4
g 1<vsE bl(V) & 41<v<g EG(S)'(N(SZ+1)) /p

3
=P max |X() =X (w)] > x- T 0(e)- (V(er1)
Ve 0 1—r
X)X (), <€) 3
1
S — 1
N?(g41) - xP (18)

Finally, we obtain

o { X(1) X (s)]

0<pitce 7 2L+ B F(p(t,)) + (3 - r)BYPg(p(t.5)) }

<3 L1 1 1 R(m)
k=m+2N(£k) xP

N2(g1) w2 X

[=m+1
o(e) 2/
whete f(e) = | (N(a'"D@)) " dr, gle) =
0 0
Inequalities (6) imply that
- 1 - 1 1

R(m) = ey T < +
( ) k:§+2 N(sk) N2(£l+1) N(S,n+2) 2 BP N2 (8m+2 —

I=m+1
B B? B B?
~ (B— DN(ews2) - (B = 1)N*(&n+2) s N(e) (B—1+Bz—1>
1 2B>+B
T Ne) B -1

Since Oinil 3813 =6+4y2 and Oinil r(311’;‘) = 5426 then for x >0, € €
r r
(0,€):

Pl sup X (t)—X (s)] - 2B*>+B
0<ples)<e (6+4V2)BHP f(p(t,5))+(5+2V6)BYPg(p(1,s)) T (B2=1)N(g) -xr
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The proof of Theorem 2 is completed. [

Since B*? > B*/? for B> 1 , 1 < p < oo, the following inequality holds for x > 0,
€€ (0,8):

[X () —X(5) o\ o 2B°+B
P{o@s@f 614 (p(1.5) + G2Vt o }<(32_1)N(8>.xp~

(2B*+B)B*

Denote y = B*/Px. Minimizing the function f(B) = T

approximately 18.977, which is = f(By), where

V33 1 8v41 1
By = ——cos (—arctan (—)) ~3 ~ 1.24044.

, B>1, we get

4 3 37
Then the following corollary follows from Theorem 2.

COROLLARY 1. Let the assumptions of Theorem 2 hold true. Then for y >0, € €
(0,&9) the following inequality holds:

ol X()=X(5) o«
eptimze (6+4V2)f(p(1,5))+ (5+2V0)s(p(r5) " f NN

where f(g) = Gf) (N(G“”(t)))z/ ", ge) = Gf) (N(G(’1>(t))>4/ "dr, C~18.977.

4. Lipschitz conditions for random processes belonging to the spaces L,(Q)
We prove

THEOREM 3. Let the assumptions of Theorem 2 hold true. Then with probability
one

lim sup AlXze) <1
elo (6+4V2)BYrf(e)+ (5+2V6)BYrg(e) =~
where
A(X;e)=sup |X(1)—X(s)],
t,se€T
0<p(t,s)<e
o(e) o(e)
fley=| (N(G(*l)(t))>2/pdt<oo, sle)= | (N(G(*l)(t))>4/pdt,e>0.
0 0

Proof. 1t follows from (7) that with probability one

sup |X(1) = X(s)| <2 Y &+ nu(v). (19)
p(t,s)<v I=m+2
t,seT
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It follows from (17) that for a sufficiently large ! and for x > 0: & < x¢; with
probability one. From (18) we have that for a sufficiently large m and for x > 0:
Nm(v) < xb,(v) with probability one. Therefore, for a sufficiently large ! (or small
enough €) and for x > 0 we have

sup |X(t) — <x< 2 1+ b ) (20)
p(ts)<v [=m+2
t,se€T

with probability one.
Now it follows from (12) that for a sufficiently small v

sup |X(1)—X(s)| < (6+4V2)B¥Pf(v) + (5+2V6)B*Pg(v)
p(ts)<v

t,seT

with probability one. [
The following corollary follows from Theorem 3.

COROLLARY 2. For a small enough v the following inequality holds

sup |X(1)—X(s)| < (6+4V2)B¥Pf(v) + (5+2V6)B*Pg(v)

p(ts)<v

with probability one.

EXAMPLE 1. Let o(h) =dh®, h,c,d > 0.

o(e)

&= [ (M) ar=
0

o
e

o(e)

se)= [ (Mot D0) =
0

The inverse function of the function ¢ (k) is 6~V (h) = {/g . Therefore, functions
N
N

f(€) and g(e) take the following form:
; 2/p
(+(5)
, 4/p
(= dt.
d
(

]
[(+()

In accordance with Theorem 2, for € € (0,&), g = o1 (sup p(t,s)) ,B>1
t,s€T

and Vx > 0 the following inequality holds:

o XO-XE_ 2B’ +B
P{0<,f£ Bp(ts) }<<Bz—1>N<s>~xp’
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where
dee \f 2/p dec =\ \ 4/
v8(g) = (6+4v2)B*/P (N ( ¢ —>> di+(5+2V6)BY'? (N ( ¢ —>> dr.
/([ [ (+(i

Moreover, according to Theorem 3, with probability one the following holds:

sup  |X(1) = X(s)]

0<p(t,s)<e

limsup

< 1.
€l0 v5(€)

Now let consider a space T = [0,T]. Since the metric massiveness N(u) denotes
the minimal number of elements in an u—covering of the set T (in this case, the segment
[0, T]), then % <N(u) < % + 1. It implies that for the function G(_l)(u):

Y N (V) —L - T _Td
N<\/;> N(o (M)>\20(*1)(u)+1 AR R

Therefore we evaluate functions f(€) and g(e):

de 2/p de T d 2/p
f(8)=/<N<C 2)) dt</<§\c/;+l> dr;

0 0

de¢ 4/p de¢ 4/p
g(e)=/<N<” %)) dt</<§\°/¥+1) dr.

0 0

The last integral is finite if ¢ > % . In accordance with Theorem 2, for € € (0,¢&),
B>1,c> % and Vx > 0 the following inequality holds

P{ M>x} L 2e(B’+B)

sup gt L
0<p(t,s)<e YI,B(p(t7S)) T(B2 - 1) “xP

where

de

r 2 2/p de¢ r 2 4/p
n73(s)=(6+4\/§)32/1’/ (5\6/;—1—1) dt+(5+zf6)B4/P/ (5 Y 7+1> dr.
0 0

Moreover, according to Theorem 3, the following holds

sup  [X(r) —X(s)|

. 0<p(t,s)<e
lim sup
£l0 7.8(€)

<1

with probability one.
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