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SOME NEW RESULTS RELATED TO A CLASS

OF GENERALIZED HURWITZ ZETA FUNCTION

MIN-JIE LUO AND R. K. RAINA

Abstract. In this paper, we establish some new results associated with a class of functions (re-
lated to Hurwitz-Lerch zeta function) defined and introduced by Raina and Chhajed in [Acta
Math. Univ. Comenianae, 73 (2004), 89-100]. Among the results obtained are the series repre-
sentation, generating function relationship and their corresponding multidimensional extensions.
Some reduced cases of our results are also discussed.

1. Introduction

In this paper, we consider some properties of the function ([7, p. 90, Eq. (1.7)])

Θλ
μ (x,α,a,b) =

1
Γ(α)

∫ ∞

0
tα−1e−at−bt−λ (

1− xe−t)−μ
dt (1.1)

(
λ > 0,μ � 1,ℜ(a) > 0,ℜ(b) > 0; when ℜ(b) = 0,

then either |x| � 1 (x �= 1) , ℜ(α) > 0, or x = 1, ℜ(α) > μ
)

and its multidimensional analogue given by ([7, p. 99, Eq. (5.2)])

Θ(λ ,μi)
(pi)

(x1, · · · ,xn;α;a,b) =
1

Γ(α)

∫ ∞

0
tα−1e−at−bt−λ n

∏
i=1

(
1− xie

−pit
)−μi dt. (1.2)

(
λ > 0, μi � 0, ℜ(pi) > 0 (i = 1, · · · ,n) , ℜ(a) > 0, ℜ(b) > 0;

when b = 0, then either, max
1�i�n

(|xi|) < 1 (xi �= 1) , ℜ(α) > 0,

or xi = 1 (i = 1, · · · ,n) , ℜ(α) > max
1�i�n

(μi)
)

Other results about the function (1.1) can be found in [13]. It should also be pointed
out that the function (1.1) is a special case of a significantly more general class of
Hurwitz-Lerch zeta type function defined by (see [10, p. 1487, Definition 1])

Φ(ρ1,···,ρp,σ1,···,σq)
λ1,···,λp;μ1,···,μq

(x,s,a;b,λ ) :=
1

Γ(s)

∫ ∞

0
ts−1e−at−bt−λ
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· pΨ∗
q

⎡
⎣(λ1,ρ1) , · · · ,(λp,ρp) ;

(μ1,σ1) , · · · ,(μp,σp) ;
xe−t

⎤
⎦dt, (1.3)

(min{ℜ(a) ,ℜ(s)} > 0; ℜ(b) � 0; λ � 0) ,

where pΨ∗
q denotes the Fox-Wright function (see [10, p. 1486, Eq. (1.12)]).

When we set b = 0 in (1.1), it becomes

Θλ
μ (x,α,a,0) = Φ∗

μ (x,α,a) =
1

Γ(α)

∫ ∞

0
tα−1e−at (1− xe−t)−μ

dt (1.4)

(ℜ(a) > 0; ℜ(α) > 0, when |x| � 1(x �= 1) ; ℜ(α) > μ when x = 1) .

The series representation of Φ∗
μ (x,α,a) is given by

Φ∗
μ (x,α,a) =

∞

∑
n=0

(μ)n

(a+n)α
xn

n!
, (1.5)

which was studied by Goyal and Laddha [3, p. 100, Eq. (1.5)]. When we set μ = 1 in
(1.5), it reduces to the classical Hurwitz-Lerch function defined by (see, for example,
[11, p. 194])

Φ(x,α,a) =
∞

∑
n=0

xn

(a+n)α

(
a ∈ C\Z

−
0 ; α ∈ C when |x| < 1; ℜ(α) > 1 when |x| = 1

)
.

It is worth mentioning that by using the Riemann-Liouville fractional derivative opera-
tor Dμ

x defined by (see, for example, [14, p. 286])

Dμ
x { f (x)} =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
Γ(−μ)

∫ x

0
(x− t)−μ−1 f (t)dt (ℜ(μ) < 0)

dm

dxm

{
Dμ−m

x { f (x)}} (m−1 � ℜ(μ) < m (m ∈ N)) ,

we have

Φ∗
μ (x,α,a) =

1
Γ(μ)

Dμ−1
x

{
xμ−1Φ(x,α,a)

}
(ℜ(μ) > 0) ,

which (as already remarked by Lin and Srivastava [5, p. 730, Eq. (25)]) shows that
Φ∗

μ (x,α,a) is essentially a Riemann-Liouville fractional derivative of the classical
Hurwitz-Lerch function Φ(z,α,a) .

It was found in [7, p. 91, Eq. (2.1)] that the function Θλ
μ (x,α,a,b) defined by

(1.1) has the series representation given by

Θλ
μ (x,α,a,b) =

1
Γ(α)

∞

∑
m=0

Γ(α −λm)(−b)m

m!
Φ∗

μ (x,α −λm,a) (1.6)
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(λ > 0,μ � 1,ℜ(a) > 0,ℜ(b) � 0,ℜ(α) �= νλ (ν ∈ N) , |x| � 1) .

The above result (1.6) was derived by using the series expansion of the function e−bt−λ

occurring in the integrand of (1.1), employing a change in the order of integration and
summation, and then applying the known integral representation given in [3] (see also
[7, p. 91]). We observe the following:

The expression α −λm of Φ∗
μ (x,α −λm,a) in series (1.6) must be constrained

by the condition that ℜ(α −λm) > 0, for m ∈ N0, or equivalently, by the condition
that

ℜ(α) > λm, for m ∈ N0. (1.7)

However, (1.7) cannot be satisfied for a bounded complex parameter α and a positive
number λ when m is unbounded.

In our present investigation of the function Θλ
μ (x,α,a,b) and its multidimensional

analogue Θ(λ ,μi)
(pi)

(x1, · · · ,xn;α;a,b) , we focus on some further properties, especially,
the generating function relationship of these functions. The main results obtained in
this paper depend largely on the theory of the H -function.

2. Main Results

In this section, we first present the series representation and the contour integral
representation of Θλ

μ (x,α,a,b) by using the Fox’s H -function. We use then these rep-

resentations to derive a new generating relation involving the function Θλ
μ (x,α,a,b) .

In our present investigations, we need the following results.
The integral

I (α,a,b;ρ) =
∫ ∞

0
tα−1e−at−bt−ρ

dt (α,a,b,ρ > 0) , (2.8)

which is called the reaction rate integral (see [6]) can easily be evaluated by using the
methods of H -function theory, i.e.,

I (α,a,b;ρ) =
1

ρaα H2,0
0,2

⎡
⎢⎣ab

1
ρ

∣∣∣∣∣∣∣(α,1) ,
(
0, 1

ρ

)
⎤
⎥⎦ . (2.9)

(
ℜ(α) > 0,ρ > 0,ℜ(a) > 0,ℜ(b) > 0,

∣∣∣arg(ab
1
ρ
)∣∣∣< 1

2
π (1+1/ρ)

)
According to a standard notation, the Fox’s H -function is defined as a Mellin-

Barnes type contour integral as follows

HM,N
P,Q (z) = HM,N

P,Q

⎡
⎣z

∣∣∣∣∣∣
(aP,AP)

(bQ,BQ)

⎤
⎦= HM,N

P,Q

⎡
⎣z

∣∣∣∣∣∣
(a1,A1) , · · · ,(aP,AP)

(b1,B1) , · · · ,(bQ,BQ)

⎤
⎦

:=
1

2π i

∫
L
H (s)z−sds,
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where

H (s) =

M

∏
j=1

Γ(b j +Bjs)
N

∏
j=1

Γ(1−a j−Ajs)

Q

∏
j=M+1

Γ(1−b j−Bjs)
P

∏
j=N+1

Γ(a j +Ajs)

.

More detailed information about this celebrated function may be found in [4], [6], [14]
and [12].

The following Theorem 2.1 gives a series representation of (1.1). We omit its proof
since a more general result can be found in [10, p. 1488, Theorem 1].

THEOREM 2.1 If λ > 0 , μ � 1 , ℜ(a)> 0 , ℜ(b)> 0 ,
∣∣∣arg(ab

1
λ
)∣∣∣< 1

2 πα∗ (α∗ = 1+ 1
λ
)
,

then the series representation

Θλ
μ (x,α,a,b) =

1
λ Γ(α)

∞

∑
n=0

(μ)n

(a+n)α H2,0
0,2

⎡
⎣(a+n)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦ xn

n!
(2.10)

is absolutely convergent in |x|< 1 for ℜ(α)> 0 , and is absolutely convergent in |x|� 1
for ℜ(α) > μ .

REMARK 2.2. In order to investigate the case when b → 0, we need an explicit
power series expansion for the function H2,0

0,2 . Kilbas and Saigo [4] gave explicit power
series expansion of the H -function under different conditions. Hence, by using [4, p.
6, Theorem 1.3], we get

H2,0
0,2

⎡
⎣z

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦= zα

∞

∑
l=0

(−1)l

l!
zlΓ
(
−α

λ
− l

λ

)
+ λ

∞

∑
l=0

(−1)l

l!
zλ lΓ(α − lλ ) .

By putting λ = 1 and letting b → 0, we infer that

lim
b→0

H2,0
0,2

⎡
⎣(a+n)b

∣∣∣∣∣∣ (α,1) ,(0,1)

⎤
⎦= Γ(α) .

The series (2.10) then reduces to the series (1.5).

COROLLARY 2.3 Under the conditions stated in Theorem 2.1, we have the following
relation:

∞

∑
r=0

(x+ y)r Θλ
r+1 (−xy,α,a+ r,b) =

∞

∑
n=0

(−xy)n Θλ
n+1 (x+ y,α,a+n,b). (2.11)
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Proof. Substituting (2.10) in the left-hand side of Eq. (2.11) and then changing
the order of sums, which are absolutely convergent, we have

∞

∑
r=0

(x+ y)r Θλ
r+1 (−xy,α,a+ r,b)

=
∞

∑
r=0

(x+ y)r
1

λ Γ(α)

∞

∑
n=0

(r+1)n
(a+n+ r)α H2,0

0,2

⎡
⎣(a+n+ r)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦ (−xy)n

n!

=
∞

∑
n=0

(−xy)n 1
λ Γ(α)

∞

∑
r=0

(n+1)r
(a+n+ r)α H2,0

0,2

⎡
⎣(a+n+ r)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦ (x+ y)r

r!

=
∞

∑
n=0

(−xy)n Θλ
n+1 (x+ y,α,a+n,b),

where, we have used the elementary identity that (r+1)n/n! = (n+1)r/r! .

REMARK 2.4. The result (2.11) implies that we can change a sum involving a
generalized Hurwitz-Lerch zeta function (2.10) whose argument is a product to another
generalized Hurwitz-Lerch zeta function whose argument can be written as a sum. This
property is similar to the particular sum rule of a three-parameter Mittag-Leffler func-
tion, namely, (see [9, THEOREM 3.1])

∞

∑
r=0

(x+ y)r Er+1
2α ,αr+β (−xy) =

∞

∑
k=0

(−xy)k Ek+1
α ,2αk+β (x+ y)

(ℜ(α) > 0, ℜ(β ) > 0) ,

where the function Eρ
μ,ν (·) is defined by ([9, Eq. (1)])

Eρ
μ,ν (z) =

∞

∑
k=0

(ρ)k
Γ(μk+ ν)

zk

k!

(ℜ(μ) > 0, ℜ(ν) > 0, ℜ(ρ) > 0, z ∈ C) .

With the help of the Ramanujan’s Master Theorem (see [1]) and (2.10), we can find a
new contour integral representation of Θλ

μ (x,α,a,b) which is given in the following
theorem.

THEOREM 2.5 The contour integral representation of Θλ
μ (x,α,a,b) is given by

Θλ
μ (−x,α,a,b) =

1
2π iλ Γ(α)Γ(μ)

+i∞∫
−i∞

Γ(s)Γ(μ − s)
(a− s)α

·H2,0
0,2

⎡
⎣(a− s)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦x−sds. (2.12)
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(λ > 0,μ � 1,ℜ(α) > 0,ℜ(a) > 0,ℜ(b) > 0)

Proof. The Mellin transform of the function (2.10) can directly be obtained by
using the Ramanujan’s Master Theorem. Then, by taking the inverse Mellin transform,
we at once get the contour integral representation (2.12).

REMARK 2.6. A more general result is given by Srivastava [10, p. 1489, Eq.
(2.2)].

THEOREM 2.7 Under the condition stated in Theorem 2.1, we have the following gen-
erating relation:

∞

∑
m=0

(α)m Θλ
μ (−x,α +m,a,b)

ym

m!
= Dexp

{
Θλ

μ (−x,α,a,b)
}

, (2.13)

where the differential operator Dexp is defined by

Dexp = e−y d
da =

∞

∑
m=0

(−y)m

m!
dm

dam . (2.14)

Proof. By using the contour integral representation of Θλ
μ (−x,α +m,a,b) , and

interchanging the order of integration and summation (which is permissible under the
conditions stated), we have

∞

∑
m=0

(α)m Θλ
μ (−x,α +m,a,b)

ym

m!

=
1

2π iλ Γ(μ)

∞

∑
m=0

(α)m

Γ(α +m)

+i∞∫
−i∞

Γ(s)Γ(μ − s)
(a− s)α+m

·H2,0
0,2

⎡
⎣(a− s)b

1
λ

∣∣∣∣∣∣(α +m,1) ,
(
0, 1

λ
)
⎤
⎦x−s ym

m!
ds. (2.15)

Applying the known derivative formula due to Lawrynowich [6, p. 13, Eq. (1.70)]
given by

dr

dzr

⎧⎨
⎩z

−
(

γ b1
B1

)
HM,N

P,Q

⎡
⎣zγ

∣∣∣∣∣∣
(a1,A1) , · · · ,(aP,AP)

(b1,B1) , · · · ,(bQ,BQ)

⎤
⎦
⎫⎬
⎭

=
(
− γ

B1

)r

z
−
(
r+γ b1

B1

)
HM,N

P,Q

⎡
⎣zγ

∣∣∣∣∣∣
(a1,A1) , · · · ,(aP,AP)

(r+b1,B1) , · · · ,(bQ,BQ)

⎤
⎦ , (2.16)
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which upon putting b1 = α , γ = 1, B1 = 1, readily yields

(−1)m zm+α dm

dzm

⎧⎨
⎩z−αH2,0

0,2

⎡
⎣z

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦
⎫⎬
⎭= H2,0

0,2

⎡
⎣z

∣∣∣∣∣∣(m+ α,1) ,
(
0, 1

λ
)
⎤
⎦

⇒ (−1)m (a− s)m+α b
α
λ

dm

dam

⎧⎨
⎩
[
(a− s)b

1
λ

]−α
H2,0

0,2

⎡
⎣(a− s)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦
⎫⎬
⎭

= H2,0
0,2

⎡
⎣(a− s)b

1
λ

∣∣∣∣∣∣(m+ α,1) ,
(
0, 1

λ
)
⎤
⎦ . (2.17)

From (2.15) and (2.17), we obtain that

∞

∑
m=0

(α)m Θλ
μ (−x,α +m,a,b)

ym

m!

=
1

2π iλ Γ(μ)

∞

∑
m=0

(α)m

Γ(α +m)

+i∞∫
−i∞

Γ(s)Γ(μ − s)
(a− s)α+m (−1)m

· (a− s)m+α b
α
λ

ym

m!
dm

dam

⎧⎨
⎩
[
(a− s)b

1
λ
]−α

H2,0
0,2

⎡
⎣(a− s)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦
⎫⎬
⎭x−sds

=
1

2π iλ Γ(μ)Γ(α)

+i∞∫
−i∞

Γ(s)Γ(μ − s)
∞

∑
m=0

(−1)m

(
y d

da

)m
m!

·
⎧⎨
⎩(a− s)−α H2,0

0,2

⎡
⎣(a− s)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦
⎫⎬
⎭x−sds

=
1

2π iλ Γ(μ)Γ(α)

+i∞∫
−i∞

Γ(s)Γ(μ − s)e−y d
da

·
⎧⎨
⎩(a− s)−α H2,0

0,2

⎡
⎣(a− s)b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦
⎫⎬
⎭x−sds,

and denoting the differential operator ey d
da by Dexp , and making use of the contour

integral representation (2.12), we finally get

∞

∑
m=0

(α)m Θλ
μ (−x,α +m,a,b)

ym

m!
= Dexp

{
Θλ

μ (−x,α,a,b)
}

.

This completes the proof of (2.13).
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3. Multidimensional Analogues

In this section, we give the multidimensional analogues of the results obtained in
Section 2.

THEOREM 3.1 If λ > 0 , μi � 1 , ℜ(pi) > 0 (i = 1, · · · ,n) , ℜ(a) > 0 , ℜ(b) > 0 ,

Ω(p;k) = ∑n
i=1 piki and

∣∣∣arg(a+ Ω(p;1)b
1
λ
)∣∣∣< 1

2πα∗ (α∗ = 1+ 1
λ
)
, then the series

representation given by

Θ(λ ,μi)
(pi)

(x1, · · · ,xn;α;a,b)

=
1

λ Γ(α)

∞

∑
k1,···,kn=0

H2,0
0,2

⎡
⎣(a+ Ω(p;k))b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦

(a+ Ω(p;k))α

n

∏
i=1

{ (μi)ki

ki!
xki
i

}
(3.18)

is absolutely convergent in max
0�i�n

{|xi|} < 1 for ℜ(α) > 0 , and (3.18) is absolutely

convergent in max
0�i�n

{|xi|} � 1 for ℜ(α) > max
i�i�n

{μi} .

REMARK 3.2. When we set λ = 1 and let b → 0, then the series (3.18) reduces
to [8, p. 50, Eq. (1.5)], namely,

Θ(μn)
(pn)

(s,a;x1, · · · ,xn) = Θ(μ1,···,μn)
(p1,···,pn)

(s,a;x1, · · · ,xn)

=
∞

∑
k1,···,kn=0

(a+ Ω(p;k))−s
n

∏
i=1

{ (μi)ki

ki!
xki
i

}
,

where Ω(p;k) = ∑n
i=1 piki , ℜ(a) > 0, μi � 1 (either |xi| < 1, xi �= 1; or |xi| = 1,

ℜ(s) > n , i = 1, · · · ,n ).

The multidimensional analogue of the integral representation (2.12) can be ob-
tained by applying Method of Bracket to evaluate the multidimensional Mellin trans-
form. For details about this method, one may refer to [1] and [2].

Because the method is easily applicable, we merely give the result here and the
proof is omitted.

THEOREM 3.3

Θ(λ ,μi)
(pi)

(−x1, · · · ,−xn;α;a,b) =
1

(2π i)n λ Γ(α)

+i∞∫
−i∞

· · ·
+i∞∫

−i∞

∏n
j=1 B(u j,μ j −u j)

(a−Ω(p;u))α

·H2,0
0,2

⎡
⎣(a−Ω(p;u))b

1
λ

∣∣∣∣∣∣ (α,1) ,
(
0, 1

λ
)
⎤
⎦x−u1

1 · · ·x−un
n du1 · · ·dun.
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(λ > 0, μi � 1, ℜ(pi) > 0 (i = 1, · · · ,n) , ℜ(α) > 0, Ω(p;u) = ∑n
i=1 piui)

The following theorem is a multidimensional analogue of Theorem 2.5.

THEOREM 3.4 Under the conditions stated in Theorem 3.1, we have the multidimen-
sional generating relation:

∞

∑
k1,···,kn=0

(α)∑n
i=1 ki

Θ(λ ,μi)
(pi)

(
−x1, · · · ,−xn;α +

n

∑
i=1

ki,a,b

)
n

∏
i=1

yki
i

ki!

= Dexp;n

{
Θ(λ ,μi)

(pi)
(−x1, · · · ,−xn;α,a,b)

}
, (3.19)

where

Dexp;n = exp

(
−

n

∑
i=1

yi
d
da

)
.

REMARK 3.5. For n = 1 and p1 = 1, (3.19) reduces to (2.13).

Indeed, in terms of the Lauricella’s hypergeometric function F (r)
D defined by

F(n)
D [a,b1, · · · ,bn;c;x1, · · · ,xn] =

∞

∑
k1,···,kn=0

(a)k1+···+kn
(b1)k1

· · ·(bn)kn

(c)k1+···+kn

xk1
1 · · ·xkn

n

k1! · · ·kn!
,

(max{|x1|, · · · , |xn|} < 1)

we can find a further extension of (3.19). This result is contained in the following
theorem.

THEOREM 3.6 Under the conditions stated in Theorem 3.1, we have the multidimen-
sional generating relation:

∞

∑
k1,···,kn=0

(β )∑n
i=1 ki

Θ(λ ,μi)
(pi)

(
−x1, · · · ,−xn;α +

n

∑
i=1

ki,a,b

)
n

∏
i=1

(bi)ki

yki
i

ki!

= D
F

(n)
D

{
Θ(λ ,μi)

(pi)
(−x1, · · · ,−xn;α,a,b)

}
,

where

D
F(n)
D

= F (n)
D

[
β ,b1, · · · ,bn;α;−y1

d
da

, · · · ,−yn
d
da

]

and max{|y1|, · · · , |yn|} < 1 .
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