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ON APPROXIMATION BY PHILLIPS TYPE MODIFIED
BERNSTEIN OPERATOR IN A MOBILE INTERVAL

MINAKSHI DHAMIJA, RYOZ1 SAKAT AND NAOKANT DEO

Abstract. In the present paper we study a Phillips type modified Bernstein operator M, , where

the function is defined in the mobile interval [O, 1-— ﬁ} and obtain its m —th order moment.

We establish some direct results in simultaneous approximation for this modified Bernstein op-
erator.

1. Introduction

Bernstein [1] introduced the operator B, : C[0,1] — C|0, 1] given by

Bu(fx) = éobn,k(wf (" ) , 0

n
where

bp(x) = (Z)xk(l —x)"*  xel0,1], neN.
Deo et al. [5] proposed a generalized form of the Bernstein operator (B, f) in the inter-
val [0, 1— n%l] given by

Valfx) = éopn,k(x)f (" ) , @)

n

where

(x) = 1—|—l "(n P I—L—x " xe Ol—;
Pril®) = n k n+1 ’ a1

If n is sufficiently large then this operator (2) closely resemble to original form of Bern-
stein operator (1). In the year 2008, Deo et al. [5] defined a Durrmeyer form of opera-
tor (2) and studied simultaneous approximation by the linear combination of modified
Bernstein-Durrmeyer operator and very recently, Jung et al. [16] studied pointwise ap-

. . . . . 1
proximation by Durrmeyer type operator of (2) in the mobile interval x € [0, 1— m} .
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In [5], a Philips type modification for the same operator (2) has also been proposed and

givenby M, : C[0,1— 5] —>C[O 1 — =] such that
+1)* ¢ o)
(f7 n Z / IPn,k—l (t)f(t)dt
1 s 1 ! ' 0 3
+<+E> (‘m—x) f(0). 3)

The generalized Bernstein operators (2) and its Phillips type modification (3) also
approximate the functions having singularities at point 1. Several mathematicians
studied Phillips type modifications for various operators (see [5], [6], [12], [13], [14]).
Deo [3, 4] obtained some direct results and Voronovskaya type asymptotic formula
for the Beta operator and exponential-type operators in simultaneous approximation.
Asymptotic behaviour of differentiated Bernstein operator and its variant have been
discussed by Gonska et al. [8], [9] and [10] and Floater [7].

In the present paper, we establish some direct results which includes the asymp-
totic behaviour of differentiated modified Bernstein operator (3).

2. Basic results

In this section, we consider some basic results which are necessary to prove our
main theorems.

LEMMA 1. For m € N°(the set of nonnegative integers); if we define:

n+1 n+1
My ((t—2)" %) = Ty () = 2 P (x / T it (0 —x)"dr
+ 1—1—l ' 1 L "( )" 4)
n ntl X
then
—2x
Tho(x) =1, T (x) = s
2n? 2(n—3)
T = - , 5
n2 (%) D e ) )
and for m > 1, there holds the recurrence relation
n
(n+m=+2) T i1 (x) = (n—l—l ) [T;nn( )+2m7;1.,m—1(x)]
n
—— —2x | = 2x| Ty ().
Pl o

Consequently,

19) (n*m/z) , m (even)
Ton (x) = { 0 (n*(m+1)/2> , m(odd).
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Proof. The values of T, 0(x) and 7, (x) can easily follow from definition. We
prove the recurrence relation as follows:

) (—x)" ©)

Using the identity

=

then we obtain

(

)C) Tn m

i 2:‘, ( X) pn,k(X)/O"Lpn,kl(t)(t —x)"dt

n n+1\" n " mt1
- ) Ty “x) (—x)"t
mx<n+l x) o 1(x)—|—n< " ) (n—l—l x) (—x)

x) (x) + mTy 1 (x)]

S () o) [ 06—
+< For ()
xm1<r><z—x>'"dz+n(”j1)"<—x>'““(n"ﬁ—x)"

S g [ (2 ) s 00

+nn,m+l<x>+@L)rn,mo»—(":1>"‘<nf;1—x)"<—x>m

Therefore,

(
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_ ("tll)zépmk(@/o"i' [(nil —2x> (t—x)—(t—x)2+x<n_’:_1 —xﬂ
X1 0=+ T () + () Do)

ey
:—(m+1)< - —2x> {Tn’m(x)—<n+1)n

n

(m+z>{nm+1(> (n:1> <nj-1
_mx<#—x) |:Tn7ml( (Hl) (
+nTn,m+1(X>+< il)T <n+l> (

() < )|

+(n+m+2) nm+l < ) n,m— 1

(n+m+2) Ty 1 (x ( ) X) +2mT, 1 ()]

(e )_24 -

This completes the proof of the recurrence relation. If putting m = 1 in this recurrence
relation then we may easily obtain the value of 7,,>(x). O

(e
Yo

e
1)

Hence

LEMMA 2. [5] For m € N°; if the mth order moment is defined by

k m
M (X ank (m—X) , m=0,1,2...... ,

then we have, W, o(x) =1, U, 1(x) =0 and

n
Nl v 1(X) = x <n+ 1 _x) [.u:q.,m(x) +m.un.,m—1(x)] .
Consequently, for every x € [0,1 — n+1] we have

(i) Unm(x) is a polynomial in x of degree < m,

(ii) tan(x) =0 (n1"F]),
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where ] denotes integral part of a., i.e.,

O(n™?),  m(even)
Ham () =4 (n—<m+1>/2) . m (odd).

LEMMA 3. [5] There exists the polynomials q; j -(x) independent of n and k such
that

. n+l dxrpnk - n nt1 X | qijr\X)Pni(X).

21+j<r
i,j=0

LEMMA 4. For v € N°, if we define:

(n4+1)* & i) n+1\"( n "
M,(t¥,x) = N / k1 (OtVdt + v [ —— - ,
@0 = 2 B paal) [ e v (S5 )

where V¥ =1ifv=0, vi=0ifv=>1, then

n!(n+1)! 2 2(n!)?3

M,(1,x)=1, M,(t;x) = X, Mn(t2;x) =

) ED IR CENDE (DI

and for v > 0, there holds the recurrence relation

(n+v+2)Mn(tv+l7x)=x< n —x)M’n(tV,x)+{nx+vL}M(zv,x).

n+1 +1
Thus
v oo Y+, (n!)?® v
LG R ey T LV ey ey ey
+0x(n"),

where Oy(n~') is a polynomial in x with degree (v —2) and order n™'.

Proof. The values of M,(1,x), M,(t,x) and M,(¢>,x) can be obtained from defi-
nition. Now we prove the recurrence relation.

n_ Dy
x<n+1 x) M, (tV,x)
n 2 n n

n+ n+l
2 Z ( x) Pk (x)/o " pus ()
S el
2 ( )pn,k(x)/o ' Puk—1(0)t"dt
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n nnﬁ k_l
- ! +nt+ nk— OeVdt
{kle,k(x)/o {n(n_H ) n +l}p ()

n+1
—nx Z Puk(x / Pnk—1 (t)tvdt}
_ I’l—|—1 i /L n iy , (t)tvdt
oo 0 n+1 Pri=1

k_
+1)° & .
) D P / v Pri—1 ()t dr
—1
_(e)thde
tor n+ 1 n Z /0 DPnk 1( )
n+l z ot
2. P / Prg—1(2)t"dt
k=1
n n+1 z n+l
Tt g / P:uk—l(f)fwldt
n+1 2 n m
_ ! El’mk(x)/ P;gk_l(t)t"“dz
nooa 0

n+1 n+l
Epnk / Pt (t)t"at

n (n+ 1 2
- n+1 ank / Prs—1(0)t"dt
el
: x)/ Prs—1(0)t"dt
=1
n (n+ l n+l v
=-(v+1) ank / Pai—1(t)t"dt
n+1

S m v+1

+( El’nk(x)/o Prg—1 ()t dt

/ Pas—1(t)t" " dt

—1

n n

+n—’|l—1 1 2 /0 Ps—1(0)t"dt

n-l- l 1 2
2 / Ps—1(0)t"dt

%Mn(l‘ ,)C) + (V +2)Mn(l‘v+l’x> +nMn(tV+l7x)
M, (tY,x) — nxM,(¢" ,x)

n+1
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= (n4+Vv+2)M, (1" x) - {nx—f— v } M, (¥, x).

n+1
Hence,
2)M, v+1 — n _ M/n v L M, v )
(n+v+2)M, (1" x) x<n+1 X (t¥,x)+ nx+vn+1 (t¥,x)
Now we suppose,
(n)(n+1)! (n!)3 o
My (t¥,x) = V4v(v—1 v
e P T vy § A Ll g T oIy TR DT
+Ox(n’1).

Then from recurrence relation, we get

(n+Vv+2)M,(" ", x)
B n__. (n)(n+1)! -
_x<n+l ){v(n—v)!(n+v+l)! l

(n!)3 v— -
+vv- 1)2(n— DV v o 1)}

n (n)(n+1)! v
+{nx+vn+l}{(n—v)!(n—f—v—i—l)!x
(n!)’ v -
V=D T v E v O 1 Oxln 1)}
[ (n)(n+1)! n(n!)(n+1)! o
_{ v(n—v)!(n+v+l)!+(n—v)!(n+v+1)!} 1

n (n)(n+1)!
ey A ey L
n (n)(n+1)!

(n!)?

v(v— 1)2(n_ Dn—v+ Dt vil)!

Y =y 1)
n!)? ¥ _
+V(V_l)”(n—1)!(n—v(+)1)!(n+v+1)!}x 0}
nl(n+1)! 1 n

= _ v+1
(n—v—l)!(n—i-v—i-l)!{ vn—v+n—v}x

+v (nt)* (- (-1 —
(n—=D!n=v)I(n+v+1)! n—v+1
+1+(v— l)nn_lﬁ}xv +0.(n" ")}
ni(nt1)! X v (vl) (n!)’ ,xv+0x(n*1)}.

T n—v—D)!(n+v+1)! (n— 1)1 (n—v)1(n+v+1)

Thus by induction, we have required result.
If putting v =2 in M, (tV*! x) then we may obtain the value of M, (r*,x). [
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3. Main results
In this section, we shall prove the following main results:

THEOREM 1. Let f€C[0,1—
then

ﬁ] andlet f)(x) exist at a point x € (0,1— ﬁ)

(f,) %) +o(l) as n— oo

Further if f7)(x)eC (0, 1 ), then above limit holds uniformly on (0,1 — L)

- n+1 n+1

Proof. First applying Taylor’s expansion of f, we get

rooe() (y .
f(t):zf _( )(t—x)‘+£(t7x)(t—x)’7

where € (t,x) — 0 as 1 — x. Now

_n_
n+1

M"(f’x): 0 Wn(x’t>f(t)dt7

where
B (n+1)2 n l n n - n
Wn(x7t)_ n kglp ( )pnk l(t)+ 1 n I’l+1 6(t)a
and J (¢) being a dirac delta function. Then
M (fx) = [ W () f (e
roop(i) ot
-v/ .(’“)/+ Wi (1) (¢ — x)'dt
= i Jo

+

/mWn(r)(x,t) (t,%) (t —x)"di = Ry +Ro.
0

From Lemma 4, it follows that [; ”“ W, (x,¢)tVdt is a polynomial in x of degree exactly
v and the coefficient of x" is

(n!) (n+1)!
(n—=v)!(n+v+1)!"

Thus using binomial expansion of (r —x)™ and Lemma 1, we have

i . 8r n"ﬁ
Ry _;f 2( ) - IVW/O W, (x,¢)t"dt

D) 9 ,
=0 v o W, (x,)t"dr
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@[ e
ool o [(n—r) lntr+) + Ol 1)}
= I (x)40(1), asn — o,

From Lemma 3, we get

Ro| = ‘ [T w0 e ) -y

< (n+1)
n

S0 a0 [ prica 00 6~

+<1+%)"ﬁ(nj_l o) el

(n+ 1) nitJ |6]ij.r (x) | "ok J
= 7 —X
2i%§r n A{x(FH -2} kgl ntl
L] 2!

"nil r
X/o ’ Prj—1(1) € (2,x)|(r —x)"dt

ey ) e =R+ R
n) (n—r)'\n+1 - XH =R Re

Since, € (7,x) — 0 as t — x for a given &€ > 0 there exist a § > 0 such that

pn,k(x)

le (t,x)| < & whenever 0 < |r —x| < 9.

Further, if y is any integer > r then we can find a constant C; > 0 such that
le (¢,x) (t —x)"| < G|t — x| for |t — x| > &. Thus for some C; > 0, we may write

J

(n+1)* A
Ry < —(C 2 n’ﬂz — x| pni(x)
n 2itj<r Sint1
ij>0
/ Pri—1(t)[t —x["dt + / Pnj—1(1)Calt — x|7d1
[r—x|<d [t—x|>0
= R5 + R,
where

Cr— sup |4i..r(0)|

21+j<r {x(ﬁ _x)}r.

i.j=0
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Applying Schwarz inequality for integration and summation respectively, we get

k s 12
— ni—1(t)dt
+l x’ (/o Pnk 1() )

+1
Rs<e (nn)C D nl+jzpnk

2i4j<r k=1
i,j=0

% 1/2
>< ( / Pt (1)1 —x)z’dz>

., . 25\ 112
<eC Z n't Z Pk (%) (—1 —x)
2itj<r k=1 n+

i,j>0

. 12
<n+1 ank / Pn,kl(t)(t—x)2rdt> .

Using Lemma 1 and Lemma 2, we have

Rs<eCi Y, nHom *)omn™"?) =eo0(1) = o(1).
2i4j<r
i.j=0

Once again applying the Schwarz inequality and Lemma | and Lemma 2, we have

J 172
X (/ pmk—l(t)dt)
[t—x|>6

R6\(n—;1) G Z nH_jzpnk

2i+j<r k=1
1,j=0

12
. ( [ puto —x>27dt)
[t—x|>6

. ' 2\ 12
<G niti 2 Pni(x) ( - x)
21‘%@ <k=1 n+1

i,j=20

. 12
<n+1 ank / Pn7k1(t)(t—x)2ydt> .

n+1

Therefore

Y atomI)on )
2itj<r
/>0

=n'0 <nj/2> 0] (n_W2>
=0(nT") =o(1).

Thus, due to arbitrariness of € > 0, it follows that R3 = o(1). Also Ry — 0 as n —
oo. Hence, R, = o(1). Collecting the estimates of Ry and R,, we get the required
result. [
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THEOREM 2. Let f€C[0,1—
then

m
tim n (117 (f,) = £ ()|
=—x [@ —|—x] FU2 () +[r=2x (14 0] (x) = r(r+ 1) £ (x)

(r+2) ; _
and above convergence is uniform if f' is continuous on (0 11— +1 )

Proof. By Taylor’s expansion of f, we have

W)
r0=3 5 et

where € (z,x) — 0 as t — x.
Now

r4-2 f

i=0

n (M, (£, = £ ()] =n

/ W, (1) (1 —x)di — £ (x)

+[n/0 W, (x )(t,x)(t—x)’+2dt]:E1+E2.

Let us estimate E|

J

r!
(r+1) (
+ f(r-|- 1()')71 [(I’-i— 1) ( X)Mn(r) (t"x) + M (r) (Zr+1,x)]
U (x) [(r+2)(r+1) o
) [ 5 M, (¢ x)

2
)
af0 (n)(n+1)!
=nf (){(n—r) Hn+r+1)! 1}

(1)
f(; l()!)n [(r—|— 1) (=) () {

(n!) (n+1)!
(n—r—1)!(n+r+2)!

(n)(n+1)! }
(n—r)!(n+r+1)!
(n))®

n=D!'n—r)!(n+r+2)! ’]

(r+0Dx+r(r+1)

] andlet f\"+2)(x) exist at a point x € (0,1—

35

1

n+1

)
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(1) (n+ 1)
(n—r)!(n+r+1)!

f(r+2
(r+

[ (r+2)( r+l) )
{ (n) g ) (r+0Dx+r(r+1)
{ (n+

)

x“(r!)

+ + (r+2)(—x)

(n!)*
n=D!n—r)!(n+r+2)!

(n—r—1!(n+r+2)! (r!)
(n!)

1)! (r42)\x*
(n—r—=2)!(n+r+3)! } 2

(n)’
(n=1)!'(n—r—=1)'(n+r+3)!

_|_

+ (r+2)(r+1) (r+1)xp+0,(n Y

In order to complete the proof of theorem, it is sufficient to show that E; — 0 as

n — oo, which can be proved along the lines of the proof of Theorem 1 and by using
Lemma 1,2 and 3. [
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