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ON THE CONVOLUTION THEOREM FOR THE
FOURIER TRANSFORM OF BV, FUNCTIONS

FRANCISCO J. MENDOZA TORRES AND M. GUADALUPE MORALES MACIAS

Abstract. In this paper we prove the Convolution Theorem for the Fourier Integral transform
over a subset of bounded variation functions which vanish at infinity. This subset is dense in
L*(R). Moreover, it does not have inclusion relations with the space of Lebesgue integrable
functions. We employ the Henstock-Kurzweil integral.

1. Introduction

Let f,g: R — R be functions. The convolution of f* with g is denoted as f xg,
and the Fourier Integral transform of f is denoted by f. They are defined in s,z € R,
whenever the integrals exist, as

(r+9)0 = [ f-vgldr M)

and

o~

F& = [ e r. &

Let us distinguish between “Fourier Integral transform” and “Fourier transform”. The
first will be that which has an expression as (2), and the second will be when it exists
in another sense. For example that defined for the elements of L? spaces, 1 < p < 2.
In L(R) the Fourier Integral transform fulfills the Convolution Theorem, that is: if
f,g € L(R), then for every real number s we have

~

Fg(s) = f(5)8(s). 3)

The convolution is defined in other spaces with respect to the Lebesgue inte-
gral. For example if f € LP(R) and g € L4(R), where p and ¢ are conjugates.
The case p = g = 2 is important to argue the goal of our work because we know
that the Fourier transform is extended unitarily onto all of L?(R) and the equality
F(fxg)=F(f)F(g) is true. Here .# denotes the Fourier transform in this case,
see [4]. Since the Fourier transforms in L?(R) do not have necessarily a pointwise in-
tegral expression as (2), then it seems interesting to find classes of functions belonging
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to L?(R)\ L(R) for which their Fourier Integral transforms are defined, their convolu-
tion is expressed as (1), at the same time satisfying the relation (3).

Let us consider I a closed interval in R. We will denote by HK(I) the space of
Henstock-Kurzweil integrable functions on I; as HKj,.(I) the class of all Henstock-
Kurzweil integrable functions on every compact interval contained in 7; BV(I) will
be the space of bounded variation functions over I; and BVy(I) the space of bounded
variation functions which vanish at infinity, this last case when [ is not bounded. Over
intervals, any Lebesgue integrable function and any Lebesgue integrable function in
the improper sense are Henstock-Kurzweil integrable and their values coincide with
the values from this last integral, see [2] and [9]. Further, HK(I) is a semi-normed

space with the Alexiewicz semi-norm definied as |[f[[a = supy 4/ 14 (t)dt’ .

An interesting sub-class of HK(R) is HK(R)NBV(R). This intersection is a
dense subspace in L?>(R). It is contained in BVy(R) but does not have inclusion re-
lations with L(R), see [7]. For example, the function f: R — R defined by f(z) =
sin(¢!/2) /1 if 1 € [w?,00) and 0 otherwise, belongs to (HK(R) "BV (R)) \ L(R).

Taking into account the above facts and using the Henstock-Kurzweil integral, our
main result consists of showing that: if f,¢ € HK(R)NBV(R) then their convolution
has an expression as (1), the Fourier Integral transform of this convolution is defined
for s £ 0, and satisfies the equality (3).

2. Some fundamental theorems of the H-K integral

We state some of the fundamental theorems about the Henstock-Kurzweil integral
that we will use frequently, see [2] and [9].

MULTIPLIER THEOREM. Let [a,b] be a bounded interval. If f € HK([a,b)),
¢ € BV([a,b]) and F(x) = [} f(t)dt, for x € [a,b], then f¢ € HK([a,b]) and

b b
| ro=rwipw)~ [ Fao. @

Ifa€R and b =-oo, then fo € HK([a,]) and
b
[ 70 jim |Foyo)- [ Fao|. ®)

The integrals on the right are Riemann-Stieltjes integrals. In (5), limp_ .. f: Fdo,
which is denoted as [;” Fdg, will be the improper Riemann-Stieltjes integral. If the
integration is on the intervals [—oo,b] or [—oo,o0|, we take the respective limits in (5).

HAKE’S THEOREM. For [ =[a,b]. f € (1) iff f € HK(J) for every compact
interval J = [c,d] C (a,b) and

i [ = [0

This result is valid for infinite intervals.
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According to Hake’s Theorem, if a function f: R — R is locally Lebesgue (or
Riemann) integrable and
hm / f(t)

exists, then this limit and the Cauchy principal value is its integral in the Henstock-
Kurzweil sense.

CHARTIER-DIRICHLET TEST. Let f, @ : [a,>o] — R and suppose that:

(a) f € HK ([a,c]) for each ¢ > a, and F( )= [ f(t)dt is bounded on |a,);
and

(b) @ is monotonous with limy_... @ (x) =0. Then fo € HK ([a,]).

As consequence from the Multiplier theorem, Hake’s theorem and the Chartier-
Dirichlet test we have that if: ¢ € BVy([a,]), f € HK([a,b]) for every b > a, and
F(t) = [} fdx is bounded on [a,c). Then f¢ € HK([a,]),

| foar== [ Fwaou
/ fodt| <

Here ||F||., = sup,, |F(t)|. Similar results are valid for the cases [—eo, | and [—e,a.

and
sup |[F (1)| Vo([a, o).

a<t

The following lemma is a slightly modified version of [3, Dirichlet’s test]
LEMMA 1. Let I be an interval, bounded or unbounded. Let f,@ :[0,00) x [ —

R be functions such that for every t € I, @(x) = @(x,t) is monotone, and f(-,t) €
HKjo.(R). Suppose that: (a) there exists A > 0 such that for every t € I and for every

interval [a, 3] C [0,0): ;
/ flx,t)dx| <A

(b) @ converges uniformly to 0, when |x| — oo, with respectto t € I. Then the integral

fé} fx,1)@(x,1)dx uniformly converges to [y f(x,t)@(x,t)dx, with respect to t € I, as

—> 00,

Proof. Given [o, ] C [0,0), by Second Mean Value Theorem, there exists 1(¢) €
[cr, B] such that

b n()
[ renotwna=a@ [ renac o) [ o ©

n()

According the uniform convergence of ¢, to zero, we have that given € > 0 there exists
N > 0 such thatif x > N :
o1 (x)] < &/24, 7
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for every ¢ € I. Then, assuming that > o > N, and by the expressions (6) and (7),
we get

<E&.

B
/a Foe0)@(x,1)dx

By Cauchy Criterion [2, Theorem 16.6] the convergence is uniform respectto . [J
From the above lemma, we get the following corollary.
COROLLARY 1. Let I be an interval, bounded or unbounded. Let f:R xI — R

and @ : R — R be functions such that f(-,t) € HKj,c (R) and ¢ € BVy(R). Suppose
that there exists A > 0 such that for every t € I and for every interval [ot, ] C R:

< A.

/aﬁ S(x,t)dx

Then f£ Fx,0)@(x)dx uniformly convergesto [~ f(x,t)@(x)dx, with respectto t €I,
as o — —eo y fB— oo,

Proof. We provide the proof for the interval [0,e). By the Charter-Dirichlet test,
for every ¢ € I, the integral [;” f(x,7)@(x)dx exists. On the other hand, through the
Jordan’s decomposition, there exist ¢; and ¢, increasing and bounded functions such
that @ = @ — ¢».

Because of both functions converge when x — oo, and since ¢ € BV;(]0,)) then we
can consider that

lim 1 (x) = lim ga(x) =0.
Thereby, by Lemma 1, féj f(x,1)@(x)dx uniformly converges to [;° f(x,7)@(x)dx. The
proof in the case (—oo,0] is analogous. Therefore, we get the result. [

The nexts results are obtained in [6].

LEMMA 2. (Riemann-Lebesgue lemma) If f € BVy(R), then the Fourier Integral
transform f (s) exists on R\{0} and f € Co(R\{0}).

COROLLARY 2. If f € HK(R)NBV(R), then the Fourier Integral transform f is
defined for all s € R and f € Co(R\{0}).

3. The convolution on HK(R) "BV (R)

It is possible that the convolution of two functions in BVy(R) does not exist in
a set whose Lebesgue measure is positive, in contrast to what happens for functions
in L(R). For example, given y € (0,1/2) fixed, let us define the following functions
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g(x) =1/x7 if x € [1,0), 0 otherwise, and f(x) = g(—x). Let b > 1 and suppose that

t > 0. Due to
—t+b 1
r—x dx—/ ———dx
/ / i+1 (tx+x2)Y

—t+b 1
> / T aydx
41 (t+x)%

-5 (=],

we get that f x g is not defined in (0,e). Considering this observation, it makes sense
to focus on HK(R) N BV (R).

LEMMA 3. Let f,g in HK(R) N BV (R). Then the convolution of f with g is
defined forall t in R and fxg € Co(R).

Proof. For every t € R, fi(-) = f(t —-) is in HK(R). Since g € BV(R), then
fi-g € HK(R), therefore f g is defined for all # € R. The family {f; :# € R} is of
uniform bounded variation, it means that for every r € R: Var(f;,R) < Var(f,R). Due
to f € HK(R)NBV(R), by [8, Lemma 4.1], we have, for each x € R,

‘tl‘lm filx) = @)
and, for each t € R,

Jim_fi(x) = )

X|—00

By Multiplier Theorem and expression (9):
(Fe0))= [ _fiwedr=— [ GWas), (10

where G(x) = [*_ g(u)du, is continuous in R. Considering the expressions (8) and
(10) let us apply the Helly’s convergence Theorem, see in [5], thus we get:

lim (f+g)(z) = 0. (1)

‘t‘—nx)

Because of HK(R) N BV (R) C L*(R), by Hélder’s inequality,

o 1/2
Frstrtn) = prs@l < ([ 04r—0) - e-xPax) il
= 170+ 1) £0) sl

Thus, the continuity of f * g follows from the previous inequality and [1, Theorem
2.89]. O
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COROLLARY 3. Ler f,g € HK(R)NBV(R). Then for each [o,] C R; f
8X(ap] IS continuous at every real number and belongs to BVy(R).

Proof. Let {t; <t < --- <t,} be a finite partition in R. Then
D1+ exap) (1) = f * 8o py(ti-1) Z/ |f(t: = x) = ftio1 —x)[ |g(x) | dx
i=1

:/a ;|f(ti—x)—f(li—l_x)"g(x)‘dx
SVr(R) I8l o p)-

Therefore, f*gxjo,5) € BV(R). Moreover, by Lemma 3, we conclude that f x
8X[o,B) eC(R)N BWB(R). O

Given f and g, a > 0, and s € R, the following notation will be used in the
remainder of the article.

h(ost) = f*g(t) X0y h(—0st)=f*gt)X—aos  A(—0,05t) = f*g(t)X—0.0)

LEMMA 4. Assumethat f,g € HK(R)NBV (R). Then the convergence of h(+o.;t)
to fxg(t) X0y and to fg(t)X(—w0], respectively, and of h(—o,a;t) to fxg(t),
when o — oo, is uniform with respect to t € R.

Proof. Since f € HK(R), its Alexiewicz norm is an uniform upper bound, with
respect to 7, of all integrals of f(r —x) with respect to x on bounded intervals. By
Corollary 1 we get the result. [J

THEOREM 1. If f,g € HK(R)NBV(R) and s # 0 is a fixed number. Then the
double limit .
lim | e ™ h(ost)de

b,o—e= J()

exists.

Proof. By Cauchy Criterion, [3, Lemma 33.2], given € > O there exists N > 0
such that if oy > o > N then, for all € R;

* f(t - x)g(x)dx ’< elsl, (12)

h(oast) = hlown)| = | T

By Corollary 3: h(aa;t) —h(oysr) € BVy(R). Therefore, there exist increasing
and bounded functions %7 (r) and #5(¢) such that

h(og;1) —h(ousr) = hi(1) = (1),

and if # > N, then

i, o)< 52 13)
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Furthermore, for every by,b, € R :

by .
/ e*l.stdt
by

By Second Mean Value Theorem, (see [2] and [3]) there exist &, &, € [a,b] such that

4
g_

: (14)
5|

b & b
/ e [h(0n31) — h(ous1)] di = (a) / "o dr 4 hi(b) / e

g1
& b
~hi(@) [ e~ (o) /é e dr,
a 2

Assuming that &; < &;

b & . & .
e henin) = mownldr = i) ~ k@) [~ e = hx(@) [~ e ar

a a &1

b &
() — B5(D)] / e~ dr 4 1 (b) / e s,
& &
Therefore, from expressions (12), (13) and (14), we have that if: b >a > N and oy >
oy > N, then

< E.

/b e S [h(on;t) —h(oy;t)]dt

a

By Cauchy criterion, [3, Theorem 19.5], we get the result. [

COROLLARY 4. Let f,g € HK(R)NBV(R) and s # 0 be a fixed number. Then

. .
fim /e"”h(—a,a;t)dt: fim /e—mf*g(t)dz (15)

0—>00,h—r00,q—>—o0 b—s00,a——o0

and .
fim /e’i"h(—a,a;t)dtzlim e h(—a,ot)di. (16)

0l—00,b—00,q—r—o0 O—e0 [ o

Proof. By Theorem 1 the limit on the left exists. Because the convergence of
h(—a,o;t) to f*g(t), is uniform, see Lemma 4, then for any a < b in R:

b b e
lim [ e h(—a, ozr)dr = / it / £t = x)g(x)dxds.

O—00

On the other hand, since, h(—o,;t) € BVy(R), then [~ e ™ h(—a,a;t)dt is
well defined for each o/, see Lemma 2. Moreover, by Hake’s Theorem;

b S
lim /e*""’h(—oc,a;t)dt:/ e ™ h(—o,o;t)de.
a

b—o00,a——c0 Lo

Therefore, the equalities (15) and (16) hold from [3, Theorem 19.6]. [J



70 F.J. MENDOZA TORRES AND M. G. MORALES MACIAS

PROPOSITION 1. Let f,g € HK(R)NBV(R), a < b, and 0 < o; then for every
seR:

b .
lim lim / e h(—at, azt)dt = F()8(s). (17)

0l—>00 h—00 g——o0

Proof. Since f, g € HK(R)NBV(R), then f and 2 exist in R. For any bounded
intervals I,J; f € L(I), g € L(J) and f(t —x)g(x) € L(I x J). By classical Fubini’s
Theorem, for o > 0 and any two real numbers a < b :

/ube—isth(—a,oc,t)dt — /0‘ o) /abe_mf(t—x)dtdx.

—Q

Besides, e 50) f(- —X)Xjap)(*) € HK(R). Let us define filxia,b) = fab eI f(t —
x)dt. Since f(s) exists and f;(x;a,b) = e [** f(u)e "du, we have that

a—x

o~

lim  g(x)fs(x:a,b) = f(s)e g (x)

b—o0,a——oo

for all x € R, in particular for every x € [—a, ¢]. Separating ﬁ(x;a,b) as a sum of its
real and imaginary parts, we get that

e rab)| <2074 gl

By the Convergence Dominated Theorem,

o b .
lim / g(x)/ ¢ f (1 — x)didx = f| / g(x)e ™ dx.
b—eo,a——o0 ) a

Since g(s) exists. We have that

lim lim / o) /_ I;e_m £l —x)didx = F(s)g(s). O

Ol—00 h—so0,q——00 | _

THEOREM 2. Let f,g € HK(R)NBV (R). Then the Fourier Integral transform of
f*g exists for each s € R\{0} and

— ~

Proof. By Corollary 4, @(s) exists for each s € R\{0}. From the equality
(16) and Proposition 1 the result is obtained. [
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