lournal of
|assical
nalysis
Volume 7, Number 2 (2015), 129-154 " doi:10.7153/jca-07-12

REFINEMENTS OF THE MAJORIZATION THEOREMS
VIA FINK IDENTITY AND RELATED RESULTS

SADIA KHALID, JOSIP PECARIC AND ANA VUKELIC

Abstract. The well known majorization theorem ( see [5, p. 11] and [7, p. 320] ) plays an
important role in our paper. By using A. M. Fink’s identity in the majorization difference, we
obtain an interesting identity and with the help of this useful identity, we obtain many significant
results. We investigate the bounds for this identity, by using Griiss-type inequalities and we also
present some results relating to the Ostrowski-type inequality.

1. Introduction and preliminaries

The theory of convex functions has experienced a rapid development. This can
be attributed to several causes: firstly, so many areas in modern analysis directly or
indirectly involve the application of convex functions; secondly, convex functions are
closely related to the theory of inequalities and many important inequalities are conse-
quences of the applications of convex functions (see [7]).

DEFINITION 1. A function f:I — R is convex on [ if
(a3 —2x2) f (1) + (x1 = x3) f (o02) 4 (o2 = x1) f(x3) = 0 (1
holds for all x1,x,,x3 € I such that x; < xp < x3.

An important characterization of convex function is stated in [7, p. 2].

THEOREM 1.1. If f is a convex function defined on I and if x; <y, xp <y, X1 #
X2, V1 # ya2, then the following inequality is valid

fa) = fln) _ f2) =)

~
X2 — X1 y2—Mx

If the function f is concave, then the inequality reverses.
The following definition is given in [4].
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DEFINITION 2. A function f:1 — (0,e0) is said to be log-convex in the Jensen
sense if for all x,y € I, the inequality

£ (52) <sws0

holds.

REMARK 1.2. Ttis easy to see that a function f: 1 — (0,0) is log-convex in the
Jensen sense if and only if the relation

o)+ 2087 (57) 4B 0) >0

holds for every o, 3 € R and x,y € I.

A log-convex function is defined as follows (see [7, p. 7]):

DEFINITION 3. A function f : 1 — (0,e0) is said to be log-convex or multiplica-
tively convex if log f is convex. Equivalently, f is log-convex if for all x,y € I and for
all 2 €[0,1], the inequality

fAx+ (1 =2)y) < @) M ()

holds. If the inequality reverses, then f is said to be log-concave.

REMARK 1.3. If f is continuous, then a log-convex function in the Jensen sense
is log-convex.

Divided difference of a function is defined as follows (see [7, p. 14]):

DEFINITION 4. The nth-order divided difference of a function f : [a,b] — R at
mutually distinct points xo, ...,x, € [a,b] is defined recursively by

[xi;f]:f(xi)v i:Ow"vna

[X0s. . X5 f] = [m,...,xn;f]—_[xo,...,x,,,l;f].
Xn — X0

2)

It is easy to see that (2) is equivalent to

[x,...,xn;f]:if(xi), where q(x):ﬁ(x—xj).

i=0 q/ ()C,‘) j=0

The definition of a real-valued convex function is characterized by the nth-order
divided difference (see [7, p. 15]).
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DEFINITION 5. A function f : [a,b] — R is said to be n-convex (n > 0) if and
only if for all choices of (n+ 1) distinct points xo,...,x, € [a,b], [x0,...,%n;f] =0
holds.

If this inequality is reversed, then f is said to be n-concave. If the inequality is
strict, then f is said to be a strictly n-convex ( n-concave) function.

REMARK 1.4. Note that 0-convex functions are non-negative functions, 1-convex
functions are increasing functions and 2-convex functions are simply the convex func-
tions.

The following theorem gives an important criteria to examine the n-convexity of
a function f (see [7, p. 16]).

THEOREM 1.5. Iff(") exists, then f is n-convex if and only iff(”) > 0.

The notion of majorization arose as a measure of the diversity of the components of
an m-dimensional vector (an m-tuple) and is closely related to convexity. It is treated
most comprehensively by A. W. Marshall, I. Olkin and B. C. Arnold in [5] (see also
[7D).

Let x = (x1,...,x,) and y = (y1,...,ym) be two real m-tuples for fixed m > 2
and let

X[1) 22X 2 - Z Xy Y] ZV2] Z -+ 2 Vm)>
X(1) SX@) - SXm)s V(1) SYR) -+ S Vm)s

be their ordered components.
X is said to majorize y or y is said to be majorized by x (mathematically x > y)
if
{Zlex[i] 2 25“:1}’[;‘]7 k: la"'am_ 17
2?"=1xi = Z?Llyu

holds. The inequality in (3) is equivalent to

3)

i=m—k+1 i=m—k+1
The well known majorization theorem is given in [5, p. 14] (see also [7, p. 320]).
THEOREM 1.6. Let x = (x1,...,xy) and y = (y1,...,Ym) be two real m-tuples

such that x;,y; € [a,b], where i = 1,...,m. Then for every continuous convex function
O : [a,b] — R, the inequality

000> 3 0 0) @

holds if and only if X >-y.
If the function O is concave, then the inequality reverses.
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A weighted version, which is in fact the generalization of Theorem 1.6, was proved
by L. Fuchs in [3] (see also [7, p. 323]).

THEOREM 1.7. Let p=(p1,-...,pm) be areal m-tuple and x = (x1,..., %), y =
(V1,---,Ym) be two decreasing real m-tuples such that

k k

ZPiXiZZPiyh kzla"'vm_la (5)
i=1 i=1
and
Y pixi =Y pivi (6)
i=1 i=1
hold. Then for every continuous convex function ¥ : I — R, we have
m m
N pid (xi) = Y, pid (vi) - )
i=1 i=1

If © is concave, then opposite inequality holds in (7).

The following proposition represents an integral majorization result which is in
fact a consequence of Theorem 1 given in [6].

PROPOSITION 1.8. Let p: [c,d] — R be a continuous function and @,y : [c,d] —
[a,b] be two decreasing continuous functions such that

[ r@e@d> [ p@v@d Vi, ®
and
d d
/C p(2)e(z)dz =/C P2 y(2)dz 9
hold. Then for every continuous convex function ¥ : [a,b] — R, we have
d d
[ r@ve@dz= [ p@ 0w (10)

If © is concave, then opposite inequality holds in (10).

In our paper, we use A. M. Fink’s identity and prove many interesting results. The
following theorem is proved by A. M. Fink in [2].

THEOREM 1.9. Let a,b€R, f:[a,b] =R, n>1 and f"=V) is absolutely con-
tinuous on |a,b]. Then

fx) = bﬁa abf(t)dt
G (=K (£ (@ (- @)t — £ () (x— b)f
1;1( k! )( b—a )
+m /ab (=) ke e,x) £ 1), (an
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where

[a,b] _Jt—a,a<t<x<b,
k (t’x)_{t—b,a<x<t<b. (12)

The organization of the paper is the following: in Section 2, we present some in-
teresting results by using A. M. Fink’s identity combined together with the n-convexity
of the function f. We present a refinement of the weighted majorization-type in-
equality for the two decreasing m-tuples x and y as well as a refinement of the in-
tegral majorization-type inequality for the two decreasing functions ¢ and y. We also
present a refinement of the majorization-type inequality for the two majorized m-tuples
x and y. We study the functionals defined as the difference between the right-hand and
the left-hand side of the generalized inequalities. In Section 3, we present some inter-
esting results by using éeby§ev functional and Griiss-type inequalities along with some
results relating to the Ostrowski-type inequality. In Section 4, our objective is to study
the properties of functionals, such as n-exponential and logarithmic convexity. Fur-
thermore, we prove monotonicity property of the generalized Cauchy means obtained
via these functionals. Finally, in Section 5 we give several examples of the families of
functions for which the obtained results can be applied.

2. Refinements of the Majorization Theorems Via A. M. Fink’s Identity

Our first main result of this section states that:

THEOREM 2.1. Let f : [a,b] — R be such that for n > 1, f"=Y is absolutely
continuous. Let x;,y; € [a,b], p; €R (i=1,...,m) and let k1*") (¢,x) be the same as
defined in (12). Then we have
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Proof. By using (11) for x = x; and y = y; in the majorization difference, we
have

m m m n—1
> pif (i) = Y, pif (i) = 21%2( k) X
i=1 i=1

i=1 k=1

(f(kl) (a) ((y,- —a)f— (x;i— a)k> SV () ((}’i —b)* — (xi— b)k> )

b—a

o () (e R 3 — (o) R (1))
_lzlp"( (n—1)!'(b—a) '

Now apply Fubini’s theorem, we have (13). O
The following theorem is the integral version of Theorem 2.1.

THEOREM 2.2. Let f: [a,b] — R be such that for n > 1, Y is absolutely

f n—
continuous on [a,b] and let k! (t,x) be the same as definedin (12). Let p:[c,d] — R
and @,y : [c,d] — [a,b] be continuous functions. Then we have

[rer@@a- [rorwee- 5 (s s
[f<'<—1> (@) ( [ rawe-ate [ p@ee ~ataz)
b) (/Cdp@<w<z>—b>"dz—/cdp<z><<p<z>—b)"dz)]

o= L 0| pe @ -0 e e @) a:
- [ @t - K ez a
Proof. By using (11) for x = ¢ (z) and y = y(z) in the integral majorization

difference [ p(2) f (9 (2))dz— [* p(2) f (w(2))dz, and after simplification we have
(14). O

The following theorem is our second main result of this section:

THEOREM 2.3. Let all the assumptions of Theorem 2.1 be satisfied and let for

3
3

El?i (i — )" K (1, x) > Y pi(yvi— )" e (1) (15)

=

I
—_
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holds. If f is n-convex, then we have

3

Zptf X;) sz i) = (16)

n—1 n— m n
P2 (Wka)) [f(kl) (a) (iEipi (vi —a)k - i;l’i (x; — a)k>
V) (il?i (yi—b)k—ipi (xi—b)kﬂ :

=1 i=1

If opposite inequality holds in (15), then (16) holds in the reverse direction.

il\g!

Proof. Since f"~V is absolutely continuous on [a,b], (1) exists almost every-
where. As f is n- convex applying Theorem 1.5, we have, f") (x) >0 forall x € [a,b].
Now by using £ >0 and (15) in (13), we have (16). O

An integral version of our second main result states that:

THEOREM 2.4. Let all the assumptions of Theorem 2.2 be satisfied and let for
n>1

/fp (2) (9 (2) —1)" K4 (1, 9 (2)) dz
d
> / P (@) (w(@) =) K (1, (2)) dz (17)

holds. If f is n-convex, then we have

/Cdp(z)f@(z))dz_/cdp(z)f( Z(k' = ))x (18)
0@ ([ rewe-ate- | p(z)((p(z)—a)k) i
)b)</cdp(z)( dZ—/p ))dz]

If opposite inequality holds in (17), then (18) holds in the reverse direction.

Proof. The idea of the proof is the same as that of the proof of Theorem 2.3. [

The following corollary presents a refinement of the weighted majorization-type
inequality for the two decreasing m-tuples x and y.

COROLLARY 2.5. Let all the assumptions of Theorem 2.1 be satisfied and let X =

(X15---s%m) and y = (y1,...,ym) be two decreasing real m-tuples such that (5) and
(6) hold.
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(i) Let n be even and n > 2. If the function f : [a,b] — R is n-convex, then (16)
holds.

(ii) Let the inequality (16) be satisfied and let F : [a,b] — R be a function defined
by

g <kv h_ a)) <(x—b)kf(k71)(b)—(x—a)kf(k”)(a)). (19)

If F is a convex function, then the right hand side of (16) is non-negative and

we have N N
> pif (xi) = Y, pif (i) (20)
i=1 i=1
Proof.
(i) For

(x—0)"'(t—a),a<t <x<b,
(x—0)"'(t—b),a<x<t<b,

we have,

v (=1 (n=2)(x—1)"3(t—a),a<t <x<b,
n (x"_{(n_1>(n—2)(x—z)"—3(z—b),a<x<t<b,

showing that 1 is convex for even n, where n > 2. As x and y are decreasing
real m-tuples such that (5) and (6) hold, by using the convex function 7 (x) :=
(x—1)""'kl*?l (z x) in (7), we obtain (15) for even n, where n > 2. Now as f is
n-convex for even n, by applying Theorem 2.3, we have (16).

(ii) Tt is easy to see that (16) is equivalent to

N pif (i)=Y, pif (i) = Y, piF (xi) = Y, piF
i=1 i—1 i=1 i1

As (5) and (6) hold, by replacing the convex function F by the convex function ¥ in
Theorem 1.7 (7), the non-negativity of the right hand side of (16) is immediate and
we have (20). [

An integral version of Corollary 2.5, provides a refinement of the integral majorization-
type inequality for the two decreasing functions ¢ and y as follows:

COROLLARY 2.6. Let all the assumptions of Theorem 2.2 be satisfied and let
O,y : [c,d] — [a,b] be two decreasing functions such that (8) and (9) hold.

(i) Let n be even and n > 2. If the function f : [a,b] — R is n-convex, then (18)
holds.
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(ii) Let the inequality (18) be satisfied and let F be the same as defined in (19). If
F is a convex function, then the right hand side of (18) is non-negative and we
have

d d
/C p(2) f(9(2)dz> / p (@) (v (2)dz.

Proof. Ttis easy to see that (18) is equivalent to

d d
| rr@@dz= [ p@siw)d:
d d
> [p@F@@)di- [ p@F (w)d

The proof is analogous to the proof of Corollary 2.5 but we apply Proposition 1.8 and
Theorem 2.4 instead of Theorem 1.7 and Theorem 2.3. [J

For the two m-tuples x and y such that x >y, the following corollary presents a
refinement of the majorization-type inequality.

COROLLARY 2.7. Let all the assumptions of Theorem 2.1 be satisfied and let X =
(X1, -, %m) and y = (y1,...,ym) be two real m-tuples such that x = y.

(i) Let n be even and n = 2. If the function f : [a,b] — R is n-convex, then we have

m

if(xz-)—Zf(yi) > @1)

(ii) Let the inequality (21) be satisfied and let F be the same as defined in (19). If
F is a convex function, then the right hand side of (21) is non-negative and we
have the following inequality

m m

SN =Y ). (22)

i=1 i=1

Proof. (i) As x= (x1,...,x,) and y = (y1,...,ym) be two real m-tuples such
that x >y and as 1 (x) is convex for even n, where n > 2, by applying Theorem 1.6
(4) for the convex function 7 (x), we have

(i =) R ),

M=

(=) ke (1 x) >

M=

1 1
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which is equivalent to (15) foreach p;=1 (i=1,...,m). Now as f is n-convex for
even n, where n > 2, we apply Theorem 2.3 for each p; =1 (i=1,...,m) and (21)
is immediate.

(if) It is easy to see that (21) is equivalent to

m

> f(x) -

i=1 i

m

Fo0 =S F ()~ S F ().

=1 i=1

M§

1

As x >y, by replacing the convex function F by the convex function ¥ in (4), the
non-negativity of the right hand side of (21) is immediate and we have (22). O

Consider the inequalities (16) and (18) and define linear functionals

@, (f) = ipif (1) — ipif (vi) (23)
-3 () | @ (S non-at - Sy
~\ & b—a) a i:1pz Yi—a i:1pz Xi—a

b) (il’i (vi—b)*— ipi (xi_b)k>‘| ,

n=[ s oo rwee-s ()
<@ ([ -ata- e —a>") dz
‘)b)</cdp(1)( dz—/p ))dZ}

where f : [a,b] — R is such that for n > 1, f"~1 is absolutely continuous, x;,y; €
[a,b], pieR (i=1,...,m);and @,y : [c,d] — [a,b] and p: [c,d] — R are continuous
functions. If the function f is n-convex defined on [a,b], then by the assumptions of
Theorems 2.3 and 2.4, we have ®; (f) > 0, where i = 1,2.

Now, we give mean value theorems for the functionals ®;, where i = 1,2. These
theorems enable us to define various classes of means that can be expressed in terms of
linear functionals.

First, we state the Lagrange-type mean value theorem related to the functionals ®;,
where i =1,2.

and

(24)

THEOREM 2.8. Let f: [a,b] — R be such that for n > 1, f"=V) is absolutely
continuous. Let x;,y; € [a,b], p; € R (i=1,...,m) and let @,y : [c,d] — |a,Db] and
p:le,d] — R be continuous functions. Suppose that for n > 1, (15) and (17) hold,



REFINEMENTS OF THE MAJORIZATION THEOREMS 139

where k%!l (t,x) is the same as defined in (12). If f € C"(|a,b]) and if ®; and
@, are linear functionals as defined in (23) and (24) respectively, then there exists
&1,& € [a,b] such that

@;(f) = f(EN D (fo), i=1,2,

holds, where fy(x) = ’};—':

Proof. Analogous to the proof of Theorem 2.2 in [8]. [

The following theorem is a new analogue of the classical Cauchy mean value the-
orem, related to the functionals ®@; (i =1,2) and it can be proven by following the
proof of Theorem 2.4 in [8].

THEOREM 2.9. Let all the assumptions of Theorem 2.8 be satisfied and let f,k €
C" ([a,b]). Then there exist &; € |a,b] such that

o _ME
o) k) =

holds, provided that the denominators are non-zero.

REMARK 2.10. (i) By taking f(x) =x* and k(x) =x7 in (25), where s,q €
R\ {0,1,...,n— 1} are such that s # g, we have

pa_2la= Do lg= (= D))
! s(s—1)...(s—(n—1))®;(x9)’

i=1,2.
(ii) If the inverse of the function f(*) /k(") exists, then (25) gives
N )
() ) e

3. éebyéeV-Griiss Type Inequalities Via A. M. Fink’s Identity and
Ostrowski-Type Inequalities

In this section we present some interesting results by using Cebysev functional
and Griiss-type inequalities.
Consider the Cebysev functional for the two Lebesgue integrable functions g, % : [a,b] —

R’
F( = dt—— t)dt- h(r)dt. 26
(8,1 . a/g /g b— a/ (26)

The following Griiss-type inequalities are given in [1].
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THEOREM 3.1. Let g,h: [a,b] — R be two absolutely continuous functions with
(-—a)(b—-)(W)* € L|a,b). Then we have
1
2

Flenl< siFeolt = ([c-ae-nwora) . e

S

The constant \f is the best possible in (27).

THEOREM 3.2. Let g: [a,b] — R be an absolutely continuous function with g' €
Lo [a,b] and let h: [a,b] — R be a monotonic non-decreasing function. Then we have

s € [ = 6-nan). 28)

F(g:h)] <
The constant % is the best possible in (28).

Before presenting our first main result of this section, let us denote

Zpl (i — 1) R (1 x) = Y pi (i — 1) K (1), (29)

i=1

and
) = [P (0@ 1 Ko 10 ()
[ rOwe -0 K ) (30)

where x;,y;,t € [a,b], p; € R (i=1,....m), @,y :[c,d] — [a,b] and p: [c,d] = R
are continuous functions and k“*! (¢, ) is the same as defined in (12).

THEOREM 3.3. Let f : [a,b] — R be such that for n > 1, f") is absolutely con-
tinuous with (- —a) (b — ) (f("H)) € Lla,b]. Let x;,y; € [a,b] and p; eR (i=1,....m
If F and § are the same as defined in (26) and (29) respectively, then we have

Zptf xz sz yt =

i=1

n—k B m m
~ (m) [f(k Y (a) (;ipi (y,-—a)k—lzip,-(x,-—a)k>
V) (ipi(yi—b)k—ipi(xi—b)kﬂ

[0 0a0) [ €w)de+Gu(rab), 61

3

I e K

L
(n—1)(b—a)
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where

(n=1)(p) _ £(n—1)
[f(nfl);c%b} _ S ) - (a)7 (32)

b—a

is the divided difference and the remainder G, (f;a,b) satisfies the estimation

Ga(f:a.0)| < [F((i<’>74<fm% = ([0 (@) )

-H2
(33)
Proof. By applying Theorem 3.1 for g — { and h — f (n) | we have
’b a/c £)di = _a/C dfba/f (34)
1 1 b ) 2 \?
<E[F<C<z>,c<r>>v-ﬁ(/a —a) o0 (1" ) dt) .
Divide both sides of (34) by (n—1)!, we have
1 b 1)
oG | SO 0 i [ € [ Via]|
1 1 b ) 2 \?
<(n_1W FEO.CON b_a(/a o () a)
(35)
By denoting
G (f:a.0) = ﬁ/hg(zm) i
CE] b a/c [ e (36)

n (35), we have (33). Now take the value of m] C(0) f™ (1)dr from (36)
and substitute in (13), we have (31). O

The following theorem is the integral version of Theorem 3.3.

THEOREM 3.4. Let f : [a,b] — R be such that for n > 1, f") is absolutely con-

2
tinuous with (-—a)(b—") (f("H)) € Lla,b]. Let p:c,d] = R and @,y : [c,d] —
[a,b] be continuous functions. If F and ¢ are the same as defined in (26) and (30)
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respectively, then we have

[ r@row) dz—/ piz dz—g(%)x
[f(kl)(a) (/C p(2)(w(z) —a) dz—/ p(z )dz)
(k

D (5) ( / P () (y(2) — b)fdz / p(z)(«p(z)—b)kdz)]
1

+m {f("*l);mb} Lbé(t)dt+én(f;a,b)7 (37)

where [f("’l);a,b] is the same as defined in (32) and the remainder G, (f;a,b) sat-

isfies the estimation

Proof. The proof is analogous to the proof of Theorem 3.3. We apply Theorem
31forg—and h— f (") and get the desired results. [

The second main result of this section states that:
THEOREM 3.5. Let f : [a,b] — R be such that for n > 1, ") is absolutely con-
tinuous and let f""*1) >0 on [a,b]. Let F and § be the same as defined in (26) and

(29) respectively. Then we have the representation (31) and the remainder G, (f;a,b)
satisfies the estimation

' F=1) (g) 4 fln=D)
|Gn(f;a,b)|\§()”°°< (@) +f 1<b>_{f<nz>;a,b}>, G8)

(n—1)! 2

Proof. By applying Theorem 3.2 for g — { and h — f("), we have

‘ba/c dtba/gdt—/f

< s O ([ - ae-nrm0ar). 9

Now dividing both sides of (39) by (n— 1)! and using the fact that

/b (t—a)(b—1) f" Y (1) dt = /b (2t — (a+b)) f™ (t)dt
= (b=a) (S (@) + 1V 1)) =2 (£ () - f" (@),
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we have
CE b a) /C ~ —1)z1(b—a)/ahg(t)dt'{f("1);“’4’
N O]
2(b—a) (n—1)!
Qb—w(ﬂ*”@ﬂ+f“”Nw)—ZQ“*W@—f””N@)) (40)

By substituting the value of m [2E (1) f™ (1) dr from

b
G (f;a,b) := Wl(b—a)/u @) ™

i, S0 [ ]

into (13), we have (31). After simplification, (40) reduces to

/ n 1) a (n—1) (n—2) _ f(n=2) a
Go(fra.b)| < c<wm< @+/06) [0S <>>7

(n—1)! 2 a

which is equivalent to (38). [

An integral version of Theorem 3.5 states that:

THEOREM 3.6. Let f :[a,b] — R be such that for n > 1, ™) is absolutely con-

tinuous and let £+ >0 on [a,b]. Let F and  be the same as defined in (26) and
(30) respectively. Then we have the representation (37) and the remainder G, (f;a,b)
satisfies the estimation

. 21 (1) [l { FD (@) + £
B ST

Proof. The idea of the proof is the same as that of the proof of Theorem 3.5. We
apply Theorem 3.2 for g — ¢ and i — f(") and get the desired results. [

An Ostrowski-type inequality related to the generalization of the majorization in-

equality states that:

THEOREM 3.7. Let all the assumptions of Theorem 2.1 be satisfied. Let (p,q) be
a pair of conjugate exponents, that is, p,q € [1,o0] such that % + é =1. Let \f(”)|p
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[a,b] — R be an R-integrable function for some n > 2. Then we have

m n—1 n—
S nr) -3 s 00-3 (g5a) *

k=1

p
[ %D (a) (i pi(vi—a)* — im (i — a)k>
— = (b) (ipi (vi—b) - ipi (xi = b)k>] '
; i=1

1

'

X pil = )" R ) — 3 pi (i — )" R (2, )
(n—1)!(b—a)

g(:)‘%) " : (41)

where,

(o)

1

bl7,n09 .\ . . .
The constant (fa ¢ (t)‘ dt) is sharp for 1 < p < o and best possible for p=1.

Proof. From identity (13), we have

(42)

Apply Holder’s inequality for integrals on the right hand side of (42), we have

/ubf(") (1) ()dr| < (/b £ (z)"’dt); </b

which combined together with (42) gives (41).

5@)’%) é , (43)

1
_ q =
In order to prove the sharpness of the constant ( [P1E @) ) dt) ?, we define a func-

a

tion

£0 (1) = { senl () |C (0] 1< p<es,
sen (1), p=-ce,
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such that the equality in (43) holds.
For p =1, we will prove that

b _
| woar

< max [Z0] ([

is the best possible inequality. Suppose that ‘5 (t)) attains its maximum at #o € [a,b].

£ <t>|dt) (44)

First assume that § (f9) > 0. For € (small enough), if we define

=)

) a <t <t,
L) =4 grt—10)",  f<r<n+e,

1 -1
(n_l)!(t_to)n 7t0+8<t<b7

then it is easy to see that

_ /IIOH éf(z)dt

0

= [T e,

€

b _
LA O L

’

Now using the above two results in (44) and as ’C_ (t)‘ attains its maximum at fo €

and
fo+€

1
—dt =1.
S

1 wlar= |

fo

[a,b], we have

L[ ar< L=,
As
to+e _ _
gﬁém E ()t =& (10),

the statement follows. For the case (o) < 0, define

1 -1
m(t—fo—f)n ,a<t <,

fe) =9 - Lt—nn—e", 1n<t<n+te,
0, lh+e<t<b,

and the remaining part is the same as above. [J
The following theorem is the integral version of Theorem 3.7.

THEOREM 3.8. Let all the assumptions of Theorem 2.2 be satisfied. Let (p,q) be
a pair of conjugate exponents, that is, p,q € [1,o0] such that %—i—é =1. Let |fW|P:
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[a,b] — R be an R-integrable function for some n > 2. Then we have

fp() (@) de— [ p @) f (v () de— S} (.;ﬁ,))x
<> ffp()( (2)—a)fdz— [ p(2) (0 (2) — @) d2)
(ff‘ V(@) =0 dz= I p(2) (9 (2) )" d2)

ofa) ( offa)’

< <
where,

L(1)=

[P (@) =) Kb (1,9 (2)dz— [ p () (w () — 1) K (1, (2)) dz
(n—1)!1(b—a) ’

1
.. q -
The constant ( f (t)‘ dt) " is sharp for 1 < p < e and best possible for p = 1.

Proof. The proof is analogous to the proof of Theorem 3.7 but we use identity
(14) instead of using (13). O

4. n-Exponential Convexity and Log-Convexity

We begin this section by recollecting definitions and properties which are going to
be explored here and we also study some useful characterizations of these properties.
In the sequel, let / be an open interval in R.

The following definitions are given in [8].

DEFINITION 6. A function f: I — R is n-exponentially convex in the Jensen

sense if
1 Xi+x
2 Ql‘:}f( J) =20

i,j=1

holds forevery g e Rand x; €1 (i=1,...,n).

DEFINITION 7. A function f: 1 — R is n-exponentially convex if it is n-exponentially
convex in the Jensen sense and continuous on /.

REMARK 4.1. From the above definition it is clear that 1-exponentially convex
functions in the Jensen sense are non-negative functions. Also, n-exponentially convex
functions in the Jensen sense are k-exponentially convex functions in the Jensen sense
forall ke N, k <n.

By definition of positive semi-definite matrices and some basic linear algebra, we
have the following proposition:
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PROPOSITION 4.2. If f is n-exponentially convex in the Jensen sense on I, then

e\ Tk
the matrix [f (@)} - is positive semi-definite for all k € N, k < n. Particularly,
ij=

k
det [f(%)} >0 foreverykeN, k<n, x;e€l,i=1,...,n.
ij=1

DEFINITION 8. A function f: I — R is exponentially convex in the Jensen sense
if it is n-exponentially convex in the Jensen sense for all n € N.

DEFINITION 9. A function f:I — R is exponentially convex if it is exponentially
convex in the Jensen sense and continuous.

REMARK 4.3. It follows that a positive function is log-convex in the Jensen sense
if and only if it is 2-exponentially convex in the Jensen sense. Also, by using basic
convexity theory, a positive function is log-convex if and only if it is 2-exponentially
convex.

Next, we study the n-exponential convexity and log-convexity of the functions associ-
ated with the linear functionals ®; (i = 1,2) as defined in (23) and (24).

THEOREM 4.4. Let Q={f;:s €I C R} be afamily of functions defined on [a,b]
such that the function s — (29, ...,zn; f5| is n-exponentially convex in the Jensen sense
on I for every (n+ 1) mutually distinct points zo,...,z, € |a,b]. Let ®; (i=1,2) be
linear functionals as defined in (23) and (24). Then the following statements hold:

(i) The function s — D@; (f;) is n-exponentially convex in the Jensen sense on I and
m
the matrix [d),- (f.rj+.rk )] is positive semi-definite for all m € N, m <n and
2

Jik=1
S1y---,Sm € 1. Particularly,

det[(D,- (fsj-+sk):| >0, VmeN, m<n.
2 jk=1

(ii) If the function s — ®; (fy) is continuous on I, then it is n-exponentially convex
onl.

Proof. The idea of the proof is the same as that of the proof of Theorem 3.1 in
[8].
(i) Let g € R (j=1,...,n) and consider the function

Alz)= Y €j€kf@ (2),

k=1
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where s; €1 and fs;+5 € . Then
T

n
[z0,. .-z Al = Z GjSk |:Z(),...,Zn;ij+xk:|
Jok=1 2
and since [zo, «oosZus fs;+s | 1s n-exponentially convex in the Jensen sense on / by
7
assumption, it follows that

20, zm3A] = 2 Q/Qk[zo,m,zn;fm} =0
Jk=1 2

= (20,5205 Y, GiGkS s | =0
k=1 2
and so by using Definition 5, we conclude that A is n-convex. Hence
D; (A) >0, i=1,2,

which is equivalent to

n

Y, gia®: (fw) >0, i=1,2,

Jik=1 N

and so we conclude that the function s +— ®; (f;) is n-exponentially convex in the
Jensen sense on 1.

The remaining part follows from Proposition 4.2.

(ii) If the function s+— ®@; (f;) is continuous on 7, then from (i) and by Definition
7 it follows that it is n-exponentially convexon /. [J

The following corollary is an immediate consequence of the Theorem 4.4.
COROLLARY 4.5. Let Q = {f;:s €I CR} be a family of functions defined on
[a,b] such that the function s — [z0,...,2n; f5] is exponentially convex in the Jensen

sense on 1 for every (n-+ 1) mutually distinct points zy,...,z, € [a,b]. Let ®; (i=1,2)
be linear functionals as defined in (23) and (24). Then the following statements hold:

(i) The function s — @;(f;) is exponentially convex in the Jensen sense on I and
m

the matrix | ®; (fsj+sk ] is positive semi-definite for all m € N, m < n and
2 P l—
Jik=1

S1y---,Sm € 1. Particularly,

det |:q)l <f.rj+.rk):| 20, vaN, m < n.
2 J.k=1

(ii) If the function s +— ®; (f5) is continuous on I, then it is exponentially convex on
1.
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COROLLARY 4.6. Let Q = {f;:s €1 CR} be a family of functions defined on
[a,b] such that the function s+ [z0,...,zn; f5] is 2-exponentially convex in the Jensen
sense on 1 for every (n-+ 1) mutually distinct points zy,...,z, € [a,b]. Let ®; (i=1,2)
be linear functionals as defined in (23) and (24). Further, assume that ®; (f;) (i=1,2)
is strictly positive for f; € Q. Then the following statements hold:

(i) If the function s — @;(f) is continuous on I, then it is 2-exponentially convex
on I and so it is log-convex on I and for r,s,t € I suchthat r <t < s, we have

t—r

[@; (f)]" <[®: ()] @i ()], i=1,2, (45)

known as Lyapunov’s inequality. If r <s <t or t <r <s, then opposite inequal-
ities hold in (45).

(ii) If the function s — @; (fy) is differentiable on I, then for every s,q,u,v € I such
that s <u and g < v, we have

Hsg (Pi, Q) < phuy (P1,Q2), =12, (46)
where 1
(q)f(fs)>w, s # 4,
U (@, Q) = § P (fi‘fg " 47)
exp (%) ,$=¢q,
for fs, fq € Q.

Proof. The idea of the proof is the same as that of the proof of Corollary 3.2 given
in [8].

(i) The claim that the function s — ®; (f;) is log-convex on [ is an immediate
consequence of Theorem 4.4 and Remark 4.3, and (45) can be obtained by replacing
the convex function f with the convex function f (z) =log®; (f;) for z=r,s,t in (1),
where r,s,t € [ such that r <t <s.

(i) Since by (i) the function s — ®@; (f;) is log-convex on I, that is, the function
s +— log®; (f;) is convex on I. Applying Theorem 1.1 with setting f (z) = log®; (f;),

we have
log®; (f;) —log®; (/) < log @; (f,) —log®; (f,)
s—q u—v

; (48)

for s <u,q < v, s # q,u+#v;and therefore, we conclude that
g (D1, Q) <ty (91,Q),  i=1,2.

If s = g, we consider the limit when ¢ — s in (48) and conclude that
Uss (P, Q) <y (P3,Q),  i=1,2.

The case u = v can be treated similarly. [J
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REMARK 4.7. Note that the results from Theorem 4.4, Corollary 4.5 and Corol-
lary 4.6 still hold when two of the points zy,...,z, € [a,b] coincide, say z; = zo, for
a family of differentiable functions f; such that the function s — [z9,...,2;fs] is n-
exponentially convex in the Jensen sense (exponentially convex in the Jensen sense,
log-convex in the Jensen sense on 7 ); and furthermore, they still hold when all (n+ 1)
points coincide for a family of n-differentiable functions with the same property.

5. Examples

In this section, we present several families of functions which fulfil the conditions
of Theorem 4.4, Corollaries 4.5 and 4.6, and Remark 4.7 and so the results of these
theorem and corollaries can be applied for them.

EXAMPLE 5.1. Consider the family of functions
Q={f;:(0,00) =R:s€R}

defined by

X _
) = { R TR s¢{0.1,....n—1},
N - X/ Inx — 7 —
I s=j€{0,1,...,n—1}.

Here, %fx (x) =x* " = =Y 5 0 which shows that f; is n-convex for x > 0
and s — % /s (x) is exponentially convex by definition.

In order to prove that the function s — [z, . ..,2,; f5] is exponentially convex, it is
enough to show that

2 k—16% [Zowu,zn;ij;xk] = {Zowu,zn;E?,k:legkfsj;Sk >0, (49)

V neN, ¢,s; €R, j=1,...,n. By Definition 5, (49) will hold if

A=Y gjgkf@ (x)

k=1

. - n . . .
is n-convex. Since § +— ;7 /s (x) is exponentially convex, that is

n
> Q/Qkf.sﬂsk >0, VneN,gj,s; eR,j=1,...,n,
k=1 T

showing the n-convexity of A and so (49) holds. Now as the function s+ [z, . . ., Zu; f]
is exponentially convex, s +— [z, ...,zn; f5] is exponentially convex in the Jensen sense
and by using Corollary 4.5, we have s — ®; (f;) (i =1,2) is exponentially convex in
the Jensen sense. Since these mappings are continuous, so s — @; (fy) (i=1,2) is
exponentially convex.
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In this case, 4 (D;,Q) (i=1,2) definedin (47) becomes
o;(f) |7
((I)i )) ? S#CL
n—1 n 2
o (@,Q1) = ¢ exp (Gl ppa b L) 5= g ¢ {0,1,.n— 1},

n—1
exp<( 1 2(3)(1]%')(1) (fofs) +2 (1)k1—5>,s=q€{0,1,...,n—1}.

In particular for i = 1, we have

®, (f,) = Xipf ()= pifs ()

i=1

N (k. (k=1) () < ,_ak_m o
,;(k!(b-@)lfs ()<1_21pz(yz ) ;pz(l ))

D (g (fm 05— 3 pixi— b)kﬂ
i=1 i=1

m

m
Dy (fofs)As = Zp,-xf Inx; — Zpiyf Iny;

i=1 i=1

ol o]

where Ay = (—1)" ' (n—1)! [T/~ (s—i) such that s £0,1,...,n— 1 and

and

k=
By (x) =x 7V H s—i lnx—i—ZH s—J
=0

i=0 j=0
J#

If ®; (i=1,2) is positive, then Theorem 2.9 applied for f = f; € Q; and k =
fq € Q yields that there exists &; € [a,b] such that

s— _q)l(f\> .
ey T

Since the function & — &’ 7 is invertible for s # ¢, we have

(Di(fS) ﬁ’ s
“<<d>f(fq>> shooi=hy
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which together with the fact that i, (®;,€) is continuous, symmetric and monotonous
(by (46)), shows that 4 (P;,Q;) is a mean.

EXAMPLE 5.2. Consider the family of functions
Q={g;:R—[0,):5€R}

defined by

SX

st = {7070

) s=0.

We have an,l gs (x) = ™ > 0, which shows that g, is n-convex on R for every s € R

and s +— %gs (x) is exponentially convex by definition. It is easy to prove that the
function s — [z0,...,2:;8s] is exponentially convex. Arguing as in Example 5.1, we
have s — ®; (g5) (i =1,2) is exponentially convex.

For this family of functions, U4 (®;,Q) (i =1,2) from (47) becomes

Hs.q (Pi,€22) exp q)&,(féf)‘) - %) , $=q#0,
@;(id-go) — =
oxp (fiatey )+ 9 =9 =0,

where id is the identity function.
By using Theorem 2.9, it can be seen that

Ms,q (‘Di792) :loglls,q (q)iaQ2)7 = 1727

satisfy a < My 4 (P;,€0) < b, which shows that M, (®;,Q,) is a mean.

EXAMPLE 5.3. Consider the family of functions
Q3 = {hy: (0,00) = (0,00) :5 € (0,0) }

defined by

We have %hs (x) = s7* > 0, which shows that h is n-convex for all s > 0. Since
5 — %hs (x) = s is the Laplace transform of a non-negative function (see [9]), it
is exponentially convex. It is easy to prove that the function s +— [z9,..., 2z, k5] is ex-
ponentially convex. Arguing as in Example 5.1, we have s — ®; (k) (i=1,2) is
exponentially convex.
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For this family of functions, U4 (®;,Q) (i =1,2) from (47) becomes

1
Di(hs) )
(W) ’ 7
Hs,q (Piy€3) = exp —q),jl(,",‘(l,;hj) - %) ys=q#1,
exp [ — - Pilid-h) s—a=1
P\~ 0@ ) ="

By using Theorem 2.9, it follows that
Ms,q (q)hQ:") = _L(S»Q)loglls,q (q)iaQ3)7 i= 1727

satisfy a < M 4 (D;,€23) < b and so M, (P;,€23) is a mean, where L(s,q) is a loga-
rithmic mean defined by

s—q
L(s,q) = {;ogs—logq’ jiz’

EXAMPLE 5.4. Consider the family of functions
Qq = {ky : (0,00) — (0,00) : 5 € (0,00) }
defined by

Here, %ks (x) = e™V5 > 0, which shows that k; is n-convex for all s > 0. Since
s %ks (x) = e™*V5 is the Laplace transform of a non-negative function (see [9]),
it is exponentially convex. It is easy to prove that the function s — [zg,...,zn;k;] is
exponentially convex. Arguing as in Example 5.1, we have s — ®; (k;) (i=1,2) is
exponentially convex.

In this case, Uy, (®;,Q) (i=1,2) defined in (47), is of the form
1
Di(ks) !
FYTR) ) s )
Ms,q (i, Q4) = (m"(k‘i)> 74
_ ®i(idk) _ n _
exp< 2/5®; (k) 2.\~> 1 $=q-
By using Theorem 2.9, it is easy to see that
Msyq (q)i794) = (\/E+ \/a) IOguS,q (q)i794) ’ l = 1,2,

satisfy a < My 4 (P;,Q4) < b, showing that M, (P;,Q4) is a mean.

REMARK 5.5. (i) From (46), it is clear that py,(®;,Q) (i=1,2) for Q =
Q,, Q3 and Q4 are monotonous functions in parameters s and q.

(i) In Examples 5.2, 5.3 and 5.4, we can also give particular cases for ®; (i = 1,2)
as given in Example 5.1.
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