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ON SUM AND PRODUCT THEOREMS RELATED TO RELATIVE
L*-TYPE AND RELATIVE L*-WEAK TYPE OF ENTIRE FUNCTIONS

SANJIB KUMAR DATTA, TANMAY BISWAS AND AHSANUL HOQUE

Abstract. In this paper we would like to investigate some basic properties of relative L*-type
and relative L*-weak type of entire functions.

1. Introduction

In the value distribution theory as introduced by Rolf Nevanlinna in 1926, the
role of the growth indicators like order and lower order is very much significant in
the study of comparative growth analysis of entire functions. The rate of growth of an
entire function generally depends upon order (lower order) of it. The entire function
with higher order is of faster growth than that of lesser order. But if orders of two entire
functions are same, then it is impossible to detect the function with faster growth. In that
case, it is necessary to compute another class of growth indicators of entire functions
called their types. For further study on it, one may see [6]. However, if one is interested
to compare the growth rates of any entire function with respect to another, the concepts
of relative growth indicators will come. The most mordern treatment upon this area of

research is the study of the same in terms of a slowly changing function L(r) which

L(ar) _
i) = |

means that L(ar) ~ L(r) as r — oo for every positive constant a i.e., lim
F—o00

where L = L(r) is a positive continuous function.

In fact, in this paper we wish to prove some results related to the sum and prod-
uct theorems of relative L*-type and relative L*-weak type of entire functions under
somewhat different conditions.where L* is nothing but a weaker assumption of L.

2. Definitions and Notations

The standard notations and definitions of the theory of entire functions frequently
used in this paper are available in [9] and therefore we do not explain those in details.

Let C be the set of all finite complex numbers and f be an entire function de-
fined on it. The Nevanlinna’s characteristic function Ty (r) and the maximum modu-

2n .
lus function My(r) of f are defined as Ty(r) = ﬁ [log™ | f(re'®)|d6 and My (r) =
0
max {|f(z)| : |z| = r} respectively where log™ x = max (0,logx) for x > 0. If f is
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non-constant then My (r) is strictly increasing and continuous and its inverse M;l (r):
(I£(0)],o0) — (0,0) exists and is such that lime’1 () = oo and given two entire func-
§—>00
. .M . . .

tions f and g the ratio #E:g as r — oo is called the growth of f with respect to g in
terms of their maximum moduli.

Somasundaram and Thamizharasi [8] introduced the notions of L-order for entire
function f. The more generalised concept for L-order for entire function f is L* -order

which is as follows:

DEFINITION 1. [8] The L*-order p%* and the L*-lower order k%* of an entire
function f are defined as ' '

2] ) 2]
0P M) gyl M0

L* 1 e TTJN7 - . a4
Py _hmsoljp log [reL(r)] r—=log [reL(’>]7

r—

where log[k]x =log <log[k’1]x> for k=1,2,3,.... and log[o]x =X.

An entire function for which L* -order and L* -lower order are the same is said to
be of regular L* -growth. Functions which are not of regular L* -growth are said to be
of irregular L* -growth.

DEFINITION 2. [8] The L*-type G}‘* of an entire function f is defined as

. logM
G% = limsupogif(?*,

reee [reL(’)] Py

0<pf <oo.

Similarly one can define the L* -lower type of an entire function f denoted by 6?

as follows: |
) M
% = liminf M)

0<pl <o
P rekl0)]Pf !

In order to determine the relative growth of two entire functions of same non zero
finite L* -lower order one may define the L* -weak type in the following way:

DEFINITION 3. The L*-weak type TF of an entire function f is defined as fol-
lows:
¥ =1iminfg7f(?*, 0<Af <eo.
e [reL('")jIlf
Likewise one may also define the growth indicator Tlf“* of an entire function f in
the following way:
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From Definition 1, we see that the L*-order of an entire function f which is
generally used in computational purpose is defined in terms of the growth of f with
respect to the exponential function as:

. logl?! M (r)

L f
=limsu .

Py ,_mplog[ﬂ Mexp: [ret()] roe log [relr)]

In the line of Somasundaram and Thamizharasi [7], Datta and Biswas [2] intro-
duced the definition of relative L* -order of entire functions in order to avoid comparing
growth of the same just with expz in the following way:

DEFINITION 4. [2] The relative L* -order of an entire function f with respect to
another entire function g, denoted by pf (f) is defined in the following way
. logM, 'M¢(r)
L : g
= limsup——————
Ps (/) r—>.><,p log [reM(1)]

Similarly, one can define the relative L* -lower order of f with respect to g denoted by
AL (f) as follows:

. logM, 'M¢(r)
L T g :
A ()= fiminf log [ret")]

The definitions coincide with the classical one if g(z) = expz.

It is to be mentioned that an entire function f is said to be of regular relative
L* -growth with respect to g if its relative L* -order with respect to g coincides with its
relative L* -lower order with respect to g.

To compare the relative L* -growth of two entire functions having same non zero
finite relative L* -order with respect to another entire function, Datta, Biswas and Bhat-
tacharyya [3] recently introduced the notion of relative L*-type of two entire functions
in the following manner:

DEFINITION 5. [3] Let f and g be any two entire functions such that 0 <
pL () < eo. Then the relative L*-type G (f) of f with respect to g is defined
as:

oy ()
AG)

. L(r)} Pe
~inf k>0:Ms(r) <M, (k[re )
for all sufficiently large values of r

M "My (r)

= limsup—2 .
r—>o<>p [reL(r)] p‘f,é (f)
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Likewise one can define the relative L*-lower type of an entire function f with
respect to an entire function g denoted by EAL, (f) as follows:

. MM (r) .

—L L g M L

o, (f)=Iliminf————— < py (f) <oo.
8 () oo [reL(r)]pé (f) Ps (f)

Analogously to determine the relative growth of two entire functions having same
non zero finite relative L* -lower order with respect to another entire function, one may
introduced the definition of relative L*-weak type of an entire function f with respect
to another entire function g of finite positive relative L*-lower order JLgL* (f) in the
following way:

DEFINITION 6. [3] The relative L*-weak type Tt (f) of an entire function f
with respect to another entire function g having finite positive relative L* -lower order
AL (f) is defined as:

. M, 'M
o (f) = liminf—te M)
r—oo I:reL(r)])Lg (f)

Also one may define the growth indicator Tg (f) of an entire function f with respect
to an entire function g in the following way:

L*

M;'M
Ty (f) = limsup—f——— i)

L 0< AN () <o
re [reL(V)])L‘é ) )

8

Considering g = expz, one may easily verify that Definition 5 and Definition 6
coincide with the classical L*-type (L*-lower type) and L*-weak type respectively.
In this connection the following definition is relevant:

DEFINITION 7. [1] A non-constant entire function f is said have the Property
(A) if for any ¢ > 1 and for all large r, [My(r)] ’< My (r°) holds. For examples of
functions with or without the Property (A), one may see [1].

Throughout the paper we consider o (gx), % (84, % (gx) and 75 (gx) for
entire functions f; | i = 1,2 and g | k = 1,2 are all non-zero finite.

3. Theorems

First of all, we recall some related properties of relative L* -order and relative L* -
lower order of entire functions as proved by Datta et al. [4] which will be needed in
order to prove our main results, as we see in the following four theorems:

THEOREM A. [4] Let fi1,f>, g1 and g» be any four entire functions. Then
(i) L L
py, (81£82) <py (8i)
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where p}: (gi) = max {p}: (gx) | k=i= 1,2}. The sign of equality holds when p}: (g1)
#pf (82);

(ii)

Pﬁifz (g1) = P},- (g1)

where pﬁ* (g1) = min {pr: (g1) | k=i= 1,2} and gy is of regular relative L* -growth
with respect to at least any one of f1 or f,. The sign of equality holds when pj]:: (g1) #
pk (g1) and

(iii)

Piip (&1 2) <max [min{pf (1), pf (&)} .min{pf (22).pF (22)}]

when pk (g1) # pk (g1), Pk (g2) # P (2) and g1 and g\ are both of regular
relative L* -growth with respect to at least any one of fi or f>. The sign of equality

hotds when min { pk (¢1).,p% (1)} # min{ & (22).p% (s2) }.
THEOREM B. [4] Let fi1,f2, g1 and g are any four entire functions. Then
(i)
)L_;%l:tfz (81) = l% (81)
where QL%* (g1) =min {?Lg (g1) [k=i= 1,2}. The sign of equality holds when ?Lg (g1)
# 79,%2 (g1)
(ii)
Af (g1+g2) <Af (&)
where JLE (gi) = max{lﬁ (gr) | k=i= 1,2} and at least g| or g is of regular rela-

tive L* -growth with respect to fi. The sign of equality holds when JLE (g1) # JLE (g2)
and

(iii)
Mg, (g1 % g2) > min [max {AF (1), A% (21) } max {AF (82), A (22) }]

when ?Lg (g1) # QLII;; (g1), M‘{ (g2) # ?Lg (g2) and at least g\ or g is of regular
relative L* -growth with respect to fi and f> respectively. The sign of equality holds

when max { A (¢1), 2% (1)} # max {AE (22) 2% (g2)}

THEOREM C. [4] Let fi1, f2,81 and g, are any four entire functions. Then

i

" P,%: (g1-82) < P,%: (gi)
where p}: (gi) = max {pjlzl* (g) | k=i= 172} and fi has the Property (A). The sign
of equality holds when pjlzl* (g1) # pjlzl* (g2). Similar results hold for the quotient i—;
provided % is entire;
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(ii)
Pﬁf2 (81) = P% (81)
where p]%_* (g1) = min {pjlzk* (g1) | k=i= 172}7 f1 - f> has the Property (A) and gy is
of regular relative L*-growth with respect to at least any one of fi or f>. The sign
of equality holds when pjlzl* (g1) # pj]:; (g1). Similar results hold for the quotient %
provided % is entire having the Property (A) and
(iii)

(@) pf; 1, (g1-82) < max [min {pf (1).pf; (51) }.min{pf (g2).pf; (e2)}],
) Pl (£2) < max min {pf (1) 0, e1)} i {of, (52) o (5]

when (i) pf, (¢1) # P, (1), (ii) pf (82) # pf; (g2) (iii) fi-f2, g1 and g has the
Property (A) and (iv) g1 and ga are both of regular relative L* -growth with respect to

at least any one of fi or f>. The sign of equality holds when min {pr: (g1) 7p}; (g1 )} +
min {pt" (22),p% (22)}
THEOREM D. [4] Let fi, f>,81 and g> be any four entire functions. Then

(i)

Afp (1) 2 A5 (g1)

where QL%* (g1) =min {?Lg (g1) [k=i= 1,2}. The sign of equality holds when ?Lg (g1)

1) . Similar results hold for the quotient L provided L} is entire;
# AL (g1). Simil lis hold for the quotient 4 provided 1L is enti
(i) ' '

%%1 (81-82) < lfl (8i)

where JLE (gi) = max{lf: (gx) | k=i= 1,2} , f1 has the Property (A) and at least

g1 or g is of regular relative L* -growth with respect to fi. The sign of equality holds
wh;n ?LE (g1)# ?LE (g2). Similar results hold for the quotient g—; provided g—; is entire
an

(iii)
A’L* . > . A’L* A{L* A’L* A{L*
(a) Af , (g1-g2) = min |max{ Af (g1).Af (g1) p,maxqAf (82),4f (82) ¢l

) 25 (£1) > min max (A8 (61),2£ (00} max {45 (22 2 (52)}]

when (i) Af (21) # A% (1), (i) AE (82) # AL (g2), (iii) g-g2, fi and fy have the
Property (A) and (iv) at least g\ or g; is of regular relative L* -growth with respect to

fi and f> respectively. The sign of equality holds when max {?LE (g1) ,?Lg (gl)} +
max {AF (g2),2F (82)} -

Now in the case of relative L*-type and relative L*-weak type, it therefore seems
reasonable to study a parallel investigations of its basic properties, which is the prime
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concern of the paper. In fact, in this paper, under somewhat different conditions we
obtain the following theorem related to relative L*-type (relative L*-lower type) and
relative weak L* -type:

THEOREM 1. Let f1, 2,81 and g, are any four entire functions such that p]]:k* (gr) |
k=1,2 are non-zero finite. '

(DIf (A) pf; (gi) = max {p,,%j‘ (&) |[k=i= 1,2} and (B) pf, (¢1) # pf; (22),
then

(i) of (81£82) =0F (gi) |i=1,2and (ii) G (g1 +¢2) =T () ]i=1,2.

(IDIf (A) pf (g1) =min {P}: (g1) | k= 1,2}, (B) pf (g1) # Pk (g1) and (C)
g1 is of regular relative L* -growth with respect to at least any one of f| or f>, then

(i) Ofiap, (1) = 0f (81) |i=1,2and (il) Gf1p, (1) =TF (g1) |i=1,2.

(I If (A) pE (g) =max [min {pk (g1), pk (g1)}, min {p% (2), Pk (g2)}],
(B) pf (g1) # pf, (g1), (C) pf (2) # pF, (g2), (D) min {pf (g1), pf, (81)} #
min {p%l* (g2), pg (g2)} and (E) g and g, are both of regular relative L* -growth
with respect to at least any one of fi or f», then
(i) O'fL:ifz (g1tg) = O'E (gr) |i=k=1,2and
(if) G 1p, (811 82) = OF (&) | i=k=1,2.

THEOREM 2. Let f1, f>,g1 and g» are any four entire functions such that ?L]%: (gx) |
k =1,2 are non-zero finite. '

(DI (4) 24 (&) =max {AF () [k=1,2}, (B) AE (1) # AE () and (C)
at least g\ or g, is of regular relative L* -growth with respect to fi, then

(i) Tf (g1%+82) = 7f; (8) |i=1,2and (i) T}, (g1 £ &) =7} (&) |i=1,2.
(I If (A) AL (g1) = min {x}: (g1) | k= 172} and (B) AE (g1)# AL (g1). then

(i) Thap (1) =7 (g1) |i=1,2and (it) T 1, (1) =T (1) | i = 1,2.

(HDIf (A) Af (gx) =min [max {Af (g1), A (g1)}, max {Af (g2), Af; (82)}];
(B) Af (81) #Af; (g1), (C) Af (g2) # A, (g2), (D) max {Af (1), Af; (1)} #
max {lﬁ* (g2), QL}“; (g2)} and (E) at least g; or g is of regular relative L* -growth
with respect to f1 and f, respectively, then
() Tap (91%82) = 7f (80) | i=k=12 and
(i) Tap (814 82) = T (88) [i=k=12.
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THEOREM 3. Let f1, 2,81 and g, are any four entire functions such that p]]:k* (gr) |
k =1,2 are non-zero finite. '

(DIf (A) pf (g) = max {p%f (8) [k=i= 1,2} . (B) pf (1) # pf, (82) and
(C) f1 has the Property (A), then

(i) of (g1-82) < of (gi)|i=1,2 and (ii) 5% (g1-82) <OF (8)|i=1.2,

L* -
For both the cases the equality holds only when 2P (&) < 1.

(I)If (A) pf (1) =min {P}: (g1) [ k= 172}7 (B) pf (1) # pf, (1) and (C)
g1 has the Property (A) and also g is of regular relative L* -growth with respect to at
least any one of fi or f,, then

(i) Gfl 5 (81) = f “(&1) |i=1,2 and (ii) O_fl n(&1) = Gf, (g1) [i=1,2,

For both the cases the equality holds only when 2P th* (&1) > 1.

(I If (A) pk (g) =max [min {pk (1), pk (g1)}. min {pk (22). p% (32)}],
(B) pf (1) # Pk (1), (C) pf (22) # pf, (g2), (D) min {pf (g1), pf (1)}
# min {p}: (g2), pjlz; (g2)}s (E) fi-fo, g1 and g» have the Property (A), (F)
prL'r'fZ(gk) <1, (G) 29%: ©) > 1 and (H) g1 and g, are both of regular relative L*-
growth with respect to at least any one of fi or f,, then

(i) Gﬁ*fz(grgz)ZG,%*(gk)\iZk:lﬂ and
(ii) O 4, (g1-82) =% (g1) |i=k=1,2.

Similar results for equality of the above three cases are hold for the quotient % pro-

vided % is entire.

THEOREM 4. Let f1, f>,81 and g> are any four entire functions such that pjlz,: (gx) |
k =1,2 are non-zero finite.

(I (A) AE (&) =max {AF (g0) [k=i=1,2}, (B) AE (1) £ Af (g2) and
C) f1 has the Property (A) and and at least g1 or g» is of regular relative L* -growth
©) f perty grorg g g
with respect to f, then

(i) Tfl (81-82) < Tfl (g) |i=1,2and (ii) Tfl (81-82) < 17f1 (gi) |i=1,2,

L*(,.
For both the cases the equality holds only when 2 (&) <1.

()1 (A) AE (g1) =min{AE (¢1) [k =1,2}, (B) A (&1) # 2K (1) and (C)
g1 has the Property (A), then

(i) Tfl - (81) = Tf (81) |i=1,2 and (ii) Tfl - (81) = Tf, (g1) li=1,2,

L* >
For both the cases the equality holds only when 2 (80) > 1.
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(D If (A) Af (gx) =min [max {Af (g1), Af, (g1)}, max {Af (g2), Af; (g2)}],
(B) Af (1) # Ak (81), (C) Af (g2) # Af, (g2), (D) max {Af (1), Af; (1)}
# max {AF (g2), AL (¢2)}, (E) g1-g2, fi and fo have the Property (A), (F)

Af 1y (80) Af (81) , N
205 < 1, (G) 27 > 1 and (H) at least gy or g is of regular relative L*-

growth with respect to fi and f, respectively, then
(i) s, (81-82) = Tf (&) | i=k=1,2 and
(i) Th.p, (81-82) = Tf, (gn) |i=k=1,2.
fi-fa fi
Similar results for equality of the above three cases are hold for the quotient % pro-
vided % is entire.

The other aim of this paper is to revisit ideas of equality as mentioned in the first
and second part of Theorem A, Theorem B, Theorem C and Theorem D under some
different conditions and we prove the following four theorems:

THEOREM 5. Let fi, f>,81 and g, are any four entire functions.
(1) If either 0'%: (1) # 0'%: (g2) or 6% (g1) # 6% (g2) hold, then

PfL: (81+tg)= PfL: (81) = Pﬁ* (82)-

() If (A) either of (g1) # Of; (81) or G, (81) #5F, (81) hold and (B) gy is
of regular relative L* -growth with respect to at least any one of f| or f>, then

Phap (81) =pf (21) =pf (g1)-

THEOREM 6. Let fi, f>,81 and g, are any four entire functions.
(D) If (A) either T%l (g1) # T%l (g2) or ?%1 (g1) # ?%l (g2) hold and (B) at least
g1 or gy is of regular relative L* -growth with respect to fi, then

lﬁ* (81+tg)= Aﬁ* (81) = lﬁ* (82)-
(II) If either TE (g1) # TfL; (g1) or Tﬁ( (g1) # Tg (g1) hold, then
lﬁlfz (g1) = 79;%; (g1)= 79;%; (g1)-

THEOREM 7. Let fi, f>,81 and g, are any four entire functions.

* % g % L* ;
(D If (A) either 0'%1 (g1) # 67%1 (g2) or (y% (g1) # O'% (g2) hold (B) PR (&)
and (C) f1 has the Property (A), then

Pk (g1-82) =P (g1) = pF (22)-

* * g% % 11* o
(II)If(A) either 67%1 (gl) 75(5%2 (gl) or g% (gl) 75 0-%2 (81) hold (B) 2P/,. (g1) >1
and (C) g\ has the Property (A) and also g\ is of regular relative L*-growth with
respect to at least any one of fi or f», then

pk 1 (1) =pk (g1)=pE (51).
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Similar results of above two cases are hold for the quotient % provided % is entire.

THEOREM 8. Let fi, f>,81 and g, are any four entire functions.
AL

(1) If (A) either T5 (1) # & (22) or T, (1) # T}, (g2) hold (B) 2"h ) < 1
and (C) f1 has the Property (A) and at least g1 or g is of regular relative L* -growth
with respect to f1, then

AF (81-82) =Af (81) =Af (82)-
. * * 7 g AL* o
(ID) If (A) either T (g1) # & (g2) or T, (g1) # T (g2) hold (B) 24 V)
and (C) g1 has the Property (A), then
Mg (21) = Af (81) =Af (21).

Similar results of above three cases are hold for the quotient % provided {,—; is entire.

> 1

4. Lemmas
In this section we present some lemmas which will be needed in the sequel.

LEMMA 1. [1] Suppose f be an entire function and o, be such that o« > 1 and
0< B < a. Then
Mf(OCr) > ﬁMf(r).

LEMMA 2. [1] Let f be an entire function satisfying the Property (A). Then for
all sufficiently large r,

(M) < My ()

holds for 6 > 1.

LEMMA 3. [7] Every entire function f satisfying the Property (A) is transcen-
dental.

LEMMA 4. Let f be an entire function. Then for all sufficiently large values of r,
Ty(r) <logMy(r) < 3Ty (2r) {cf. [5],p. 18}.
5. Proofs of the Theorems
In this section we present the proofs of the main results.

Proof of Theorem 1. From the definition of relative L* -type and relative L* -lower
type of entire function, we have for all sufficiently large values of r that

. Pk (g1)
Mgk(l’) <Mfk l(G%k (gk)-l-S) [I’eL(”)} i k‘| 7 (D)
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My, (r) > My, (5?2 (gk)—S) [reL(’)]p’L:(gk) : )

and also for a sequence values of r tending to infinity we get that

* pL* (gk)
My (1) > My, | (0F (gi) — &) [ret] 7 3)
_* L(r) P%k* (8x)
Mg, (r) < My, <Gfk (gx) +8> [re } 4)
where € (> 0) is any arbitrary positive number and k = 1,2.
Case I Let pf (gi) < pf (gi) where k=i=1,2 with g; # &.
Now from (1) we get for all sufficiently large values of r that
My, 16,(r) < My, (r) + Mg, (r) (5)

ie.,

L*

* A1PF (8x)
Mg, +g,(r) < My, [(O_%l (8) +8> [VeL( )} ! +M;y,

(of (e0)+e) [ret] oh (801

i.e.,

My, 44, (r) < My, l(Gfo (gi)+8> [reur)]ﬁ’ff(gi)]
(G £ (a) +s) [reLm} oh (”’“]

* L* i
(o <) b

My,

1

X | 14

* I

B B Mfl |:<0'le (gk)JrS) [reL(’)}pfl (gk):|

Since pf (gi) < pf, (gi), one can make the term o suffi-
(o e o

ciently small by taking r sufficiently large. Therefore in view of Lemma | and the

above inequality we get for all sufficiently large values of r that

) Pf (80
My, 40, (r) < My, [(Gﬁ (g,')—i-S) [reL(r)} i (1+e)

i.e.,

Mol = [O‘ (oF (e0+e) [ret] mﬂ
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where o > (1+¢).
Now making & — 1+ we obtain from above and Theorem A (i) for all sufficiently
large values of r that

My My ) < (F (e ) [ret?] 7

ie.,

M;llMgligz (7n)

L
[reL(r)]pr'l* (81£82) < <Gf1 (gl) +£> ’

Since € > 0 is arbitrary, we get from above that
L* L*
oy, (g1+g) <oy (8)-

Further without loss of generality, let p]%l* (g1) < p]%l* (g2) and g = g1 +g». Then
o' (¢) < of (g2). Furtherlet g = + (g —¢1) and in this case we obtain from Theo-
rem A(i) that p£ (g1) < pf (2). So 0f; (22) < of; (¢). Hence of (g) = 0f, (g2) =
of (g1+g) = 0f (g2). Thus, of (g1+g2) = oF (&) |i=1,2 where pk (g;) =
max { p" (gi) [ k=i=1,2} and pk' (g1) # Pk (22)-

Case I1. Further let %' (g¢) < pk (gi) where k=i=1,2 with g; # g;.

Now from (1) and (4) and in view of (5) we get for a sequence of values of r
tending to infinity that

Mg g, (rn) < My, (ra) + Mg, (rn) (6)

* , Pk (21)
Mgy sg, (1n) < My, l(qzﬁ (gk)+8> [rneL( n)} 1

+Mp, (5%* (gi)-l—S) [rneurn)}"ff “’”]

ie.,

My, +q, (ra) < My, [(6&: (gi)+ 8) [rneL(rn)} P_%l* (&'f|

My, <Gj€* (gx) + 8) {rneL(r")]

P%: (gk)]

X [1+4+

: (N
My, [(5%* (g1) +€) [raelm)]Ph (g»]
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. L*
X X My, I:(O—;'i (gk)Jre) [rneL(’n)}pfl ()
Since pj% (gr) < pf (gi), one can make the term .
1 1 "y Lo PF (80)
My, (gfl (gi)JrS) [raettm)] 1
ciently small by taking n sufficiently large. Therefore in view of Lemma 1 and Theorem
A (i) and using the similar technique of case I we obtain from (7) that

suffi-

Further without loss of generality, let p]%l* (g1) < p]%l* (g2) and g = g1 +g>. Then
Eﬁ (g) < Eﬁ (g2). Further let g, = + (g g1) and in this case we obtain from The-
orem C that p%' (g1) < p% (g). So O'fl (82) <O (g ( ). Hence &% (g) =% (g2) =
G, (81+82) = O (82). Thus, % (g1+¢2) =% (¢1) | i = 1,2 where pk' (gi) =
max {pk (g1) | k=i=1,2} and p&' (g1) # ¥ (22).

Thus the first part of the theorem follows from Case I and Case II.

Case III. Now suppose that p‘g (g1) < p}; (g1) where k=i=1,2 with f; # fi
and g is of regular relative L*-growth with respect to at least any one of f] or f>.

L*
My <(G_%,.* (gl)—8> [raetlm)]Pfi (g1)>

We can make the term > sufficiently small by taking

L*
My <(6Z (51)¢ ) [raet )] (gl)

n sufficiently large since pf (g1) < p]%: (g1). Therefore

L* (g
My, ((GJ%'* (g1) —8) [rneL(rn)}pfi (31)>
My, ((5% (g1)—¢€) [rneL(r,l)]Pch‘: (gl)>

for sufficiently large n.
Now in view of (2), (3) and (8) we obtain for a sequence of values of r tending
to infinity that

Mpzr, l(“ﬁ* (gl)—s) [r e >}”f, (&1)
.

< My, ((G}Fi* (g1) —8) [rneL(,n)}Pﬁ-*(gl)) + My, ((6,3 (g1) —g) [rneL(rn)]pf; Q‘”)

ie.,

<& ®)

Mrvess [(Gﬁ-* (g1)— ) [rmet >]Pf, <gl>]

=M << o) —e) {r"eL(r")]pr;(gl)> + My, ((Gﬁ* (e1)—¢) [rneL<rn>}"fL:<g'>>
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i.e.,

Mis, l(“ﬁ* (1)~ ¢) [rneL(m}”.ﬁ* (s1)

L*

< M, ((Gﬁ,* (g1) — g) [rneL(rn)}Pf,- (81)) + &My, <<6?Z (g1) — 8) [rneL(r")} P%: (81)>

i.e.,

. Pk (1)
My<f, [(Qﬁ (81)—8> [re o )} ! ] < Mg, (1) (1 +&1)
ie.,

My, +p, [(Cfﬁ.* (gl)—£> {rneL(’n)]pg(gl)] < My, (aury)

where a > (1+¢).
Hence making @ — 1+ we obtain from above and Theorem A(ii) for a sequence
of values of r tending to infinity that

L* L(r) Plf"*(gl) ~1
<Gf,- (1) —8> {r,,e " ] <My, Mg, ()
ie.,
M 1

* M, (rn)
<G]% (gl)—&‘) < fithr .
[raekrn)] Pz (81

Since € > 0 is arbitrary, it follows from above that

Gflztfz (g1) = O_f, (g1)-

Now without loss of generality, we may consider that p}: (g1) < pg (g1) and
f=/fixf>. Then Gf (gl) f " (g1). Further let f; = (f:l:fz) Therefore in view
of Theorem A (ii), pf (gr) < pfz (g1) and accordrngly Gfl (g1) = f "(g1). Hence
Gf (g1) - Gfl (g1) = G{Iifz (1) = Gfl (g1). So, Gfl;tfz (fl) I (*gl) li=12
where pf (g1) = min{pf (g1) | k= i= 1,2} provided pf (g1) # p, (¢1) and g1
is of regular relative L* -growth with respect to at least any one of f] or f5.

Case IV. In this case also one can clearly assume that p‘g (g1) < p}; (g1) where
k=1i=1,2 with f; # f; and g is of regular relative L*-growth with respect to at least

any one of fi or f5.
L*
Mfk(( S, “(g1)— )[ eL(’)]Pfi (¢1)

We can also make the term 7o)
M&((Eﬁf(m)* )[ret %%

) sufficiently small by
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taking r sufficiently large as pf (1) < pf (21). So

L*
M. ((EJL’; (g1) — 8) [reL(r)}pfi (g1)>
Mj, ((5?2 (g1) — &) [rel)]Ph (gl))

for sufficiently large r.
Then in view of (2) and (9) we obtain for all sufficiently large values of r that

<ég ©)

L*

My, +p, [<6ﬁ* (1) —8> [reL(’)} Pr (gl)] < My, <<6§:’* (1) —8) I:reL(r):|ij;(gl)>

oot )

ie.,

L*

My, +f, l(g%* (81) —8> [reL(’)}pf" (gl)‘| < My, ((6%* (g1) _£> [reL(,)]P_%:(gl)>

e My, ((6% (g1) — s) [rew)]pff <g1)> .
(10)

Therefore using the similar technique for all sufficiently large values of r as ex-
ecuted in the proof of case Il we get from (10) that 6% ., (1) =07% (g1) | i=1,2

where pf’ (1) = min{p} (1) | k= i= 1,2} provided pf; (¢1) # pf, (¢1) and g
is of regular relative L* -growth with respect to at least any one of f; or f5.
Thus combining Case III and Case IV we obtain the second part of the theorem.
The third part of the theorem is a natural consequence of Theorem A (iii) and the
first part and second part of the theorem. Hence its proof is omitted. [J

Proof of Theorem 2. For any arbitrary positive number € (> 0), we have from
definition 6 for all sufficiently large values of r that

_* AE (8k)
Mg, (7) <My, [(T%k (gk)—i—&‘) [reL(r)} i, \8k ‘| , (1D

M (1) > My, [(Tﬁ[ (00— ) [ret] (“)1 : (12)

and for a sequence {r,} — oo, we have

- A (s1)
Mg, (r) = My, [(chk (gk) —8> |:rneL(i’n):| i \8k ] , (13)
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Mg (r) < M [(fﬁf (g0 +) [mem] % w] "

where k=1,2.

Case I. Let us consider JLE (g1) < JLE (gi) where k=i = 1,2 with g; # g; and at
least g; or go is of regular relative L*-growth with respect to f.

Therefore from (6), (11) and (14) we get for a sequence {r,} — oo that

7, L* I ‘LL*(gk)
+ n T 7 /i
Algl 82 ( ) < Alfl [( fl (gk) +g> [rne ( n):| 1 ]

+My, (Tﬁ (gi)+£> [rneL(rn)r%;(gi)]

i.e.,

Mg, (n) < My, l(rg (8i) +8> {rneL(rn)] lfl*(gf)l

' AE (%)
T 7 f
My, (Tﬁ (k) +8) [rneL( n)} 1 ]
x |1+ . s
My, {(Tfﬁ* (gi) + s) [ruetm] ¥, (m)}
* : Mfl l:( il (Sk)‘h‘?) [rne (’")] fl ( 9)
Since Af (gx) < Af (gi), we can make the term suf-

Mfl |:< f (gl)+8) [rne (’n)] fl ( )

ficiently small by taking n sufficiently large. So with the help of Lemma | and the
second part of Theorem B and using the similar technique of case I of Theorem 1, we
get from (15) that

Tf1 (81£g2) < Tf1 (8)-

Now without loss of generality, suppose that 7Lf1 (g1) < l%l* (g2) and g =g +go.
So 7f () < T (g2). Also let go = +(g—g1) and in this case we have from the
first part of Theorem B that JL_%: (g1) < JL_%: (g). Therefore Tf (g2) < Tfl (g). Hence
5 (g) = 17 (82) = Tf, (81+82) = 7f; (82). Thus, 77 (g1%g2) = 77 (g1) |i=1,2
where AE (1) = max {2F (g¢) | k=i =1,2} and AF (1) # AF (2).

Case II. Let us consider that 7LL (gr) < 7Lf (gi) where k=i=1,2 with g; # g;.
Now in view of (11) we get for all sufﬁmently large values of r that

Mg, g, (r) < Mg, (r) + Mg, (r)

i.e.,

L*

My, (r) <My, [(Tﬁf (8¢) +¢) [reL(’)]lfl “)

(7 (s0)+ée) [re] e <gf>]
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i.e.,
7 A
My 0 (r) < My, [(T?. (8)+¢) [ret] ]

(T?T () + ) [reL(’)] e (g")]

My {(T?: (gi)+¢) [reL(r)]’lﬁ* (A’i)]

My,

X |14+

As AL (gr) < AE (gi), by taking r sufficiently large one can make the term
L*
Mfl |:<?lf: (Is’k)JrS) [reL(’)}lfl (k)
L*
My, {(Tﬁf (g,-)+s)[ <r)} | (8i)
Case-I we get from above that T?: (g1tg) = T%F (gi) | i = 1,2 where Aﬁ* (gi) =

max{lﬁ (g1) |k=i= 1,2} and Af (g1) # AE (g2) and hence its detail proof is
omitted.

sufficiently small and therefore for similar reasoning of

Thus the first part of the theorem follows from Case I and Case II.
Case III. Now suppose that JL_]%,* (g1) < l%k* (g1) where k=i=1,2 with f; # f.

Mk ((f.%f (g1)-e) et (m)
Therefore we can make the term Ve sufficiently small
Mg, <(Tg (81)—£> [rel(")] 7 (g1)>

by taking r sufficiently large since p_%* (g1) < p.%;: (g1)- So

% AL
My, ((Tﬁ (g1)— % “)
) (16)

- (g
My, ((Tﬁ (1) — reL fk 1

for sufficiently large r.
Then in view of (2) and (16) we obtain for all sufficiently large values of r that
L*

M [(Tﬁ* @0 -e)[] (gl)] <My ((f.%* (o)) et <g1>>

+Mj, (( 7 (81)—&‘) [reL(V)]lfL}'*(g')>

—
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i.e.,

L*

My, 1, [(Tﬁ (81)—8> [reL(r)rf" (gl)] < My, ((T}, (g1) _£> [reL(r)])L_;%*(gl)>

+eMy, ((T}Z (1) — g) {r&(’)}%ﬁ(m)) .

Therefore using the similar technique as executed in the proof of case IV of The-
orem 1, it follows from above and the first part of Theorem B that

T,%l*ifz (g1) > T% (81)-

At this time without loss of generality, we may consider that JLE (g1) < lg (g1)
and f = fi &+ f>. Then 1'%* (g1) = T}f (g1). Further let f; = (f £ f>). Therefore in
view of Theorem B (i), A (1) < Af (g1) and accordingly 7} (g1) > 7 (g1). Hence
™ (g1) =15 (91)= T iy, (81) =75 (1). So, TF oy, (1) =TF (81) [i=1,2 where
AE (g1) =min{2E (1) | k=i=1,2} provided 2£ (1) # 2% (s1).

Case IV, Now let us consider JLE (g1) < lﬁj (g1) where k=i=1,2 with f; # f;.

% ll‘*
Mfk (flfl (81) 8) [rneL(rn)] % (et
Further we can make the term

L*
My, ((TK (gl)—e) [rneL(rn)]k_fk (1)

by taking n sufficiently large since pf (g1) < p]%k* (g1). Therefore

My, ((Tﬁ: (81)— 8) {r,,eL(rn)]%*(gl)>
>

i ( (e (o) —e) et 5

for sufficiently large n.
Now in view of (2), (3) and (16) we obtain for a sequence of values of r tending
to infinity that

) sufficiently small

<€ a7)

L*

M (5 =) e < (3 000 s )

ie.,

Mp+p, l(ﬁ (81) —8) [rneL(r")]Af" (gl)] < My, ((?ﬁ (gl)_£> [rneL(r,,)]%*<g1)>
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Hence using the similar technique of case III of Theorem 1, we obtain conclusion
from above that T4 . , (g1) = T4 (g1) |i=1,2 where Af (g1) =min{Af (g1) [k=1i

= 1,2} provided A (g1) # Af; (g1).

So the second part of the theorem follows from Case III and Case IV.

The proof of the third part of the Theorem is omitted as it can be carried in view
of the third part of Theorem B and the above cases. [

Proof of Theorem 3. Case I. By Lemma 3, f| is transcendental. Suppose that
p}: (gr) < p}l* (gi) where k =i=1,2 with g; # g;. Now for any arbitrary € > 0, we
have from (1) for all sufficiently large values of r that

My, 4, (r) < Mg, (r) - Mg, (7). (18)

8182

M, ., (r) < My, [(G}: (20)+ ;) {reL(’)]p‘%l* (gk)] M, [(G}; (e)+ %) [reL(’)]p'%: (gi)] .

Since pk' (gx) < pf (gi), we getforall sufficiently large values of r that (of: (g;)

L (g} i} L (g1)
+ €) [reL(’)]pfl s (Q,él (8x) + €) [reL(’)]pfl o

(8i)

. pk’
Therefore My, l(g}l (g1)+€) [reL(’)] 7

. . Pk (k)
> M, [(o}l (80)+e) [ret)|

and from the above arguments it follows for all sufficiently large values of r that
£ ok ]
* 17 \8i
Mgllg2 (r) <My, l(o‘ﬁ (gi)-i-E) [reL(r)] 1 ‘| . (19)

Let us observe that

.
Pf, (8i

= log <O‘%: (gi)+ 8) {reL(’)} ) = dlog (O‘%: (gi)+ ;) {reL(’)] Ph (&) . (20)

Since f; has the Property (A), in view of Lemma 2, Theorem C (i) and (20) we
obtain from (19) for all sufficiently large values of r that

. 8
My, ., (r) < My, ((6}: () + g) {reL(,)]p_%l (g,-))
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i.e.,

My, ., (r) < My, [(G}f (2) +8> [reL(,)}pﬁ(gi)] '

That is, we have
—1
Mf1 Mg, .4,(r)

L* )
[reL(r)]P%f(gi) < (Gfl (gz)+£>

ie.,

MMy, ., (1) .
A8 (o (g)+e).
[reL(r)]Pfl (g1-82)
i.e.,
L" (o1 .0,) < oL (go; 21
oy, (81-82) <oy (8)- (21)
In order to establish the equality of (21), let us restrict ourselves on the functions

L*(,.
J1 and g; with the property 2Pr; (81) |i=1,2<1. Now let h, hy, hy and k be any

four entire functions such that 7 = Z—f and pF (h) < pt (). So T,(r) = T, (r) <
7

T, (r)+ Ty, (r) + O(1). Now in view of Lemma 4 and in the line of the construction of
the proof as above it follows for all sufficiently large values of r that

MM (5) < (of () +e) [reL(’)}pF(hZ) +o(1).

Since L(ar) ~ L(r) as r — oo for every positive constant a, we get from above
for all sufficiently large values of r that

M "M, (r)

i E L o(1)
| L(,)}lp,f*('ﬂ—l < 2Pk () o (ak (h2)+e) + [reL(r)]Pk”(hz)'
e-\2

0

[

Now if we consider 2Pk () < 1 then it follows from above for all sufficiently
large values of r that

[T

MM, (r
< Mp 20

[rel(")] pi ()

iy < (G,{“* (h2)+£>+
et

ie.,
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Further without loss of any generality, let g = g1-g2 and pk (g1) < pf (g2) =

P}: (g). Then GE () < Gf: (g2). Also let g, = ﬁ and 2pf%1*(g2) < 1. So in this case
we obtain from above arguments that G%: (g2) < G]]Ff (g). Hence G}l* ()= G%: (g2) =
of (81-82) = of (g2). Thus, of (g1-82) = of (&) | i =1,2 where pf (g;) =
max {pE (g) | k=i=12}. k' (s1) # P} (2) and 270 &) [i= 12 <1

Next we may suppose that g = g—; with g1, g», g are all entire functions and also
suppose that p‘%l* (g2) < p]%l* (g1). We have g; = g- g». Therefore G]]?l* (g1) = G%l* (g)

* * L* 0
as pk (g) > pE (g2) and 277 Y < 1.

Case II. In view of Lemma 3, f; is transcendental. Now let pﬁ* (gr) < p}: (8i)

where k =i=1,2 with g; # g;. Therefore from (1) and (4) it follows for a sequence
{r,} of values of r tending to infinity that

Mg, ¢, @) <My, (rn)'Mgz (rn)- (22)

That is, we have
L* £ L(rn) plf: (k)
My (1) < My, | (0F; (80)+5 ) [rae]
—L* E L(I’n) P%l* (gi)
<M, (afl () + 5) [rne } . 23)

Since p}: (grx) < pﬁ* (gi), so for a sequence of values of r tending to infinity

My, [(6€{ (&')"‘%) [VneL(r")]p}:(gi)] > My, [(Gﬁ* (8x) + %) [rneL(’")]p’é:(gk)] holds

and therefore from (23) we obtain for a sequence {r,,} of values of r tending to infinity
that

L* - 2
Mg, o, (ra) < My, [(6&: (gi)+ g) {rneL(rn)} P (51)‘| ' (24)

Now using the similar technique for a sequence of values of r tending to infinity
as explored in the proof of Case I, the second part of Theorem 3 I (ii) follows from
(24).

Therefore the first part of theorem follows Case I and Case II.

Case III. By Lemma 3, g; is transcendental. Suppose that pf (g1) < pf (g1)
where k =i=1,2 with f; # f; and g; is of regular relative L*-growth with respect to
at least any one of f or f>.

Now for all sufficiently large values of 7 and p%" (¢1) < pf: (g1)

(% ) e 5> (o ) ]



22 S. KUMAR DATTA, T. BISWAS AND A. HOQUE

holds. Consequently

() ) (o ) )

also holds.
Therefore in view of (2), (3) and above we obtain for a sequence of values of r
tending to infinity that

My.f, ((G}l* (g1)— 8) [VneL(r”)}p‘%"* (81)>
<My, ((G}j* (g1) —s) [rneL(’n):|pfi*(gl)> My, ((O_ﬁ* (&) _£> {rneL(rn)]”.%:(gl)>

i.e.,

My.f, ((O'j%* (g1)— g) [rneL(rn)} P_%: (81)>
<My, ((Gﬁ* (g1) = s) [rneL(Vn)]p.%i*(gl)> N ((55 (g1) — £> [rneLUn)]”-%; <g1>>

i.e.,
) ST
Mfl.f2 <<G}; (gl) — 8) |:rn€L( n):| fi ) < [Mgl (rn)]2~

Since g; has the Property (A), in view of Lemma 2 we obtain from above for a
sequence of values of r tending to infinity that

ie. My, ((Gﬁ* (g1)—¢) [rneL(rn)}”féf*(glj <My, (19). (25)

Now making 6 — 1+ we obtain from (25) and the second part of Theorem C for
a sequence {r,} of values of r tending to infinity that

<Gﬁ* (81)— 8) {rneL(r,,)] pE (21) < MﬁleMg1 ()
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i.e.,

(of (en—¢) <

MfleM (r )
] fl o) Isl

[r el

Since € > 0 is arbitrary, it follows from above arguments that

of.p, (81) = 0f (g1)- (26)

In order to establish the equality of (26), let us restrict ourselves on the functions

fi and g with the property prz \ i=1,2>1. Now let h, hy, hy and k be any
four entire functions such that h = % and p,fl* (k) < p,g (k). So T,(r) = T, (r) <
23

L*
T, (r) + Ty, (r) + O(1). Now if we consider 2°n ™ > 1 then in view of Lemma 4 and
in the line of the construction of the proof as above and case I of Theorem 3 it follows
that Gg (k) < of (k) =0k (k) as L(ar) ~ L(r) as r — e for every positive constant
a. "
Further without loss of any generality, let f = f| - f> and p}: (g1) = p}* (g1) <

pg (g1)- Then Gf (g1) = Gfl (g1). Also let f; = Lz and in this case we obtain from

above that of (gl) > of (g1) if 2PH 8 5 1. Hence oF (g1) = of (g1) implies
that Gfl,fz (g1) = f1 " (g1). Thus, Gfl,fz (g1) = Gf’_ (il) | i=1,2 where pf,- (g1) =
min{pk (¢1) |k=1,2}, pk (81) # ¥ (g1) and 2%V [i=1,2> 1.

Next one may suppose that f = % with f1, f», f are all entire and pg (g1) <

pk (g1). We have f, = f- fi. Therefore 6% (1) = of (g1) as pk (1) > pf (g1)
L*
and 2°0 8V | i=1,2> 1.

Case IV. By Lemma 3, g is transcendental. Suppose p‘g (g1) < p]%: (g1) where
k=i=1,2 with f; # f; (i#k) and g; is of regular relative L*-growth with respect
to at least any one of fi or f>.

Therefore for all sufficiently large values of r and pf" (g1) < pf (g1)

also holds.
Therefore in view of (2) and from above arguments we obtain for all sufficiently
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large values of r that

Mp-r ((Eﬁf (81) - £> [reLm] o <gl>>
< My, <<5§ (g1) —s) {reL(r)}P.%i* (g1)> « M}, ((6? (1) _8> {reL(rqP_%,-*(gl))

ie.,
L*

* - (’l)
Mj, g, ((5% (g1)—¢) [ret] " ) < [My, (M) 27)

Thus Theorem 3 II (ii) follows from (27) by using the similar technique for all
sufficiently large values of r of Case III.

Therefore the second part of the theorem follows from Case III and Case I'V.

Proof of the third part of the Theorem is omitted as it can be carried out in view of
Theorem C (iii) and the above cases. [l

Proof of Theorem 4. Case I. By Lemma 3, f] is transcendental. Suppose that
AE (gx) < Af (gi) where k=i =1,2 with g; # g and at least g or g, is of regular
relative L*-growth with respect to f;. Now for any arbitrary € > 0, from (11), (14)
and (22), we obtain for a sequence {r,} of values of r tending to infinity that

Mgy, (ra) < My, [(fﬁ‘ (8)+5) {rnem]%* wl
My, [(fﬁf (8)+5) [rneurn)]%*w] |

As JL_%: (gx) < JL_%: (gi), we get from above arguments for a sequence {r,} of
values of r tending to infinity that

* 2
* € r AL (gl)
My, 4, (ra) < My, [(?ﬁ (8)+5) [raet] ] . (28)

Now using the similar technique as explored in the proof of Case II of Theorem 3,
we have from (28) and the second part of Theorem D that

T, (81°82) <77, (1). (29)
In order to establish the equality of (29), let us restrict ourselves on the functions

L* (4.
fi and g; with the property 21 ¢ | i = 1,2 < 1. Now let &, Ay, h» and k be any
four entire functions such that 1 = Z—f and A (hy) < AF (h). So T,(r) =T , (1) <

— Th
hy

T, (r)+ Ty, (r) + O(1). Now if we take A (ha) < 1 then in view of Lemma 4 and in
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the line of the construction of the proof as above and case I of Theorem 3 it follows that
i () =1 (’Z—f) <1 ().

Further without loss of any generality, let g = g; - g and ?LE (g1) < ?LE (g2) =
AE (g). Then f (g) < 7% (g2). Also let g, = & and in this case we obtain from

* * L*
above arguments that T} (g2) < 7f; (g) when o' (82)

* : * < 1. Hence 7} (g) = rfL:*(gQ) =

% (g1-82) = 7 (g2). Thus, 77 (g1-82) = 7f (&) | i = 1,2 where Af (g;) =
% . % % }LL* i .

max {2£ (g0) [ k=i= 1,2}, AE (g1) £ AE (g2) and 21 ¥ i 1,2 < 1.

Next we may suppose that g = g—; with g1, g», g are all entire functions and also
suppose that Ak (g2) < A (g1). We have g1 = g g2. Therefore Af (1) = Af (g)
as AL (g) > AE (g2) and 271 ¥ < 1,

Case II. In view of Lemma 3, f; is transcendental. Now let Ak (g¢) < A% (i)
where k =i = 1,2 with g; # g; and at least g; or g, is of regular relative L*-growth

with respect to fj. Therefore from (18) and (11) it follows for all sufficiently large
values of r that

=L € 1M ()
Mg, .4, (r) < My, [(T% (gk) + 5) [reL( )} h ]

AL

<M, [(fﬁf (g)+35) [re“] " (”'i)] . (30)

Since JL_%: (gr) < k%l* (gi), so for all sufficiently large values of r,

w8002 B 0 ) 5

holds and therefore from (30) we get for all sufficiently large values of r that

* 2
T * € r }LL (gi)
Mgl'gz(r) <My, l(f?l (gi)+ 5) {reL( )} fi ] ' 31)

Now using the similar technique of Case I of Theorem 3, Theorem 4 I (i) follows
from (31).

Therefore combining Case I and Case 11, the first part of the theorem follows.

Case III. By Lemma 3, g; is transcendental. Suppose that JL_]%,* (g1) < JL_%: (g1)
where k =i=1,2 with f; # fi.

Since Af (1) < AL (g1), then for all sufficiently large values of r

Af (81) AE (1)

(0 -5) [ 5 )]
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holds. Therefore

My, ((rﬁ (1) — 8) [re (’)] oA )> > My, (( (e1)— ) {reL(’)] A (g1)>
also holds.

Now in view of (12) and from above arguments we obtain for all sufficiently large
values of r that

Mr-p <<T€ (1) — 8) [reL(’)} A (gl)>
< My, ((T% (g1) - s) [reL(rq/lfﬁ* (m) <M, ((r% o) 8) {reL(’)}AfLi* (m)

. AE (¢1)
My, ((rﬁ (gl)—£> [re“’)] i 81 ) < (Mg, (). 32)

Further using the similar technique as explored in the proof of Case II of Theorem
3, we have from (32) and the first part of Theorem D that

ie.,

Tfl 1, (81) = Tf, (1) (33)
In order to establish the equahty of (33), let us restrict ourselves on the functions

fi and g; with the property 2 A ( | i=1,2>1. Now let h, hy, hy and k be any

h * *
four entire functions such that & = gL and A; (k) < Az, (k). So T,(r) = T%L (r) <
2
T, (r) + Ty, (r) + O(1). Now if we consider 2% ™ < 1 then in view of Lemma 4 and
in the line of the construction of the proof as above and case I of Theorem 3 it follows
that i (k) < Tf (k) = ng (k) since L(ar) ~ L(r) as r — oo for every positive constant
a. ?
Further without loss of any generality, let f = f; - /> and JLL* (g1) = JLF (g1) <

AL*( 1). Then ”L'f (g1) = Tfn (g1). Also let f1 3 and 21 (“) > 1. Therefore in
this case we obtain from above that ’L'f (gl) f (g1 2 Hence Tf (g1)= Tfl (*gl) im-
plies that - (g1) = 7% (g1). Thus, Tf , (¢1) =7 (g1)|i=1,2 where A} (g1) =
. * * * AL .

mm{?tfk (g1) | k= 1,2}, AE (g1) # AL (g1) and 2% ©V [i=1,2> 1.

Next one may suppose that f = % with fi, f», f are all entire and 7Lg (g1) <
AE (g1). We have fo = f- fi. Therefore tf, (¢1) = Tf (g1) as Af (g1) > Af (1)

L*

and 21 8V |i=1,2> 1.

Case IV. By Lemma 3, g is transcendental. Suppose AF" (g1) < Af (g1) where
k=1i=1,2 with f; # f. Therefore for all sufficiently large values of r we obtain that

(?%,: (21) _£> [reL(,)]lfL-k*(gl) - <?%* (gl)—8> [reL(’)rfL'i*(gl).
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Naturally,

(e ) e 1) (5 ) )

holds.
Therefore in view of (12), (13) and from above arguments we obtain for a se-
quence {r,} of values of r tending to infinity that

(e 5
< My, ((T% (81)—s> [reLm}/lﬁ*(gl)) o, ((T% (gl)_£> [reLU)]AfLi*(”"))

ie.,
) A (1)
My, ((?,% (g)—e) [ ) < Mg, (1] (34)

Therefore using the similar technique for a sequence of values of r tending to
infinity of Case III, the second part of Theorem 4 II (ii) follows from (34).

Thus the second part of the theorem follows from Case III and Case IV.

Proof of the third part of the theorem is omitted as it can be carried out in view of
Theorem D (iii) and the above cases. [

Proof of Theorem 5. Case 1. Suppose that pj]:: (g1) = pj]:: (g2) (0< p}: (g1),
p}: (g2) < o). Now in view of Theorem A (i) it is easy to see that p]%l* (g1tg2) <

PfL: (g1) = p}: (g2) . If possible let
Pi (8182) <pf; (&1) =pf (22)- (35)

Let G%l* (g1) # o7, (g2) . Then in view of Theorem 1 I (i) and (35) we obtain that
Gle* (g1) = Gle* (g1teFg)= Gle* (g2) whichis a contradiction. Hence pﬁ* (g1 £g2)
=pk (1) = pk (g2). Similarly with the help of Theorem 1 I (ii), one can obtain the

same conclusion under the hypothesis Eﬁ (g1) # Eﬁ (g2) . This proves the first part of
the theorem.

Case II. Let us consider that p% (1) = p% (g1) (0<pk (¢1).p% (1) <o) and
g1 is of regular relative L*-growth with respect to at least any one of f; or f,. There-
fore in view of the second part of Theorem A, it follows that pf, ; (g1) = pf (g1) =

p‘g (g1) and if possible let

Pfis, (81) > pf (81) =pf (21)- (36)

Let us consider that 6% (g1) # of, (g1). Then. in view of the Theorem 1 IT (i)
and (36) we obtain that G}l* (g1)= G}l* Lhrp, (81)= Gg (g1) which is a contradiction.
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Hence pf, ; (1) = pf (g1) = pk (g1). Also in view of Theorem 1 II (ii) one can

derive the same conclusion for the condition Eﬁ (g1) # 6% (g1) and therefore the
second part of the theorem is established. [

Proof of Theorem 6. Case I. Let k]]:: (g1)= k]]:: (g2) (0< k]]:: (g1) JE (g2) <o)
and at least g or g; is of regular relative L*-growth with respect to f;. Now, in view
of Theorem B (i), it is easy to see that A% (g1 +¢2) < Af (g1) = Af (g2). If possible
let

Af, (81+82) <Af; (1) =4f (82) (37)

Let TE (g1) # ‘L'j%l* (g2). Then in view of Theorem 2 I (i) and (37) we obtain that
T'%'i (g1)= ‘Lf%l* *(gl teFg)= 1']%1* (g2) which is a contradiction. Hence k%l* (g1tg)=
Af (g1) = A (g2). Similarly with the help of Theorem 2 I (ii) , one can establish the

same conclusion under the hypothesis T?: (g1) # T?: (g2) . This prove the first part of
the theorem.
Case II. Let us consider that A (g1) = A% (1) (0 < Af (g1),Af; (g1) <

Therefore in view of Theorem B (i) it follows that lgifz (g1) = lg (g1) = lg (g1)
and if if possible let o ' '

A_;él*ifz (81) > 7%%* (81) = /1%; (81)- (38)

Suppose Tf (g1) # 7% (g1). Then in view of Theorem 2 1I (i) and (38) we obtain

that 7% (g1) = 7% ;- (1) = 7% (g1) which s a contradiction. Hence Af  (g1) =
Af (1) = Af; (g1). Analogously with the help of Theorem 2 II (ii), the same con-

clusion can also be derived under the condition ?%:F (g1) # Tg (g1) and therefore the
second part of the theorem is established. [J

) Proof of Theorem 1. Case I. Suppose that pjél* (g1) = pj%l* (g2) (0 *< p‘%l* (g1),
P,él (g2) < o). Now in view of Theorem C (i) it is easy to see that pj’;1 (g1-22) <
P}: (g1) = pﬁ* (g2) . If possible let

Pk (g1-82) < pf (g1) =pF (22)- (39)

Let 6f (g1) # 0f (g2). Now in view of Theorem 3 T (i) and (39) we obtain

that G%: (g1)= Gjlzl* (%) = G%: (g2) which is a contradiction. Hence p]]?l* (81-82) =

pk (1) = pk (g2). Similarly with the help of Theorem 3 T (ii), one can obtain the
same conclusion under the hypothesis 6?: (g1) # 6?: (g2) . This prove the first part of
the theorem.

 Case I Let us consider that ol (1) = P, (1) (0<pf (g1),pf, (1) <o) and
g1 is of regular relative L*-growth with respect to at least any one of f; or f,. There-
fore in view of the second part of Theorem C, it follows that pf . (1) > pf. (g1) =
Py, (g1) and if possible let

pk o (21) > pk (1) = pE (21). (40)
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Further suppose that G%: (1) # 67]?2* (g1)- Therefore in view of the first part of

Theorem 3 11 (i) and (40), we obtain that G}‘: (g1) = Gﬁfz (g1) = G}; (g1) which is
R

a contradiction. Hence pf . (¢1) = pf (1) = pf, (¢1). Likewise with the help of

Theorem 3 II (ii), one can obtain the same conclusion under the hypothesis 6%: (g1) #

Eg (g1) . This prove the second part of the theorem.
We omit the proof for quotient as it is an easy consequence of the above two
cases. U

Proof of Theorem 8. Case I. Let 7L ( 1) = 7LL (g2) (0< 7LL* (g1), AL (g2) <o)
and at least g; or g, is of regular relatlve L* growth w1th respect to fi. Now in view
of Theorem B (ii) it is easy to see that 7LL1 (g1-82) < 7L 7 “(g1) = Afl (g2). If possible
let

7%%1 (81-82) < JL]% (1) 27%151 (g2)- (41)

Also let T (g1) # 75 (g2). Then in view of Theorem 41 (i) and (41), we obtain
that 7} (g1) = 7} (“ 52) = 7/ (g2) which is a contradiction. Hence Af (g1-g2) =
kj%: (g1) =AEL 7 " (g2) . Analogously with the help of Theorem 4 I (ii), the same conclusion

can also be derived under the condition ?];:F (g1) # ?];:F (g2). Hence the first part of the
theorem is established.
Case II. Let us consider that A (1) = Af; (g1) (0 < Af (g1),Af, (g1) <

Therefore in view of Theorem B (i) it follows that AE (1) 2 AF (21) = A% (gl)
and if possible let
Mg, (81) > Af (81) = A (21)- (42)

Further let 7% (g1) # T, (g1). Then in view of the second part of Theorem 4 II

(i) and (42) we obtain that T%* (g1) = T%l* 5 (81) = Tg (g1) which is a contradiction.
T '

Hence kf 1, (81) = /lfl ( 1) = 7LL ( 1). Similarly by Theorem 4 II (ii), we get the
same conclusion when T4 7 “(g1) £ T 7 " (g1) and therefore the second part of the theorem
follows.

We omit the proof for quotient as it is an easy consequence of the above two
cases. [

6. Concluding Remarks

In this paper, we have investigated some properties of relative L*-type (relative
L*-lower type) and relative L*-weak type of entire functions. Here we actually prove
Theorem 1 to Theorem 4 under some different conditions stated in Theorem A to The-
orem D, respectively. Further some natural questions may arise about the sum and
product properties for relative L*-type (relative L*-lower type) and relative L* -weak
type of entire functions when the conditions of Theorem 5 to Theorem 8 are respec-
tively provided. Answers of these last questions are left to the interested researchers in
this area.
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