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ON THE LIMIT INFERIOR AND LIMIT
SUPERIOR FOR DOUBLE SEQUENCES

UMIT TOTUR

Abstract. Let (um,) be a double sequence of real numbers such that limsup 6, (#) = 8 and
liminf Gy, (1) = @, where G (u) = m 2;”:0 Yi_otjk, and o # B. In this paper, it is
presented that limsupu,, =  and liminfu,,, = o if the following conditions hold: For A > 1

. 1 (Am]  [An] (24 —1)
N T T 3, 2, )220
for 0 <A <1
liminf —— i Z (tmn —ujic) 2 2(B — ) S
(m = [Am])(n = [An]) ;32041 e ’ (A-1*

where [An] denotes the integer part of An.

1. Introduction

Let u = (un) be a double sequence of real numbers. A double sequence (i) is
said to be Pringsheim convergent (or P- convergent) [10] to s if for a given € > O there
exists a positive integer N such that |u,,, —s| < € for all nonnegative integer m,n > N,
and we write limu,,, = s. A double sequence (u,,,) is bounded if there exists a real
number C > 0 such that |u,,| < C for all nonnegative m,n. Notice that some P-
convergent double sequence can be unbounded. For example, the double sequence

n?,  ifm=0;
Uppn = § m, ifn=0;
0, otherwise

is P-convergent to 0, but it is not bounded.

DEFINITION 1. [9] Let (uu,) be a double sequence and let o = supj{um,, :
m,n > j} for each j. The Pringsheim limit superior of (i) is defined as follows:
i) if oo = +oo for each j, then limsupu,,, := +oo
ii) if o0 < 4o for some j, then limsupuy,, := inf;{o;}.
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Similarly, the Pringsheim limit inferior of (u,,) is defined.

The propositions of the limit superior and limit inferior like single dimensional se-
quences are held [9]: If u = (uy,) and v = (v,,,) are double sequences, then

1) liminfu,, <limsupuy,,

ii) limuy,, = s if and only if liminfu,,, = limsupu,,, =,
iii) limsup(—upy,) = — liminfu,,,,
iv) limsup(ump + Vi) < imsup ttyy,, + limsup vy, ,

v) liminf(u, + vin) = liminfu, + liminfv,,, .

In the example below, the double sequence (u;,) is not bounded above and is not
bounded below either; but, both of the Pringsheim limit superior and inferior are finite
numbers. The sequence

n?, ifm=0;
—m, ifn=20;
Umn = .
(=", ifm=n>0;
0, otherwise
is not P-convergence but liminfu,,, = —1 and limsupu,,, = 1.

The (C,1,1) means of (u,,) are defined by

O (1) = (m+ D(n+1 ;()kz’ ik
for nonnegative integers m, n ([6]). The sequence (i) is said to be (C,1,1) summable
to a finite number s if lim G;,,, (1) = s.

If a double sequence is P-convergent to s, then it is (C,1,1) summable to s on
the condition that it is bounded. Nevertheless, the converse case is not necessarily true.
That is to say, the bounded and (C,1,1) summable double sequence might not be P-
convergent.

EXAMPLE 1. [11] The sequence (upy,) = ( o Xj—o(— )’+J> is not P-conver-

gent. Butitis (C,1,1) summable to ‘l‘. In fact, from the definition of (C,1,1) means,
we get

1
1 if m,n are odd;

2
m+ if m is even, n is odd;
4m+4

O (1) = n+2
if mis odd, n is even;
4n+4
(m+2)(n+2) .

— f .
am+2)(nT2) if m,n are even
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Hence, we have lim 6, (1) = 1.

Note that the P-convergence of a double sequence (u,,,) can be recovered out of the
P-convergence of its (C,1,1) means under some suitable conditions.

The relation between limit inferior and limit superior of (u,,,) and the sequence
of its arithmetic means (0, (#)) for bounded sequences as follows [9]:

liminfu,,, < liminf o, («) < limsup Gy, (u) < limsup t,. (1)

In the following example, liminf oy, (#) and limsup ,,,(u) exist and are finite, but
liminfu,,, and limsupu,,, are not finite.

EXAMPLE 2. The double sequence is defined by

n, ifm=0;
—m?, ifn=0;
Umn = .
(—=D)"m, ifm=n>0;
0, otherwise.
It is clear that liminf G,,, (1) = —% and limsup Gy, (1) = %, but liminfu,,, = —c and

limsup iy, = c°.

The problem of getting ordinary convergence from the convergence of arithmetic
mean of a sequence has been a issue for over a century about which researches are
carried out. In recent years, there have been studies on both the (C,1) summability
of single dimensional sequences [1, 3, 4, 5] and the (C,1,1) summability of two di-
mensional sequences [11, 7, 8]. Canak [2] has investigated under which conditions a
sequence has liminf and limsup if the sequence of its arithmetic means has liminf and
limsup.

In this study, we extend the theorem given by Canak to double sequences. More
clearly, we will focus on the suitable conditions in order to show that the existence of
limsup and liminf of the sequence (uy;) out of the existence of limsup and liminf of
the sequence (G, (u)). Our main theorem is generalized the theorem given by Méricz

[7].

2. Main results

THEOREM 2. For a double bounded sequence (un,) of real numbers, let
limsup Gy, (1) = B and liminf 6, (1) = o, where o # B. If for A > 1

. 1 ] 2] A2 —1)
liminf (o] —m) (o] =) j:%ﬂk:%l(ujk — ) = 2(B — a>_(7L EENER 2
andfor 0 < A <1
1 u u A
liminf o — 1) >2(B— ) ———. (3
min (m — [lm])(n — [A«l’l}) j:[%]+lk:[%+l(u ujk) (ﬁ OC) (A _ 1)2 (3)
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where [An] denotes the integer part of An, then limsup iy, =  and liminfu,,, = o.

COROLLARY 3. Let (umn) be (C,1,1) summable to s. If for A > 1

1 [Am) [g]( :
liminf Uik — Upmp) =0, 4)
(o] —m)([An] — ) |, & N

andfor 0 < A <1

1 m n
liminf Umn — Ujk) = 0, )
(m— [m])(n— [An]) F%]szmzw( #

then (upn) is P-convergent to s.

We can replace the conditions (4) and (5) by the conditions which are weaker

[Am]  [An]
lim sup liminf Uk — Umn) = 0, (6)
s T T ), 2, &, ()
and
1 m n
limsupliminf Upmn — uji) = 0, (7)
A—1- (m — [Am])(n—[An]) j:[AZm]Jrlk:[)LG]Jrl( #)

since the conditions hold for all A > 1 and all 0 < A < 1, respectively.

It is showed by Moricz [7] that the conditions (6) and (7) are sufficient conditions
for convergence from the (C,1,1) summability.

In order to prove our main results, the following lemma is necessary.

LEMMA 4. [11] Let (umy) be a double sequence. For sufficiently large m,n:

(i) IF A > 1

(([[;7’::}]——’—;1))(([[1’:3]4—_11)) (G[lm],[ln] (u) —O[Am|n (u) —Om,[An] (u)+6mn (u))

umn_cmn(u) -

Am|+1 Al 41
+[[7Lm]%m (G[lm]m (1) - Omyn (M)) + M%n (G"%[?Ln](u) — Om,n (M))
1 Am]  [An]
_([Am] —m)([ln} —n) 2 Z (ujk_”mn)~

Jj=m+1k=n+1
()IfO<A <1
Am]+1)([An]+1
Upnn— O (1) = ((r[n—[]ltn}))(([n—%—i—n})) (Gmﬂ(”)_G[km],n(”)_gm[ln](”)+G[7Lm]7[7m](”))
Am|+1 An]+1
+%[;—m} (Gmn (u) — G[;Lm]ﬁ(u)) + L—}i[i_n] (Gmn (u) — Gm7[ln](u))
1 m n

- (m - Mm})(n — [)Ln]) Z Z (umn - Mjk).

J=[Am]+1k=[An]+1
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3. Proof of Theorem 2
B and liminfo,,(«) = o, where o # . Since

Suppose that limsup G, (1) =
limy e %ﬂ“ AL for x = m,n, we have
(W)

. ([Am]+1)([An]+1) 7 (1 (11) (11) (11
limsup (o] =) (Gon] =) (G[/lmHl"](u) - G[/lm]m(u) - Gm,[/ln](“) + Omn
12
(®)

<2(ﬁ—a)m,

and Aml 41 2
lim sup [[/lm}] P ( (}Ll;}n(u) - GS?(“)) <(B- a)m ©)
[An]+1 (G 11) (u) GrEzn (u )) (B— a)% (10)

limsup An—n )

for A > 1. We get
A

2
limsupumn g ﬁ —|—2(ﬁ — a)m +2(ﬁ — a)m
[Am]  [An]
2 (ujk_umn)

— liminf (Am] =m)([An] —n) ;2= S

by taking the limsup of both sides of the identity in Lemma 4 (i) and using (8), (9)
(10). When we take (2) into account, we obtain
limsup uy,, < B. (1)
By (D),
B < limsup iy, (12)

Combining (11) and (12), we have limsupu,,, = [3
On the other hand, since lim, ... W[];xﬁ for x =m,n, we have

Am]+1)([An]+1
]+ ([ ><G<u>(,,)_a[<;;;7n<u>—o,;{;gn]w)+G§,L§M<u>)

mn

|
(=[] (n = o)

2
A (13)

liminf

and
Am|+1 A
11m1nf’£1 ]M ] (G,E,l,,l)(u) — G[()Eyln)]m(u)) > (B - a)m (14)
An]+1 A
[An] ( (D () — (ym{[ll)n](u)> >(B-0o) (15)

hmmfn — A



58 U. TOTUR

for 0 < A < 1. Taking the liminf of both sides of the identity in Lemma 4 (ii) and
using (13), (14), (15), we obtain

. A? A
liminfu,,, > B+2(8 — a)m +2(B - a)m
- 1 [Am]  [An]
+limin Tor] —m) (o] =) j=§+lk:§jrl(ujk — Unn).-

Taking (3) into account, we get
liminfu,,, > o. (16)

By (1),
o > liminfu,,,. (17

Combining (16) and (17), we have liminfu,,, = c.
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