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EXTENSION OF WEYL–HEISENBERG WAVE PACKET

BESSEL SEQUENCES TO DUAL FRAMES IN L2(R)

DEEPSHIKHA AND L. K. VASHISHT

Abstract. Christensen et al. proved in [Extensions of Bessel sequences to dual pairs of frames,
Appl. Comput. Harmon. Anal., 34 (2013), 224–233] that in any separable Hilbert space, any
pairs of Bessel sequences (even if the given Bessel system is Gabor system in L2(R) ) can be
extended to a pair of dual frames. In this paper, we extend results by Christensen et al. to a pair
of Bessel sequences in L2(R) having wave packet structure to a pair of dual frames such that
extension have wave packet structure as well. We present sufficient conditions for the extension
of a pair of Bessel sequences to wave packet type dual frames for L2(R) . Several examples and
counter-examples are given to illustrate our results.

1. Introduction and preliminaries

Duffin and Schaeffer introduced frames in [14] to address some deep problems in
nonharmonic Fourier series. More precisely, Duffin and Schaeffer abstracted the fun-
damental approach by Gabor [15] for decomposition of a signal into elementary signals
(or atoms). For some reason the work of Duffin and Schaeffer was not continued until
1986, when the fundamental work of Daubechies, Grossmann and Meyer [11] brought
this all back to life, right at the dawn of the “wavelet era”. Frames are generalization
of the concept of orthonormal systems in Hilbert spaces. Frames provides an uncondi-
tional series representation of each vector in a Hilbert space. Application of frames in
applied mathematics in different directions can be found in recent books [1, 3, 4], as
well as in [12].

Let H be a separable real (or complex) Hilbert space with inner product 〈., .〉 . A
countable sequence { fk}k∈Ω ⊂ H is called a frame (or Hilbert frame) for H if there
exist numbers 0 < A � B < ∞ such that

A‖ f‖2 � ∑
k∈Ω

|〈 f , fk〉|2 � B‖ f‖2 for all f ∈ H . (1)

The numbers A and B are called lower and upper frame bounds, respectively. They
are not unique. If it is possible to choose A = B , then the frame { fk}k∈Ω is called the
A-Parseval frame (or A-tight frame). If { fk}k∈Ω ⊂ H satisfies the upper inequality in
(1), then we say that { fk}k∈Ω is a Bessel sequence in H with Bessel bound B .

Let { fk}k∈Ω be a frame for H . There are three important bounded linear opera-
tors associated with the frame { fk}k∈Ω :

pre-frame operator V : �2(Ω) → H , V{ck}k∈Ω = ∑
k∈Ω

ck fk, {ck}k∈Ω ∈ �2(Ω),
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analysis operator V ∗ : H → �2(Ω), V ∗ f = {〈 f , fk〉}k∈Ω, f ∈ H ,

frame operator S = VV ∗ : H → H , S f = ∑
k∈Ω

〈 f , fk〉 fk, f ∈ H .

The frame operator S is a positive, self-adjoint and invertible operator on H . Thus,
we have the reconstruction formula for all f ∈ H ,

f = SS−1 f = ∑
k∈Ω

〈S−1 f , fk〉 fk
(

= ∑
k∈Ω

〈 f ,S−1 fk〉 fk
)
. (2)

The scalars {〈 f ,S−1 fk〉}k∈Ω are called frame coefficients of the vector f ∈ H . The
series in (2) converges unconditionally.

Let { fk}k∈Ω be a frame for H . A frame {gk}k∈Ω for H satisfying

f = ∑
k∈Ω

〈 f ,gk〉 fk for all f ∈ H (3)

is called a dual frame of { fk}k∈Ω . If {gk}k∈Ω is a dual frame of { fk}k∈Ω , then { fk}k∈Ω
is also a dual of {gk}k∈Ω , see [3, 4]. We call { fk}k∈Ω and {gk}k∈Ω a pair of dual
frames or a dual frame pair, when (3) holds. For any frame { fk}k∈Ω there exist at
least one dual frame {S−1 fk}k∈Ω which is called the canonical dual frame of { fk}k∈Ω ,
see (2). If { fk} is a tight frame then { fk} has a dual of the form gk = C fk (k ∈ Ω)
for some constant C > 0. Furthermore, if { fk}k∈Ω is a tight frame with frame bounds
A = B = 1, then we can take gk = fk, k ∈ Ω and elements of H has representation of
the form

f = ∑
k∈Ω

〈 f , fk〉 fk for all f ∈ H .

Thus, tight frames provides a series expansion of each vector in H in terms of “pure”
frame elements.

1.1. Why extension of Bessel systems to frames?

It is well known that a Bessel sequence in a Hilbert space H need not be a frame
for H . The problem of extension of Bessel systems to frames (in particular tight
frames) is one of the attractive problem in frame theory. In fact, the extension problems
in frame theory have a long history. Recall that a dual frame pair provides a series
expansion of each vector in H , see (3). If { fk}k∈Ω is a tight frame for H with bound
A , then {gk}k∈Ω = { 1

A fk}k∈Ω is a dual frame for { fk}k∈Ω . Hence computation of a
dual frame for a tight frame is very convenient. So extension of Bessel sequences to
tight frames is of major importance. It is known that in the general Hilbert space setting,
it is possible to extend Bessel sequence with bound B to tight frames with same bound
B . But it may possible that a Bessel sequence with bound B having some specific
structure can not be extended to a tight frame with same structure and with same bound
B . In such cases extension to a pair of dual frames might work. It was shown by Han
in [16] that there exist Bessel sequences having wavelet structure with bound B that
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can only be extended to a tight frame with a bound that is strictly larger than B. In such
cases, we can work out by extending a pair of Bessel sequences in a Hilbert space H
to a dual frame pair. Computation of a dual frame is not required in such cases. Thus,
a dual frame pair is a more flexible tool than tight frames. Hence extension to dual
pair of frames might be more efficient. Casazza and Leonhard [2], Li and Sun [22]
proved that for any Bessel sequence { fk}k∈Ω in a separable Hilbert space H there
exists a sequence {gk}k∈Ω such that { fk}k∈Ω

⋃{gk}k∈Ω is a tight frame for H . In
[22], Li and Sun proved sufficient conditions for the extension of Gabor Bessel systems
to tight Gabor frames for L2(R) . Christensen et al. provide a natural generalization
to construction of dual frame pairs in [8]. More precisely, for a given pair of Bessel
sequences { fk}k∈Ω and {gk}k∈Ω in a Hilbert space H , they proved results regarding
existence of another pair of Bessel sequences {pk}k∈Ω and {qk}k∈Ω in H such that

f = ∑
k∈Ω

〈 f ,gk〉 fk + ∑
k∈Ω

〈 f ,qk〉pk for all f ∈ H .

Furthermore, they studied the extension problem of Gabor Bessel systems and wavelet
Bessel systems to Gabor frames and wavelet frames, respectively. Christensen et al. in
[7] studied the extension of wavelet systems via the unitary extension principle.

1.2. Wave packet systems

The wave packet system was introduced by Cordoba and Fefferman in [9]. They
obtained the wave packet system by applying certain collection of dilations, modula-
tions and translations to the Gaussian function in the study of some classes of singu-
lar integral operators. Later, Labate et al. in [19] characterized wave packet systems
which constitute normalized tight frames for L2(Rd) . They examined in detail both
the continuous and discrete versions of wave packet in [19]. Note that Gabor systems,
wavelet systems and the Fourier transform of wavelet systems are special cases of wave
packet systems. Lacey and Thiele [20, 21] gave applications of wave packet systems
in boundedness of the Hilbert transforms. In [5, 6, 10, 13, 17, 18], authors gave some
fundamental results about wave packet systems and related frame properties. By N ,
Z , R

+ and R we denote the set of all natural numbers, integers, positive real num-
bers and real numbers, respectively. Let a,b ∈ R and c ∈ R \ {0} . Define operators
Ta, Eb, Dc : L2(R) → L2(R) by

Ta f (t) = f (t −a) (Translation of f by a)

Eb f (t) = e2π ibt f (t) (Modulation of f by b)

Dc f (t) = |c| 1
2 f (ct) (Dilation of f by c).

A system of the form

{DajTbkEcmψ} j,k,m∈Z,

where ψ ∈ L2(R) , {a j} j∈Z ⊂ R
+ , b ∈ R \ {0} and {cm}m∈Z ⊂ R is called irregular

Weyl-Heisenberg wave packet system (or simply wave packet system) in L2(R) . If such
a system forms a frame for L2(R) , then it is called a wave packet frame (or an irregular
Weyl-Heisenberg wave packet frame) for L2(R) .
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1.3. Outline of the paper

Let ψ ∈ L2(R) , b∈R\{0} , c∈R and a∈R
+ be fixed. In this paper we consider

a system of the form

{DajTbkEcmψ} j∈Λ1,k∈Λ2,m∈Λ3 ,

where Λ1,Λ2 and Λ3 are countable sets and call it regular Weyl-Heisenberg wave
packet system (in short, RWH wave packet system). Christensen et al. proved in [8]
that if the given Bessel sequences have Gabor structure, it is always possible to extend
to a dual frame pair by adding one extra Gabor system to each Bessel sequence. They
also analyze the corresponding problem for wavelet systems. In this paper, we present
sufficient conditions under which a pair of Bessel sequences having wave packet struc-
ture can be extended to a pair of dual frames for L2(R) by adding systems having wave
packet structure as well. Several examples are provided to defend our results.

To conclude the section, we recall that the Fourier transform of a function f ,
denoted by f̂ , is defined as

f̂ (γ) =
∫

R

f (x)e−2π ixγdx, γ ∈ R.

2. Wave packet Bessel sequences and dual frames in L2(R)

DEFINITION 1. Let ψ∈L2(R) , b∈R\{0} , c∈R and a∈R
+ be fixed. Let Λ1 , Λ2

and Λ3 be countable sets. A frame for L2(R) of the form {DajTbkEcmψ} j∈Λ1,k∈Λ2,m∈Λ3

is called a regular Weyl-Heisenberg wave packet frame (in short, RWH wave packet
frame).

If there exists a positive real number B such that

∑
j∈Λ1,k∈Λ2,m∈Λ3

|〈 f ,Daj TbkEcmψ〉|2 � B‖ f‖2 for all f ∈ L2(R),

then {DajTbkEcmψ} j∈Λ1,k∈Λ2,m∈Λ3 is called a RWH wave packet Bessel sequence in
L2(R) with Bessel bound B .

Regarding the existence of RWH wave packet frames we have the following ex-
amples.

EXAMPLE 1. Fix n ∈ N . Let Λ1 = {α1,α2, ...,αn} ⊂ Z,Λ2 = Λ3 = Z .
Choose a = 2, b = 1, c = 1 and φ = χ[0,1] . Then, {D2 j TkEmφ} j∈Λ1,k∈Λ2,m∈Λ3

is a RWH wave packet frame for L2(R) . To prove this, first we note that the system
{EmTkφ}m,k∈Z and hence {TkEmφ}k,m∈Z is an orthonormal basis for L2(R) , see [4, p.
196]. By using the fact that the dilation is a unitary operator, we compute
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∑
j∈Λ1,k∈Λ2,m∈Λ3

|〈 f ,D2 j TkEmφ〉|2 = ∑
j∈Λ1,k∈Λ2,m∈Λ3

|〈D∗
2 j f ,TkEmφ〉|2

= ∑
j∈Λ1,k∈Λ2,m∈Λ3

|〈D2− j f ,TkEmχ[0,1]〉|2

= ∑
j∈Λ1

‖D2− j f‖2 = n‖ f‖2 for all f ∈ L2(R).

Therefore, {D2 j TkEmφ} j∈Λ1,k∈Λ2,m∈Λ3 is a RWH wave packet frame for L2(R) with
frame bounds A = B = n .

EXAMPLE 2. Let a = 2, b = c = 1 and φ = χ[0,1] . Then, the wave packet sys-
tem {D2 j TkEmφ} j,k,m∈Z does not constitute a RWH wave packet frame for L2(R) .
Indeed, let B be an upper frame bound for {D2 j TkEmφ} j,k,m∈Z . Since the system
{EmTkχ[0,1]}m,k∈Z and hence {TkEmχ[0,1]}k,m∈Z is an orthonormal basis for L2(R) .

Choose f0 = χ[0,1] .
We compute

∑
j,k,m∈Z

|〈 f0,D2 j TkEmφ〉|2 = ∑
j,k,m∈Z

|〈D∗
2 j f0,TkEmχ[0,1]〉|2

= ∑
j,k,m∈Z

|〈D2− j f0,TkEmχ[0,1]〉|2

= ∑
j∈Z

‖D2− j f0‖2 = ∑
j∈Z

‖ f0‖2 > B‖ f0‖2,

which contradicts the fact that B is an upper frame bound for {D2 j TkEmφ} j,k,m∈Z .

A wave packet Bessel sequence in L2(R) is, in general, not a frame for L2(R) . It
would be interesting to extend wave packet Bessel systems to frames. The following
theorem provides sufficient conditions for the extension of a pair of RWH wave packet
Bessel sequences to dual RWH wave packet frames for L2(R) . This is an extension of
Lemma 4.1 in [8].

THEOREM 1. Let {DajTbkEcmψ1} j,k,m∈Z and {DajTbkEcmψ̃1} j,k,m∈Z be RWH
wave packet Bessel sequences in L2(R) with pre-frame operators T and U and anal-
ysis operators T ∗ and U∗ , respectively. Let I be the identity operator on L2(R) .
Assume there exist φ ∈ L2(R) such that

(i) {DajTbkEcmφ} j,k,m∈Z is a RWH wave packet frame with a dual {DajTbkEcmφ̃} j,k,m∈Z.

(ii) TU∗TbkEcmφ = TbkEcmTU∗φ .

Let ψ2, ψ̃2 ∈ L2(R) be such that ψ2 = Ξ∗φ and ψ̃2 = φ̃ , where Ξ = I −UT∗ . Then,
{DajTbkEcmψ1} j,k,m∈Z

⋃ {DajTbkEcmψ2} j,k,m∈Z and {DajTbkEcmψ̃1} j,k,m∈Z

⋃
{DajTbkEcmψ̃2} j,k,m∈Z form dual RWH wave packet frames for L2(R) .
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Proof. For all f ∈ L2(R) , we have

UT ∗ f = U(
{〈 f ,DajTbkEcmψ1〉} j,k,m∈Z

)
= ∑

j,k,m∈Z

〈 f ,Daj TbkEcmψ1〉DajTbkEcmψ̃1.

Define a bounded linear operator Ξ : L2(R) → L2(R) as Ξ = I−UT∗ .
Then, since {DajTbkEcmφ} j,k,m∈Z and {DajTbkEcmφ̃} j,k,m∈Z form a pair of dual

frames for L2(R) , we have

Ξ f = ∑
j,k,m∈Z

〈Ξ f ,DajTbkEcmφ〉DajTbkEcmφ̃

= ∑
j,k,m∈Z

〈 f ,Ξ∗(DajTbkEcmφ)〉DajTbkEcmφ̃ , f ∈ L2(R). (4)

It can be verified easily that Daj commutes with TU∗ .
By using condition (ii), we compute

Ξ∗DajTbkEcmφ = (I−TU∗)DajTbkEcmφ = Daj (I−TU∗)TbkEcmφ
= DajTbkEcm(I−TU∗)φ = DajTbkEcmΞ∗φ . (5)

Furthermore, by definition of Ξ , we have

Ξ f = f − ∑
j,k,m∈Z

〈 f ,Daj TbkEcmψ1〉DajTbkEcmψ̃1. (6)

Recall that by definition ψ2 = Ξ∗φ and ψ̃2 = φ̃ . Therefore, by using (4), (5) and (6)
for all f ∈ L2(R) , we have

f = ∑
j,k,m∈Z

〈 f ,DajTbkEcmψ1〉DajTbkEcmψ̃1 + ∑
j,k,m∈Z

〈 f ,Daj TbkEcmψ2〉DajTbkEcmψ̃2.

Hence the system {DajTbkEcmψ1} j,k,m∈Z

⋃ {DajTbkEcmψ2} j,k,m∈Z and
{DajTbkEcmψ̃1} j,k,m∈Z

⋃ {DajTbkEcmψ̃2} j,k,m∈Z form dual RWH wave packet frames
for L2(R) . �

We now demonstrate by a concrete example that the condition given in Theorem
1 is sufficient but not necessary.

EXAMPLE 3. Let a = 2, b = 1
4 , c = 1, and ψ1 = χ[0, 3

4 ) .

For x ∈ [0, 1
4 ] , we compute

∑
n∈Z

|ψ1(x− n
4
)|2 − ∑

k 	=0

| ∑
n∈Z

ψ1(x− n
4
)ψ1(x− n

4
− k)|

= ∑
n∈Z

|χ[0, 3
4 )(x−

n
4
)|2− ∑

k 	=0

| ∑
n∈Z

χ[0, 3
4 )(x−

n
4
)χ[0, 3

4 )(x−
n
4
− k)|
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= ∑
n∈Z

|χ[ n
4 , 3

4 + n
4 )(x)|2 − ∑

k 	=0

| ∑
n∈Z

χ[ n
4 , 3

4+ n
4 )(x)χ[ n

4 +k, 3
4 + n

4 +k)(x)|

= ∑
n∈Z

|χ[ n
4 , 3

4 + n
4 )(x)|2 � 1.

This gives

inf
x∈[0, 1

4 ]

[
∑
n∈Z

|ψ1(x− n
4
)|2 − ∑

k 	=0

| ∑
n∈Z

ψ1(x− n
4
)ψ1(x− n

4
− k)|

]
� 1 > 0. (7)

Next, we compute

∑
k∈Z

| ∑
n∈Z

ψ1(x− n
4
)ψ1(x− n

4
− k)| = ∑

k∈Z

| ∑
n∈Z

χ[0, 3
4 )(x−

n
4
)χ[0, 3

4 )(x−
n
4
− k)|

= ∑
k∈Z

| ∑
n∈Z

χ[ n
4 , 3

4 + n
4 )(x)χ[ n

4 +k, 3
4+ n

4 +k)(x)|

= | ∑
n∈Z

|χ[ n
4 , 3

4 + n
4 )(x)|2| � 5.

Therefore

sup
x∈[0, 1

4 ]
∑
k∈Z

| ∑
n∈Z

ψ1(x− n
4
)ψ1(x− n

4
− k)| � 5 < ∞. (8)

Therefore, by using (7), (8) and Theorem9.1.5 in [4, p. 201], the system {EmT1
4 kψ1}k,m∈Z

and hence {T1
4 kEmψ1}k,m∈Z is a frame for L2(R) . Thus, by using the fact that the dila-

tion operator is unitary, the system {D2T1
4 kEmψ1}k,m∈Z is a RWH wave packet frame

for L2(R) .
Let S be the frame operator for {T1

4 kEmψ1}k,m∈Z . Then, for any k′,m′ ∈ Z , we
have

(i) ST1
4 k′ f = T1

4 k′S f for all f ∈ L2(R), that is, S and T1
4 k′ commute.

(ii) SEm′ f = Em′S f for all f ∈ L2(R), that is, S and Em′ commute.

Indeed, for all f ∈ L2(R) , we have

ST1
4 k′ f = T1

4 k′(T1
4 k′)

−1ST1
4 k′ f

= T1
4 k′T− 1

4 k′ ∑
k,m∈Z

〈T1
4 k′ f ,T1

4 kEmψ1〉T1
4 kEmψ1

= T1
4 k′ ∑

k,m∈Z

〈 f ,T1
4 (k−k′)Emψ1〉T1

4 (k−k′)Emψ1

= T1
4 k′ ∑

k,m∈Z

〈 f ,T1
4 kEmψ1〉T1

4 kEmψ1

= T1
4 k′S f .
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Similarly, we can show that SEm′ f = Em′S f for all f ∈ L2(R) . Hence (i) and (ii)
holds.

By using (i) and (ii) , we compute

S−1T1
4 kEmψ1 = (E−mT− 1

4 kS)−1ψ1 = (SE−mT− 1
4 k)

−1ψ1 = T1
4 kEmS−1ψ1.

Choose ψ̃1 = S−1ψ1 .
Then, {D2T1

4 kEmψ1}k,m∈Z is a RWH wave packet frame for L2(R) with a dual

frame {D2T1
4 kEmψ̃1}k,m∈Z = {D2T1

4 kEmS−1ψ1}k,m∈Z . Indeed, for any f ∈ L2(R) , we

have

f = D2D2−1 f

= D2 ∑
k,m∈Z

〈D2−1 f ,T1
4 kEmψ̃1〉T1

4 kEmψ1

= ∑
k,m∈Z

〈 f ,D2T1
4 kEmψ̃1〉D2T1

4 kEmψ1.

Thus, in particular, we have a pair of RWH wave packet Bessel sequences
{D2T1

4 kEmψ1}k,m∈Z and {D2T1
4 kEmψ̃1}k,m∈Z in L2(R) with pre-frame operators T and

U (say), respectively. Furthermore, for any f ∈ L2(R) , we have

TU∗( f ) = T ({〈 f ,D2T1
4 kEmψ̃1〉}k,m∈Z)

= ∑
k,m∈Z

〈 f ,D2T1
4 kEmψ̃1〉D2T1

4 kEmψ1

= f .

Thus, TU∗ = IL2(R) , i. e., Ξ = I−UT ∗ = 0.
Choose ψ2 = χ[0,2], ψ̃2 = 0. Then, {D2T1

4 kEmψ1}k,m∈Z

⋃ {D2T1
4 kEmψ2}k,m∈Z

and {D2T1
4 kEmψ̃1}k,m∈Z

⋃ {D2T1
4 kEmψ̃2}k,m∈Z constitute dual RWH wave packet

frames for L2(R) . But, for any φ ∈ L2(R) , we have ψ2 	= Ξ∗(φ) = 0. Hence there
is no φ ∈ L2(R) which satisfies all the conditions in Theorem 1 such that ψ2 = Ξ∗(φ) .

The next two results gives sufficient conditions for the extension of a pair of RWH
wave packet Bessel sequences to RWH wave packet dual frames for L2(R) , where
the window function φ belongs to a special class of functions. First we recall basic
symbols and notations. For Y ⊂ L2(R) , define Sb(Y ) = span{Tbkφ : φ ∈ Y ,k ∈ Z}
and Wc(Y ) = span{Ecmφ : φ ∈ Y ,m ∈ Z} .

THEOREM 2. Let {DajTbkEcmψ1} j,k,m∈Z and {DajTbkEcmψ̃1} j,k,m∈Z be RWH
wave packet Bessel sequences in L2(R) with pre-frame operators T and U and anal-
ysis operators T ∗ and U∗ , respectively. Assume there exist φ ∈ L2(R) such that

(i) {DajTbkEcmφ} j,k,m∈Z is a RWH wave packet frame with a dual {DajTbkEcmφ̃} j,k,m∈Z,

(ii) TU∗Tbkφ = TbkTU∗φ ,
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(iii) φ ∈ L2(R)�Wc({DajTbkEcmψ̃1 : j > 0,k,m ∈ Z}).

Then, there exist ψ2, ψ̃2∈L2(R) such that {DajTbkEcmψ1} j,k,m∈Z

⋃{DajTbkEcmψ2} j,k,m∈Z

and {DajTbkEcmψ̃1} j,k,m∈Z

⋃ {DajTbkEcmψ̃2} j,k,m∈Z form dual RWH wave packet
frames for L2(R) .

Proof. Since φ ∈ L2(R)�Wc({DajTbkEcmψ̃1 : j > 0,k,m ∈ Z}) , we have

〈φ ,Ecm′DajTbkEcmψ̃1〉 = 0 for all j ∈ Z
+,k,m,m′ ∈ Z. (9)

By using (9), we compute

TU∗Ecm′φ = ∑
j,k,m∈Z

〈Ecm′φ ,DajTbkEcmψ̃1〉DajTbkEcmψ1

= ∑
j,k,m∈Z

〈φ ,E−cm′DajTbkEcmψ̃1〉DajTbkEcmψ1

= ∑
j�0,k,m∈Z

〈φ ,E−cm′DajTbkEcmψ̃1〉DajTbkEcmψ1

= Ecm′E−cm′ ∑
j�0,k,m∈Z

〈φ ,E−cm′DajTbkEcmψ̃1〉DajTbkEcmψ1

= Ecm′ ∑
j�0,k,m∈Z

〈φ ,E−cm′DajTbkEcmψ̃1〉E−cm′DajTbkEcmψ1

= Ecm′ ∑
j�0,k,m∈Z

〈φ ,Daj E−cm′
a j

TbkEcmψ̃1〉DajE−cm′
a j

TbkEcmψ1

= Ecm′ ∑
j�0,k,m∈Z

〈
φ ,exp

(
2π i

(−cm′

a j

)
bk

)
DajTbkE−cm′

a j
Ecmψ̃1

〉
× exp

(
2π i

(−cm′

a j

)
bk

)
DajTbkE−cm′

a j
Ecmψ1

= Ecm′ ∑
j�0,k,m∈Z

〈φ ,Daj TbkE−cm′
a j

Ecmψ̃1〉DajTbkE−cm′
a j

Ecmψ1

= Ecm′ ∑
j�0,k,m∈Z

〈φ ,Daj TbkEc(m−m′
a j )ψ̃1〉DajTbkEc(m−m′

a j )ψ1

= Ecm′ ∑
j,k,m∈Z

〈φ ,DajTbkEcmψ̃1〉DajTbkEcmψ1

= Ecm′TU∗φ .

The result follows from Theorem 1. �
The conditions given in Theorem 2 are only sufficient but not necessary. This

is justified in the following example. First we note that for all n,m ∈ Z , we have
TnEm = EmTn . Indeed, let f ∈ L2(R) and γ ∈ R be arbitrary. Then, we have

(TnEm f )(γ) = (Em f )(γ −n) = exp2π im(γ−n) f (γ −n) = exp2π imγ f (γ −n) = (EmTn f )(γ).

Hence TnEm = EmTn for all n,m ∈ Z .
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EXAMPLE 4. Let a = b = c = 1, ψ1 = χ[ 1
2 ,1] and ψ̃1 = χ[0,1] .

Then, {D1TkEmψ1}k,m∈Z = {TkEmψ1}k,m∈Z , {D1TkEmψ̃1}k,m∈Z = {TkEmψ̃1}k,m∈Z

is a pair of RWH wave packet Bessel sequences in L2(R) , see [4, p. 204]. Simi-
larly, if we choose ψ2 = χ[0, 1

2 ), ψ̃2 = χ[0,1] , then {D1TkEmψ2}k,m∈Z = {TkEmψ2}k,m∈Z ,

{D1TkEmψ̃2}k,m∈Z = {TkEmψ̃2}k,m∈Z is a pair of RWH wave packet Bessel sequences
in L2(R) .

We compute

f = ∑
k,m∈Z

〈 f ,TkEmχ[0,1]〉TkEmχ[0,1]

= ∑
k,m∈Z

〈 f ,TkEm(χ[0, 1
2 ) + χ[ 1

2 ,1])〉TkEmχ[0,1]

= ∑
k,m∈Z

(〈 f ,TkEmχ[0, 1
2 )〉+ 〈 f ,TkEmχ[ 1

2 ,1]〉)TkEmχ[0,1]

= ∑
k,m∈Z

〈 f ,TkEmχ[0, 1
2 )〉TkEmχ[0,1] + ∑

k,m∈Z

〈 f ,TkEmχ[ 1
2 ,1]〉TkEmχ[0,1]

= ∑
k,m∈Z

〈 f ,TkEmψ2〉TkEmψ̃2 + ∑
k,m∈Z

〈 f ,TkEmψ1〉TkEmψ̃1.

Hence by Lemma 5.6.2 in [3, p. 112] the pair of Bessel sequences

{TkEmψ1}k,m∈Z

⋃
{TkEmψ2}k,m∈Z and {TkEmψ̃1}k,m∈Z

⋃
{TkEmψ̃2}k,m∈Z

constitute dual RWH wave packet frames for L2(R) .
Next, we compute

W1({TkEmψ̃1 : k,m ∈ Z}) = span{Em′TkEmψ̃1 : m′,k,m ∈ Z}
= span{Em′EmTkψ̃1 : m′,k,m ∈ Z}
= span{Em+m′Tkψ̃1 : m′,k,m ∈ Z}
= span{EmTkψ̃1 : k,m ∈ Z}
= span{TkEmψ̃1 : k,m ∈ Z}
= span{TkEmχ[0,1] : k,m ∈ Z}
= L2(R).

This gives

L2(R)�W1({TkEmψ̃1 : k,m ∈ Z}) = {0}.
Therefore, only choice for φ is 0 . Thus, conditions given in Theorem 2 are not

satisfied.

THEOREM 3. Let {DajTbkEcmψ1} j,k,m∈Z and {DajTbkEcmψ̃1} j,k,m∈Z be RWH
wave packet Bessel sequences in L2(R) with pre-frame operators T and U and anal-
ysis operators T ∗ and U∗ , respectively. Suppose that there exist φ ∈ L2(R) such that

(i) {DajTbkEcmφ} j,k,m∈Z is a RWH wave packet frame with a dual {DajTbkEcmφ̃} j,k,m∈Z,
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(ii) TU∗Ecmφ = EcmTU∗φ ,

(iii) φ ∈ L2(R)�Sb({DajTbkEcmψ̃1 : j < 0,k,m ∈ Z}).

Then, there exist ψ2, ψ̃2∈L2(R) such that {DajTbkEcmψ1} j,k,m∈Z

⋃{DajTbkEcmψ2} j,k,m∈Z

and {DajTbkEcmψ̃1} j,k,m∈Z

⋃{DajTbkEcmψ̃2} j,k,m∈Z form a pair of RWH wave packet
dual frames for L2(R) .

Proof. By using condition (iii) , we compute

TU∗Tbk′φ = ∑
j,k,m∈Z

〈Tbk′φ ,Daj TbkEcmψ̃1〉DajTbkEcmψ1

= ∑
j,k,m∈Z

〈φ ,T−bk′DajTbkEcmψ̃1〉DajTbkEcmψ1

= ∑
j�0,k,m∈Z

〈φ ,T−bk′DajTbkEcmψ̃1〉DajTbkEcmψ1

= Tbk′T−bk′ ∑
j�0,k,m∈Z

〈φ ,T−bk′DajTbkEcmψ̃1〉DajTbkEcmψ1

= Tbk′ ∑
j�0,k,m∈Z

〈φ ,T−bk′DajTbkEcmψ̃1〉T−bk′DajTbkEcmψ1

= Tbk′ ∑
j�0,k,m∈Z

〈φ ,DajT−bk′a jTbkEcmψ̃1〉DajT−bk′a jTbkEcmψ1

= Tbk′ ∑
j�0,k,m∈Z

〈φ ,DajTb(k−a jk′)Ecmψ̃1〉DajTb(k−a jk′)Ecmψ1

= Tbk′ ∑
j,k,m∈Z

〈φ ,Daj TbkEcmψ̃1〉DajTbkEcmψ1

= Tbk′TU∗φ .

This gives TU∗Tbkφ = TbkTU∗φ . Hence by using condition (i) , (ii) and Theorem 1,
the result is proved. �

REMARK 1. The result given in Theorem 3 is an extension of Theorem 4.2 in [8].

REMARK 2. The conditions in Theorem 3 are sufficient but not necessary. In-
deed, consider a system of RWH wave packet Bessel sequences {D1TkEmψ1}k,m∈Z

and {D1TkEmψ̃1}k,m∈Z given in Example 4.
First we compute

S1({TkEmψ̃1 : k,m ∈ Z}) = span{TlTkEmψ̃1 : l,k,m ∈ Z}
= span{Tl+kEmψ̃1 : l,k,m ∈ Z}
= span{TkEmψ̃1 : k,m ∈ Z}
= span{TkEmχ[0,1] : k,m ∈ Z}
= L2(R).
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We need a φ ∈ L2(R) such that all three conditions (i)−(iii) in Theorem 3 are satisfied.
But

L2(R)�S1({TkEmψ̃1 : k,m ∈ Z}) = {0},

so zero is the only possible choice for φ . Therefore, the condition (i) of Theorem 3 is
not satisfied.

Next we observe that if φ ∈ L2(R)�Wc({DajTbkEcmψ̃1 : j > 0,k,m ∈ Z}) and
φ ∈ L2(R)� Sb({DajTbkEcmψ̃1 : j < 0,k,m ∈ Z}) , then TU∗Ecmφ = EcmTU∗φ and
TU∗Tbkφ = TbkTU∗φ .

Therefore

TU∗TbkEcmφ = TbkTU∗Ecmφ = TbkEcmTU∗φ .

So the condition (ii) of Theorem1 is satisfied. Thus, we have a consequence of Theorem
2 and Theorem 3 which is given in following theorem.

THEOREM 4. Let {DajTbkEcmψ1} j,k,m∈Z and {DajTbkEcmψ̃1} j,k,m∈Z be RWH
wave packet Bessel sequences in L2(R) with pre-frame operators T and U and anal-
ysis operators T ∗ and U∗ , respectively. Assume there exist φ ∈ L2(R) such that

(i) {DajTbkEcmφ} j,k,m∈Z is a RWH wave packet frame with a dual {DajTbkEcmφ̃} j,k,m∈Z,

(ii) φ ∈ L2(R)�Sb({DajTbkEcmψ̃1 : j < 0,k,m ∈ Z}),
(iii) φ ∈ L2(R)�Wc({DajTbkEcmψ̃1 : j > 0,k,m ∈ Z}).

Then, there exist ψ2, ψ̃2∈L2(R) such that {DajTbkEcmψ1} j,k,m∈Z

⋃{DajTbkEcmψ2} j,k,m∈Z

and {DajTbkEcmψ̃1} j,k,m∈Z

⋃ {DajTbkEcmψ̃2} j,k,m∈Z form dual RWH wave packet
frames for L2(R) .

REMARK 3. Consider the system of RWH wave packet Bessel sequences
{D1TkEmψ1}k,m∈Z and {D1TkEmψ̃1}k,m∈Z given in Example 4. We have,

L2(R)�W1({D1 j TkEmψ̃1 : j = 1,k,m ∈ Z}) = {0}.

Thus, there is no φ such that all the conditions (i)− (iii) of Theorem 4 holds. Hence
conditions given in Theorem 4 are sufficient but not necessary.

To conclude the paper we provide sufficient conditions for extension problem in
terms of compact support of window functions.

THEOREM 5. For a � 2 , assume there exists a φ ∈ L2(R) such that

(i) {DajTbkEcmφ} j,k,m∈Z is a RWH wave packet frame with a dual {DajTbkEcmφ̃} j,k,m∈Z,

(ii) suppφ ⊆ [−No,No]\
(−1

2
,
1
2

)
, suppφ̂ ⊆ [−Mo,Mo]\

(−1
2

,
1
2

)
for some No,Mo ∈ N,
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(iii) |b| > 2No +1, |c|> 2Mo +1.

Then, for any RWH wave packet Bessel sequences {DajTbkEcmψ1} j,k,m∈Z and

{DajTbkEcmψ̃1} j,k,m∈Z in L2(R) with suppψ̃1 ⊆ [−1,1] , supp ̂̃ψ1 ⊆ [−1,1] , there exist
ψ2, ψ̃2 ∈ L2(R) such that

{DajTbkEcmψ1} j,k,m∈Z

⋃
{DajTbkEcmψ2} j,k,m∈Z

and

{DajTbkEcmψ̃1} j,k,m∈Z

⋃
{DajTbkEcmψ̃2} j,k,m∈Z

form dual RWH wave packet frames for L2(R) .

Proof. It suffices to show φ ∈ L2(R)� Sb({DajTbkEcmψ̃1 : j < 0,k,m ∈ Z}) and
φ ∈ L2(R)�Wc({DajTbkEcmψ̃1 : j > 0,k,m ∈ Z}) . The result then follows from The-
orem 4.

We denote the Fourier transform of Tbk′DajTbkEcmψ̃1 by F (Tbk′DajTbkEcmψ̃1) .
Consider

F (Tbk′DajTbkEcmψ̃1)(γ) = E−bk′Da− jE−bkTcm
̂̃ψ1(γ)

= a
− j
2 exp−2π ibγ(k′+a− jk) ̂̃ψ1(a− jγ − cm).

For j < 0, k′,k,m ∈ Z , we have

supp(F (Tbk′DajTbkEcmψ̃1))(•) = supp̂̃ψ1

( •
a j − cm

)
⊆ [a j(−1+ cm),a j(1+ cm)]

⊆
[−1+ cm

2
,
1+ cm

2

]
.

Therefore, for m = 0 we have

supp(F (Tbk′DajTbkEcmψ̃1)) ⊆
[−1

2
,
1
2

]
. (10)

If m � 1, then for c > 2Mo +1 (which gives −1+cm
2 > −1+2Mo+1

2 = Mo) , we have

supp(F (Tbk′DajTbkEcmψ̃1)) ⊆ (Mo,∞).

Similarly, for c < −(2Mo +1) , we have 1+cm
2 < 1−(2Mo+1)

2 = −Mo .
This gives

supp(F (Tbk′DajTbkEcmψ̃1)) ⊆ (−∞,−Mo).
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Therefore

supp(F (Tbk′DajTbkEcmψ̃1)) ⊆ R\ (−Mo,Mo). (11)

Similarly for m � −1, we can show that

supp(F (Tbk′DajTbkEcmψ̃1)) ⊆ R\ (−Mo,Mo). (12)

By using (10), (11), (12) and the Plancheral’s equation, we have

〈φ ,Tbk′DajTbkEcmψ̃1〉 = 〈φ̂ ,F (Tbk′DajTbkEcmψ̃1)〉
= 0 for all j < 0,m,k,k′ ∈ Z.

Therefore, φ ∈ L2(R)�Sb({DajTbkEcmψ̃1 : j < 0,k,m ∈ Z}) .
Note that (Ecm′DajTbkEcmψ̃1)(γ) = a

j
2 exp2π ic(γ(m′+a jm)−mbk) ̂̃ψ1(a jγ −bk) .

For j > 0, k,m,m′ ∈ Z , we compute

supp(Ecm′DajTbkEcmψ̃1)(•) = suppψ̃1(a j •−bk)

⊆
[−1+bk

a j ,
1+bk

a j

]
⊆

[−1+bk
2

,
1+bk

2

]
.

This gives

supp(Ecm′DajTbkEcmψ̃1) ⊆
[−1

2
,
1
2

]
, for k = 0, (13)

and

supp(Ecm′DajTbkEcmψ̃1) ⊆ R\ (−No,No), for k 	= 0. (14)

The outcomes in (13) and (14) gives

〈φ ,Ecm′DajTbkEcmψ̃1〉 = 0 for all j > 0,k,m,m′ ∈ Z.

Hence φ ∈ L2(R)�Wc({DajTbkEcmψ̃1 : j > 0,k,m ∈ Z}) . The theorem is proved. �
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