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EXTENSION OF WEYL-HEISENBERG WAVE PACKET
BESSEL SEQUENCES TO DUAL FRAMES IN L*(R)

DEEPSHIKHA AND L. K. VASHISHT

Abstract. Christensen et al. proved in [Extensions of Bessel sequences to dual pairs of frames,
Appl. Comput. Harmon. Anal., 34 (2013), 224-233] that in any separable Hilbert space, any
pairs of Bessel sequences (even if the given Bessel system is Gabor system in LZ(R)) can be
extended to a pair of dual frames. In this paper, we extend results by Christensen et al. to a pair
of Bessel sequences in L?(IR) having wave packet structure to a pair of dual frames such that
extension have wave packet structure as well. We present sufficient conditions for the extension
of a pair of Bessel sequences to wave packet type dual frames for L?(R). Several examples and
counter-examples are given to illustrate our results.

1. Introduction and preliminaries

Duffin and Schaeffer introduced frames in [14] to address some deep problems in
nonharmonic Fourier series. More precisely, Duffin and Schaeffer abstracted the fun-
damental approach by Gabor [15] for decomposition of a signal into elementary signals
(or atoms). For some reason the work of Duffin and Schaeffer was not continued until
1986, when the fundamental work of Daubechies, Grossmann and Meyer [ 1 1] brought
this all back to life, right at the dawn of the “wavelet era”. Frames are generalization
of the concept of orthonormal systems in Hilbert spaces. Frames provides an uncondi-
tional series representation of each vector in a Hilbert space. Application of frames in
applied mathematics in different directions can be found in recent books [1, 3, 4], as
well as in [12].

Let .2 be a separable real (or complex) Hilbert space with inner product (.,.). A
countable sequence {fi }req C F is called a frame (or Hilbert frame) for ¢ if there
exist numbers 0 < A < B < o such that

AIFIP < 31 f) P < B f)? forall f € 2. (1)

keQ

The numbers A and B are called lower and upper frame bounds, respectively. They
are not unique. If it is possible to choose A = B, then the frame { f;}rcq is called the
A-FParseval frame (or A-tight frame). If { fi}req C F satisfies the upper inequality in
(1), then we say that {fi }rcq is a Bessel sequence in 5 with Bessel bound B.

Let {fi }xeq be a frame for J# . There are three important bounded linear opera-
tors associated with the frame { f; }req:

pre-frame operator  V : (2(Q) — A,  V{ci}req = 2 cifir {citrea € £2(Q),
keQ
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analysis operator V* : 7 — (2(Q), V*f={{f,fi) req, f €A,

frame operator S=VV*: 5 — A, Sf= Y (f fi)fc, fE€H.
keQ

The frame operator S is a positive, self-adjoint and invertible operator on . Thus,
we have the reconstruction formula for all f € 2,

f=8s7 =S4T s (= ST ). @)

keQ keQ

The scalars {(f,S7!fi)}req are called frame coefficients of the vector f € . The
series in (2) converges unconditionally.
Let {fi}req be a frame for 7. A frame {g;}rcq for 7 satisfying

=2 (f.g)fiforall f € A 3)

keQ

is called a dual frame of { fi }rea - If {gk}req is a dual frame of {fi }req, then {fi}rea
is also a dual of {gi}req, see [3, 4]. We call {fi}reo and {gi}ticq a pair of dual
frames or a dual frame pair, when (3) holds. For any frame {f;}rcq there exist at
least one dual frame {S~! f; }xcq which is called the canonical dual frame of {f; }rcq,
see (2). If {fi} is a tight frame then {f;} has a dual of the form g, = Cf; (k € Q)
for some constant C > 0. Furthermore, if {fi}req is a tight frame with frame bounds
A =B =1, then we can take g; = f;, k € Q and elements of 7 has representation of
the form

f=2Af fi)fforall f € .

keQ

Thus, tight frames provides a series expansion of each vector in .77 in terms of “pure”
frame elements.

1.1. Why extension of Bessel systems to frames?

It is well known that a Bessel sequence in a Hilbert space .7 need not be a frame
for . The problem of extension of Bessel systems to frames (in particular tight
frames) is one of the attractive problem in frame theory. In fact, the extension problems
in frame theory have a long history. Recall that a dual frame pair provides a series
expansion of each vector in J7, see (3). If {fi hreq is a tight frame for 7 with bound
A, then {gi}rca = { }4 fitkeq is a dual frame for {f; }rco. Hence computation of a
dual frame for a tight frame is very convenient. So extension of Bessel sequences to
tight frames is of major importance. It is known that in the general Hilbert space setting,
it is possible to extend Bessel sequence with bound B to tight frames with same bound
B. But it may possible that a Bessel sequence with bound B having some specific
structure can not be extended to a tight frame with same structure and with same bound
B. In such cases extension to a pair of dual frames might work. It was shown by Han
in [16] that there exist Bessel sequences having wavelet structure with bound B that
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can only be extended to a tight frame with a bound that is strictly larger than B. In such
cases, we can work out by extending a pair of Bessel sequences in a Hilbert space .77
to a dual frame pair. Computation of a dual frame is not required in such cases. Thus,
a dual frame pair is a more flexible tool than tight frames. Hence extension to dual
pair of frames might be more efficient. Casazza and Leonhard [2], Li and Sun [22]
proved that for any Bessel sequence {f;}req in a separable Hilbert space ¢ there
exists a sequence {gx}treq such that {fi}reoU{gr}req is a tight frame for 7. In
[22], Li and Sun proved sufficient conditions for the extension of Gabor Bessel systems
to tight Gabor frames for L?(R). Christensen et al. provide a natural generalization
to construction of dual frame pairs in [8]. More precisely, for a given pair of Bessel
sequences {fi}req and {gireo in a Hilbert space 77, they proved results regarding
existence of another pair of Bessel sequences {py hreo and {qi}req in ZZ such that

f=2fefc + X (frax)pi forall f € 7.
keQ keQ
Furthermore, they studied the extension problem of Gabor Bessel systems and wavelet
Bessel systems to Gabor frames and wavelet frames, respectively. Christensen et al. in
[7] studied the extension of wavelet systems via the unitary extension principle.

1.2. Wave packet systems

The wave packet system was introduced by Cordoba and Fefferman in [9]. They
obtained the wave packet system by applying certain collection of dilations, modula-
tions and translations to the Gaussian function in the study of some classes of singu-
lar integral operators. Later, Labate et al. in [19] characterized wave packet systems
which constitute normalized tight frames for L?>(R?). They examined in detail both
the continuous and discrete versions of wave packet in [19]. Note that Gabor systems,
wavelet systems and the Fourier transform of wavelet systems are special cases of wave
packet systems. Lacey and Thiele [20, 21] gave applications of wave packet systems
in boundedness of the Hilbert transforms. In [5, 6, 10, 13, 17, 18], authors gave some
fundamental results about wave packet systems and related frame properties. By N,
Z, RT and R we denote the set of all natural numbers, integers, positive real num-
bers and real numbers, respectively. Let a,b € R and ¢ € R\ {0}. Define operators
T,, Ey, D.: L*(R) — L*(R) by

T,f(t) = f(t —a) (Translation of f by a)
Epf(t) =¥ f(r) (Modulation of f by b)
of(t) =c|? f(ct) (Dilation of f by ¢).
A system of the form
{Da; TokEc, W} j ke

where y € L*(R), {a;}jez CR", b€ R\ {0} and {cyu}mez C R is called irregular
Weyl-Heisenberg wave packet system (or simply wave packet system) in L (R). If such
a system forms a frame for L?(R), then it is called a wave packet frame (or an irregular
Weyl-Heisenberg wave packet frame) for L*(R).
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1.3. Outline of the paper

Let w € L*(R), b€ R\ {0}, c€ R and a € R* be fixed. In this paper we consider
a system of the form

{D i TokEcnV} jen, keymehs »

where Aj,A; and A3 are countable sets and call it regular Weyl-Heisenberg wave
packet system (in short, RWH wave packet system). Christensen et al. proved in [8]
that if the given Bessel sequences have Gabor structure, it is always possible to extend
to a dual frame pair by adding one extra Gabor system to each Bessel sequence. They
also analyze the corresponding problem for wavelet systems. In this paper, we present
sufficient conditions under which a pair of Bessel sequences having wave packet struc-
ture can be extended to a pair of dual frames for L>(R) by adding systems having wave
packet structure as well. Several examples are provided to defend our results.

To conclude the section, we recall that the Fourier transform of a function f,
denoted by f , is defined as

Fy) = /]R F)e Ty, y e R.

2. Wave packet Bessel sequences and dual frames in 1>(R)

DEFINITION 1. Let weL?(R), beR\ {0}, c€R and acR™ be fixed. Let A1, A,
and Az be countable sets. A frame for L?(R) of the form {D,; T Ecn '} JEA ke MEAS
is called a regular Weyl-Heisenberg wave packet frame (in short, RWH wave packet
frame).

If there exists a positive real number B such that

[(f, D i TokEem W) |* < BJ| f||* for all f € L*(R),
jEAthAz,mEAg,

then {D,; ToiEcmW} jen, keAymens 18 called a RWH wave packet Bessel sequence in
L*(R) with Bessel bound B.

Regarding the existence of RWH wave packet frames we have the following ex-
amples.

EXAMPLE 1. Fix n€ N. Let A; = {0y, 00,...,00,} CZ,Ay =A3=7.

Choose a=2, b=1, c=1 and ¢ = . Then, {Dyi ThEn® } jen, kenymens
is a RWH wave packet frame for L?(R). To prove this, first we note that the system
{EnTc9 }m ez and hence {TiE,;,0 }i mez is an orthonormal basis for L*(R), see [4, p.
196]. By using the fact that the dilation is a unitary operator, we compute
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> (/. Dy TiEn$)|* = > (D3 [ TiEn®)
JEA] k€AY mEA3 JEA] JkEAy mEA;
= Y Dyif TEaxon))

JEA| kEAy,mEA3

= 2 Dy fIP =nl f|* forall f € L*(R).

JEMA

Therefore, {Dy; TiEn®} jen, ke, mer; 18 @ RWH wave packet frame for L*(R) with
frame bounds A = B =n.

EXAMPLE 2. Let a=2, b=c=1 and ¢ = y|o]. Then, the wave packet sys-
tem {D,; TiEn¢};smez does not constitute a RWH wave packet frame for L*(R).
Indeed, let B be an upper frame bound for {Dijkqu)}M?meZ. Since the system
{EnTiX(0,1) }miez and hence {TiEmX0,1]}k.mez is an orthonormal basis for L*(R).

Choose fo = x/0,1]-

We compute

> o Dy TEn®) > = Y, (D fo, TeEmXjo.1))*

JkmeL Jik,mE
= Y UDyifo, TEmxo,1))
JkmeZ
2 2 2
= Y IDs-ifoll> = X Ifoll> > Bl foll*,
JEL JEZ

which contradicts the fact that B is an upper frame bound for {D; TiE ¢} j i mez -

A wave packet Bessel sequence in L?(R) is, in general, not a frame for L*(R). It
would be interesting to extend wave packet Bessel systems to frames. The following
theorem provides sufficient conditions for the extension of a pair of RWH wave packet
Bessel sequences to dual RWH wave packet frames for L?(R). This is an extension of
Lemma 4.1 in [8].

THEOREM 1. Let {Dul’TbkEclel}j,k,meZ and {Da./Tthcmil\il,}j,k,mEZ be RWH
wave packet Bessel sequences in L>(R) with pre-frame operators T and U and anal-
ysis operators T* and U*, respectively. Let 1 be the identity operator on L*(R).
Assume there exist ¢ € L*(R) such that

(1) {D i TokEcm@ } j k mez is a RWH wave packet frame with a dual {D,,; Tthcma}j,k,meZ-
(it) TU* TpkEem® = Tk Ec TU™ .

Let W,y € L2(R) be such that W, =E*¢ and yh = ¢, where E=1—UT*. Then,
{D,; Tthcmﬂ} jhmez. U ADTokEcnW2}jimez  and {D i ToEemVW1}jxmez U
{D i TokEcmV2 } j i mez. form dual RWH wave packet frames for L*(R).
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Proof. Forall f € L*(R), we have

UT*f =U{{f, Dy TokEcm¥1)} j kmez)
= Y {f,DuiTokEcmW1)D i TokEem W -
JkmeZ

Define a bounded linear operator Z: L?>(R) — L*(R) as E=1—-UT*.
Then, since {D,;TokEcm®} jkmez and {D,;TpxEcm®} jkmez form a pair of dual
frames for L*(IR), we have

Ef= Y (&f D i TokEem®) D i Tyt Ecmn®
JkmeZ

= Y (£ B (DuTokEend)) Do TokEen®, f € L*(R). )
J.kmeZ

It can be verified easily that D,; commutes with TU*.
By using condition (ii), we compute

E*DujTthcm¢ =(- TU*)DujTthcm(b =D, (I—-TU")TprEcmd
= Daj TbkEcm (I - TU*)(Z’ = Daj TbkEcmE*(Z’- (5)

Furthermore, by definition of Z, we have

Ef=f— Y {f\DuiTokEcm¥1)D i TokEem V1. (6)
J.kmeZ

Recall that by definition y, = Z*¢ and v, = (5 . Therefore, by using (4), (5) and (6)
forall f € L>(R), we have

f = Z <f7 Daj TbkEcm Y1 >Daj TbkEcmﬁ + 2 <fa Daj TbkEcm W2>Daj TbkEcm lT/2~
J.kmeZ J.kmeZ

Hence the system {D,ToEcmWVi}jimez U {DyTokEcnVa}jimez —and
{Da/Tth(,mV/I}J emez, U {D,; TbkEcmlllz}J tmez form dual RWH wave packet frames
for L>(R). O

We now demonstrate by a concrete example that the condition given in Theorem
1 is sufficient but not necessary.

EXAMPLE 3. Let a =2, bZ%, c=1,and V1= 2Xp,3)

For x € [0, 1], we compute

Z\%x—— ZIZ%x——% — k)|

nez k#0 neZ
n
= \%ax—— - X x 3 (x— 7 — k)|
= 2ot D 2l 2 x kg0
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,%Jr% -2 Zxﬁ% f; 1 ik34n +k)( x)|

nez k#£0 neZ
= ‘X[g %Jrg)(x)‘z =1
nez
This gives
n—
1nf > i ( x—— P=Y1Y w x——)ull( K| =1>0. (D
x€[0,4] | nez k£0 nez

Next, we compute

- —n
Z ZWIX__WI |_2|Zl g X[o (x Z_k)‘
keZ neZ keZ neZ
_Ié|n§i%£% % X[4+k4+ +k)( )‘
=12 123,309 0P <5,
nez
Therefore
sup Z|Zy/1x——y/1 — k)| <5< oo (8)

x€[0,31k€Z nez

Therefore, by using (7), (8) and Theorem 9.1.5 in [4, p. 201], the system {EmT%ky/l Yemez
and hence {Tzl( EmW1 Ykmez is a frame for L?(R). Thus, by using the fact that the dila-
tion operator is unitary, the system {DQT% (EmWitkmez is a RWH wave packet frame
for L*(R).

Let S be the frame operator for {T% (EmW1}imez - Then, for any k',m' € 7, we
have

(1) ST%k,f = T%k,Sf for all f € L*(R), thatis, S and T%k, commute.
(ii) SE,vf = E,ySf forall f € L? (R), thatis, S and E,; commute.
Indeed, for all f € L*>(R), we have
STy f = T%k,(T%k,)’lST%k,f

= T%k’T—%k’ . ZZ<T%k/f’ T%kEm W1>T}TkEle1
,me

= T%k, 2 (fs T%(k_k/)Em‘//1>T%(k_k/)EmV/1

k,meZ
=T 14 2 <f7 T, kEm Vi > T, kEm Vi
" kmez ¢ N

=TS
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Similarly, we can show that SE,, f = E,,Sf for all f € L*>(R). Hence (i) and (ii)
holds.
By using (i) and (i), we compute

—1 —1 -1 -1
N T%kElel = (E,mT_%kS) Yy = (SE,mT_%k) Yy = T%kEmS y1.

Choose y; =S ly;.

Then, {DQT% (EmWi tkmez is @ RWH wave packet frame for L*(R) with a dual
frame {DQT%kEmﬁ}hmeZ = {DQT%kEmS*Il//l}kmeZ. Indeed, for any f € L*(R), we
have

f = D2D2—1f

= D2 2 <D2*1f7 leEmﬁ>leEmu/1
k,meZ 4 4

= Y {f.D2T1 Eny1)DaT1  Ehy.
kmeZ 4 4

Thus, in particular, we have a pair of RWH wave packet Bessel sequences
{DzTi EnW1 emez and {DQT% EmWi Hemez in L*(R) with pre-frame operators T and

U (say), respectively. Furthermore, for any f € L*(RR), we have

TU(f) = T({{f-DaT E V1) bemez)

- 2 <f7D2leEmi[71,>D2leEml//1
kmeZ 4 3

=f.

Thus, TU* = I, i. e, E=1—-UT* =0.
Choose Y2 = Y02, Y2 = 0. Then, (Do Eni}imez, U AD2 Ty, EnW2 }imez
and {DzTi kEmevl}th U {DQT% kEm%}kmeZ constitute dual RWH wave packet

frames for L?>(R). But, for any ¢ € L>(R), we have y, # Z*(¢) = 0. Hence there
isno ¢ € L*(R) which satisfies all the conditions in Theorem 1 such that y, = Z*(¢).

The next two results gives sufficient conditions for the extension of a pair of RWH
wave packet Bessel sequences to RWH wave packet dual frames for L?(R), where
the window function ¢ belongs to a special class of functions. First we recall basic
symbols and notations. For % C L*(R), define Sy(%') =span{T¢ : ¢ € ¥,k € Z}
and W.(%') =span{E;n¢ : ¢ € ¥ ,m € Z}.

THEOREM 2. Let {DuijkEcmVII}Lk,meZ and {DaijkEcmeH}j,k,meZ be RWH
wave packet Bessel sequences in L>(R) with pre-frame operators T and U and anal-
ysis operators T* and U*, respectively. Assume there exist ¢ € L>(R) such that

(1)) {D i TokEcm® } j i mez is a RWH wave packet frame with a dual {D,,; TbkEcm(’ﬁ}j,k’meZ,
(it) TU Ty = T TU™ ¢,
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(”l) ¢’ € LZ(R) © WC({DaijkEcm% : .] > Oakam € Z})

Then, there exist V2, Yr€L%(R) such that {% TokEemW1} j jemez, LD i TokEcm VW2 } j komez,
and {D ;i T Ecm W1} jimez U {DyiTokEcmV2} j kmez. form dual RWH wave packet
frames for L*(R).

Proof. Since ¢ € L*(R) ©Wo({D i TykEcmW1 : j > 0,k,m € Z}), we have
(@,EqpD i TokEcmyn) = 0 for all j € Z k,m,m’ € Z. 9)
By using (9), we compute

TU*Ecm’(P = 2 <Ecm’¢aDa.f TbkEcmﬁ>Da./ TprEemyn
JkmeZ

= 2 <¢aEfcm’Da.fTbkEcm/V}I>DajTthclel
JkmeZ

= Z <¢ 3 E—cm’Daj TbkEcmﬁ>Daj TbkEcm |41

Jj<0,k,meZ

= Ecm’ E—cm’ 2 <¢ ; E—cm’ Daj TbkEcm I/H>Da./ Tthcm (41
j<0,k,meZ

- Ecm’ Z <¢aEfcm’Daj TbkEcm/VH>E7cm’DajTthcm (1
j<0kmeZ

= Eew 2 <¢ ) DufELr_n’ TbkEcmfu;DDquLm’ TprEcmyn

j<0,kmeZ al al

[ —cm’ N
=FE., z <¢,6Xp (27‘[1( o )bk)DajTthﬂ em WY1

Jj<0,k,meZ al

~_—

—cm’

X exp (2m’< : )bk)DaijkE,m, _—
a Ta
=Ew D, (0,DyTokE _ow EenW1)D i TikE _ oy Ecn Wi
Jj<0,k,meZ al a

=Eew D, (0. DTk, w V)DuTuk,, w1
J<OkmET, ol al

= Eem! Z <¢7DuijkEcmfll;DDuijkEcle
J.kmeZ

=E. . ,TU*¢.
The result follows from Theorem 1. [

The conditions given in Theorem 2 are only sufficient but not necessary. This
is justified in the following example. First we note that for all n,m € Z, we have
T,E; = E,T,,. Indeed, let f € L? (R) and 7 € R be arbitrary. Then, we have

(TiEnf)(7) = (Enf)(y —n) = exp™ "0 f(y —n) = exp™™™ f(y—n) = (EnTf)(7).
Hence T,E,, = E,,T, forall nme Z.
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EXAMPLE4. Leta=b=c=1, y; = XL and y; =X,

Then, {D1TEn W1 Ykmez, = { TEm W }emez » {D1VTkEmVA } kmez = { ThEm W1 Ykmez,
is a pair of RWH wave packet Bessel sequences in L*(R), see [4, p. 204]. Simi-
larly, if we choose y, = X1y V2 = Xj0,1)> then {D1 TiEV2 } kmez = { TiEm V2 Yk ez »
{D\TEn W2 Yk mez, = {TkEmVWn }k.mez is a pair of RWH wave packet Bessel sequences

in L2(R).
We compute
f=" {f\TEnxo.1) TeEmX[o,1]

k,meZ

= Z <f77}<Ezn(X[0_l)+X[l_1])>7}<EmX[O,1]
kmeZ 2 o

= 2 ((f\TeEmxg 1)) + (- Telmxy 1)) TeEmXo.1)
k,meZ

= B 1)) TeEmXio.1) + Y U TEngs 1) TeEmX 0.1
k,meZ k,meZ

= D A\ REW)TER R+ Y, (f TiEny1) TiEn .
k,meZ k,meZ

Hence by Lemma 5.6.2 in [3, p. 112] the pair of Bessel sequences
{TkEmWI}k,meZ U {TkEmWZ}k,meZ and {TkEmﬁ}k,meZ U {TkEm%}k,mEZ

constitute dual RWH wave packet frames for L?(R).
Next, we compute
WI({TxEnv: : k,m € Z}) = span{E,y TiEn w1 : m' ,k,m € Z}

=span{E, E,Tyy; : m' ,k,m € Z}
=span{E,, Ty :m' k,m € 7}
=span{E,Tiy; : k,m € Z}
=span{TiEn Y1 : k,m € Z}
= span{TkEmXo,1) : k;m € Z}
=L*(R).

This gives

L*(R) © Wy ({TxEn 1 : kym € Z}) = {0}.

Therefore, only choice for ¢ is 0. Thus, conditions given in Theorem 2 are not
satisfied.

THEOREM 3. Let {Dal’TbkEclel}j,k,meZ and {Da.fTthcmiﬁl/}j,k,mEZ be RWH
wave packet Bessel sequences in L>(R) with pre-frame operators T and U and anal-
ysis operators T* and U*, respectively. Suppose that there exist ¢ € L*(R) such that

() {D i TokEcm } j k mez is a RWH wave packet frame with a dual {D,,; Tthcm(E}Lkmd,
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(i) TU*Eem = Ecy TU* ¢,
(i) ¢ € L*(R) © Sp({D i Tk Eem 1 = j < 0,k,m € 7.}).

Then, there exist ¥, Y, €L*(R) such that {NDW TokEcmW1} j kmez LD oi TokEcmWa } j kmez,
and {D ,; TpkEemW1 } j kmez U{D i TokEcm W2 } j k. mez. form a pair of RWH wave packet
dual frames for L*(R).

Proof. By using condition (iii), we compute

TU Twd = Y, (Tow®,Dyi TokEemWi)D i TokEem W1
JkmeZ

= z (0, T D i Tok Ecm W1 ) D 4 Tk Ecm W1
J.kmeZ

= Z <¢7 T—bk’Daj TpiEcm ﬁ)Du/’ TokEcm Y1
j20.kmeZ

=TT o Y, (O, T pwDyi TokEemWi)D i Tk Eem W1
j=0,k,meZ
=Ty Y, AT pDyi Tk Eem 1) T—pio D o Tk Eem W1
j20.kmeZ
=T Y, (0.DuT i Tk EemW1)D i T i Tok Ecm W1
j=0,k,meZ

=T 2 (0D TygairyEemV1) Do Ty —ain Ecm Wi
j=0,k,meZ

=Ty Y, (0.Dyi Tk Ecm¥1)D 4 Ty Eem Wi
J.kmeZ

=TwTU" 9.

This gives TU Ty = Ty TU* ¢ . Hence by using condition (i), (ii) and Theorem I,
the result is proved. [J

REMARK 1. The result given in Theorem 3 is an extension of Theorem 4.2 in [&].

REMARK 2. The conditions in Theorem 3 are sufficient but not necessary. In-
deed, consider a system of RWH wave packet Bessel sequences {DiTiE;Yi }imez
and {DTyE;, Y1 }kmez given in Example 4.

First we compute

S\{TEnv - kym € Z}) = span{ T, T,E,, v, : L, k,m € 7}
=span{ Ty xEny; : I,k,m € Z}
=span{TE,y1 : k,m € Z}
= span{ TyEmXo,1] : k,m € Z}
=L*(R).
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We need a ¢ € L?(R) such that all three conditions (i) — (iii) in Theorem 3 are satisfied.
But

L*(R)© S ({TiEny : k,m € Z}) = {0},

so zero is the only possible choice for ¢ . Therefore, the condition (i) of Theorem 3 is
not satisfied.

Next we observe that if ¢ € L?>(R) © W,.({D,; TpxEcmV1 : j > 0,k,m € Z}) and
¢ € LX(R) © Sy({D i TEemW1 : j < 0,k,m € Z}), then TU*Eepnd = EquTU*¢ and
TU* Ty = T TU*.

Therefore

TU*TbkEcm(P = TkaU*Ecm(P = TbkEcrnTU*¢~

So the condition (ii) of Theorem 1 is satisfied. Thus, we have a consequence of Theorem
2 and Theorem 3 which is given in following theorem.

THEOREM 4. Let {D,iToEcmVi}jimez and {D,TokEemWi}jkmez be RWH
wave packet Bessel sequences in L>(R) with pre-frame operators T and U and anal-
ysis operators T* and U*, respectively. Assume there exist ¢ € L*(R) such that

() {D i TokEcm@ } j k mez is a RWH wave packet frame with a dual {D,,; Tthcma}j,k,meZ;
(i) ¢ € L*(R) © Sp({D i TykEer 1 : j < 0,k,m € Z}),

(iit) ¢ € L*(R) © Wo({D ;i TykEcmWi = j > 0,k,m € Z}).

Then, there exist W, Yo €L? (R) such that {D ,; TyxEcm }ikemez ULD i TokEemVa } j kmez,

and {D i ToEcmWi } j gmez. U {D i TokEcmVa} j kmez form dual RWH wave packet
frames for L*(R).

REMARK 3. Consider the system of RWH wave packet Bessel sequences
{DITEn Wi }kmez, and {D1TyE, Witk mez, given in Example 4. We have,

L*(R) oW ({D; TyEn : j = 1,k,m € Z}) = {0}.

Thus, there is no ¢ such that all the conditions (i) — (iii) of Theorem 4 holds. Hence
conditions given in Theorem 4 are sufficient but not necessary.

To conclude the paper we provide sufficient conditions for extension problem in
terms of compact support of window functions.

THEOREM 5. For a > 2, assume there exists a ¢ € L*>(R) such that
(1)) {D i TokEcm® } j i mez is a RWH wave packet frame with a dual {D,,; TbkEcm(’ﬁ}j,k’meZ,

1 ~ —11
(”) SupP(b < [_N(”N()]\ <7a 5)7 5“PP¢ C [_M()aM()]\ <7a 5

) for some N,,M, € N,
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(iii) |b| > 2N, +1,|c| > 2M, + 1.

Then, for any RWH wave packet Bessel sequences {Da-/‘Tthclel}j,k,meZ and

{D i TohEcmW1} j kmez in L*(R) with suppy C [—1,1], suppyr C [—1,1], there exist
V2, ¥ € L*(R) such that

{D i TokEcmV1 } j kmez. U {D i TokEcmV2 } j kmez.

and

{D i Tk Ec¥1 } jkmez | {D i TokEcmW2 } j kmez

form dual RWH wave packet frames for L*(R).

Proof. Tt suffices to show ¢ € L*(R) © S, ({D i TpxEcmV1 : j < 0,k,m € Z}) and
¢ € L>(R) ©W.({D ;i TsxEcm W1 : j > 0,k,m € Z}). The result then follows from The-
orem 4.

We denote the Fourier transform of Ty D TyxEem Wi by F Ty D i Tok Ecn W1 ) -

Consider

F (Towr D i TykEcmW1 ) (Y) = E_pe D i E_pi Tem W1 (7)
:a%j exp —2miby(K +a k) T v (a Ty —cm).

For j <0, k', k,m € Z, we have

supp(-Z (Tpw Dy TykEem Y1) ) () = suppy (l — cm)
C [a/ (=1 +cm),a’(1+cm)]
c |:—1+Cm l—i—cm}

2 72

Therefore, for m = 0 we have

_ -1 1
supp(-Z (Tpw D i Tk Ecn 1)) [7, 5} . (10)

If m > 1, then for ¢ > 2M, + 1 (which gives =13 > _1+22M0+1 = M,), we have

supp(-Z (Tpw D 4i Tk EcmW1)) © (Mo, >0).
Similarly, for ¢ < —(2M, + 1), we have £ < % =—-M,.
This gives

supp(Z (Tpw D i Tk Eem 1)) € (—o0, —M,).
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Therefore

supp(-Z (Tpw D 4 Tok EemW1)) C R\ (—Mo, M). (1)
Similarly for m < —1, we can show that

supp(-Z (Tpw Do TokEem 1)) € R\ (=M, M,). (12)

By using (10), (11), (12) and the Plancheral’s equation, we have

(0, Ty D o Tok Ecm V1) = (0, F (Tyie D i Tk e Y1)
=0 forall j<O0,mkk €Z.

Therefore, ¢ € L?>(R) © Sp({D i TokEcm W1 = j < 0,k,m € Z}).

Note that (EyD i ToxEcmyn ) (Y) = a? expz’”c( (' +-alm)—mbk) )y (af y—bk).
For j >0, k,m,m’ € Z, we compute

SUPP(E e D i TykEern W1 ) (9) = suppyr; (a’ e —bk)
[ —1+bk 1+ bk]

-

a7 oal
c —l+bk’l+bk .
- 2 2

This gives

11
SUPP(E ey D i TokEem 1) C [ 7 2] for k=0, (13)

and
SUPP(Ect D i Tyt Ecn 1) € R\ (—Ny, N,), for k # 0. (14)
The outcomes in (13) and (14) gives
(0,E D, TokEcnyyy) = 0 for all j > 0,k,m,m’ € Z.

Hence ¢ € L2(R)SW,.({D,; ToxEcm 1 : j > 0,k,m € 7Z}). The theorem is proved. [
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