lournal of
|assical
nalysis

Volume 8, Number 2 (2016), 147-153 doi:10.7153/jca-08-13

ON BIVARIATE BERNSTEIN-CHLODOWSKY OPERATORS

H. GUL INCE ILARSLAN
Abstract. This work relates to bivariate Bernstein-Chlodowsky operator which is not a tensor

product construction. We show that the operator preserves some properties of the original func-
tion, for example; function of modulus of continuity, Lipschitz constant, and a kind of monotony.

1. Introduction

Suppose that (b,),y is a sequence of positive real numbers and that lim b, = oo.

n—oo

n-th univariate Bernstein-Chlodowsky operator is defined by

x .
;l(f;x): k20f< ) nk(bn)’lf nggbn

f(x) , it x> b,

for every f € C[0,<0), i.e., the space of all real-valued, continuous functions on [0, )

k n—k
and x € [0,00), where P, 4 (%) = (Z) (bi) (1 — b£> , n € N, by Chlodowsky

[7]. We have from the additial condition lim b 1 = () that hm C 1S = f in the space

{f € C[0,e) : |1f+( s convergent as x — oo} with the norm ||f|| = sup ‘lffr I and that
convergence uniform on compact subsets of [0,c0). Moreover we have
x(b, —x)
|Cot (fsx) = F )| <20 { fiy| =———

for any function f € Cp[0,00) := {f € C[0,0) : f is bounded}, and 0 < x < b,,, where
o (f;8) is the familiar modulus of continuity of f with argument §. In addition to
above, for the brief history we refer to the book of Altomare and Campiti [2]. Also, let

n
f be areal valued, continuous function defined on [0,c0). If f < > alx,) > > of (x),
i=1

n
such that o; >0 and Y, o; =1, then f is called a convex function on [0,<). Because
i=1

of G, (t;x) =x,if f is convex then

(3 ()0 () -0
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Now let (a,) and (by,), n € N, be positive, increasing sequences such that lim a, =

n—oo

oo, lim b,, = o and lim “7" =0, lim l;—" =0. Let S and S¢ denote the following regions

n—oo n—oo n—so0

S={(x,y)€R2:x>07y>O i bl<l},

S¢ = {(x,y)6R2:x>0,y>O _+bl> 1}
n
For any continuous, real valued function, defined on A :=SUS, ie., f € C(A),
n-th bivariate Bernstein-Chlodowsky operator is defined by

n n—k l Xy .
. 2 2 f _arH n n Pm(k,l) Ll_’ b_ ) if (X7Y) €S
Cn72(f;(x7y)): k=01= o

Jxy), if (x,y) €8¢

k l n—k—I
Xy n X y X y
where Pn(kl) (-n b—> <k7l> (a) (E) (l—a—a) . (x7y)€S,n€
|

N, and < X l) m is the multinomial coefficient. We note here that this

two dimensional extension of the Bernstein-Chlodowsky operator, C; ,, is not a tensor
product construction. Some works related to C;; | and C; , can be seen in [1,2,7,8,9,
10]. ’ ’

In this work, we first show that the bivariate Bernstein-Chlodowsky operator C;, ,
preserves some properties of the original function, for example, function of modulus of
continuity, Lipschitz constant, and a kind of monotony.

2. Preservation of some properties by C, ,

Recall that a continuous function f from D C R? into R is said to be Lipschitz
continuous of order [, u € (0,1], if there exists a constant A > 0 such that for every
(x1,%2), (y1,y2) € D, f satisfies

2
f (x,x2) = £ (y1,02) | SA Y | — yil“ €))
i=1
The set of Lipschitz continuous functions defined above is denoted by Lips (1, D).
Also, a continuous non-negative function ® (uj,uy) defined in D is called the
modulus of continuity function, if it satisfies the following conditions [13]:
1. (0,0)=0,
2. o (uy,up) is non-decreasing, i.e., ® (uy,uz) = @ (vi,v2) for (uj,uz) = (vi,v2)
which means that u; > v;, i=1,2.
3. o (uy,uy) is semi-additive, i.e., @ ((u1,u2) + (vi,v2)) < @ (ug,u2) + @ (v, v2).
The first property that is preserved by C, , is the general function of modulus of
continuity which is related to smoothness. Similar results related to this idea can be
found in [5] and [12].
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THEOREM 1. If @ (x,y) is a function of modulus of continuity, then so is
G (0:(x,y)).

Proof. Let (x1,y1), (x2,y2) €S and (x1,y1) < (x2,y2), then

Coa (f3(x2,2))

) () () (28
B3 ) ()22 (52 (-28)
022 HOR )

B ICRIERN)

Changing the orders of the above summations and taking k —i=m, [ — j = v in the
result, then C, , (f3(x2,y2)) turns into

Ca (f3 (x2,32)) @)
n—i n—i—mn—i—m—j n!
—26"12 2 ;0 iLjlmv! (n— (i+ j+m+v))!

X v n—(i+j+m+v) X i Vi j
s(1-2-22 ) (8
an bn ap bn
m . .
X

Moreover

Cao (f5(x1,51))

“E5(0) () () (o )

Niln—i—in
leOl]nl

) n
iy m(n - 1) (xz—)q)m()’z SN ()
m—0  v— by, a, by
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Interchanging the order of the above summation gives that
Cao (f3(x1,51)) (3)
n n—in—i—mn—i—m—j n! i j
= —Un, _bn
$YYY i/ (San1en)

S0 S0 v imWin—(i+j+m+v

y xi i i J X — x| m Yo —y1 v l_x_z_y_z n—(i+j+m+v)
ay b, ay by, a, by .

From (2) and (3) we get

w2 (3 (x2,32)) = Gy (f5 (x1,31)) “4)
n n—in—i—mn—i—m—j

=2X X X

i—0m=0 j=0 V=0 i!j!m!v!(n—(i+j+m+ V))!
. x i n j x—x \" o v l_x_2_y_2 n—(i+j+m+v)
ay bn ay bn ay bn
i+m i+ Vv i j
DA )
n n n n

Replace f with @ then (4) ensures that C;, (®;(x2,¥2)) —C;i 5 (@;(x1,y1)) = 0 for
(x2,¥2) = (x1,y1). To show the semi-additivity, we take (4) into consideration, then,

n!

Coo (@5 (x2,2)) = Cp 5 (@ (x1,y1)) (5)

n—i—mn—i—m— j

) i ) 8 o (e in)
—n S0 v i!j!m!v!(n—(i+j+m+v))! nn"

x_ i X — x| Yo —y1 v L n » n—(i+j+m+v)
ay by, by, a, by,

n—mn—m—in—m—i—Vv

M=

s

i o("ah)
m=0i=0 v=0  j=0 "J'm'v'(”_(l+l+m+")) nn"
y x_l n\ (o \" (o) m e\
n bn ay bn
O x-x\"(y2-n\" m v
B () (o
m=0v= bn n n
ni n,mz,‘, n—m—V xi i n j l_x_z_y_z n—(i+j+m+v)
-0 j=0 i,J ap by a, by
Z,z(w§(x2_x1;)’2—}’1))a

which shows the semi-additivity. Furthermoreitis clear that C;, , (@;(0,0)) = @ (0,0) =
0. Finally for the case (x;,y;) € S¢, i = 1,2, the proof is obvious. [
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Preservation of the Lipschitz constant for some univariate or multivariate operators
can be foundin [3, 4, 5] and [11]. Same result for C;, 2 will be presented in the following
theorem.

THEOREM 2. If f € Lipa (1;4), then C, » f € Lipa (U;4) .

Proof. Let (x1,y1), (x2,y2) €S and (x1,y1) < (x2,y2). From (1) and (4) we
reach to

G2 (3 (x2,32)) = G (f: (x1,31)) |
' ' / n!
NmIv(n— (it j+mtv))!

=0
. y i X —x m I v L n » n—(i+j+m+v)
bn ay bn dn bn

n n—in—i—mn—i—m—j

ALY X X i (g im i)

i=0m=0 j=0 v=0
J m v

% x_l Y1 X2 — X1 Y2=—n

a, by, a, b,

n—(i+j+m+v)
X2 M m H \% u

1____ —Un —Un

><< ay bn) {(na> +<nb> }

=A{G (12 —x1) + Gy (52— 1)}

Since the univariate Bernstein Chlodowsky operators satisfy C;| (t/';x;) <xi', i=1,2,
by the convexity of the function f(z) =" then the last inequality reduces to

|G o (f3 (%2,52)) = Cona (s (x130)) | S A {2 —x1 M + [y2 — 31 [* ]

In a similar way we can verify the case (x1,y1) = (x2,y2). Moreoverif x; > xz, y; < y2,
then (xp,y) € S. It is easily obtained from the above argument that

|G o (fs (x1,31)) = G (f: (x2,32)) |
|Gz (fs (x1,31)) = G (s (2, 1)) | 4 |Cra (f (32,32)) = G (5 (32, 31))|
A{|x2 —X1|“ + 2=y}

<
<

The case x; < X2, y1 = y2 can be reached similarly. Furthermore if (x1,y;), (x2,¥2) €
S, the proof is clear by the definition of the operator. Hence it is found from the above
arguments that C;, , f € Lipa (1;4). [

Besides above properties, n-th bivariate Bernstein-Chlodowsky operator C, , pre-
serves a kind of monotony that is given in the following theorem. Also, similar results
can be viewed in [5] and [12].
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THEOREM 3. Let f(x,y) > 0. If x_'f (x,y) (or y~'f (x,y)) is non-increasing for
x (ory)on (0,0), then x‘1C:,‘72 (fs (x,)) (or y_IC:;z (fs(x,y))) is also non-increasing
Sor x (ory) on (0,00).

Proof. Straightforward computation gives (for example x) that for » > 1 and x €
(07 an] s

I n—1—k—I
11
50_1_1> f<ﬁ;%rm>
X a, b, n n

n—I—1 n—I
Xy X Xy
n—I)|1-——=— —(1l-——=
_i n Y lf Olb ( ) ay bn) a ( a bn)
1)\ b, n " X2

=0

Therefore the above equation gives rise to

g(hmwm)

X X oy
I n—t | (n—01)—+1———=—

- (7 y 1 X y ( )an dn by l
Y ()(2) (1-=-= £(0=ba),
i l b, a, b, ) X y n
x*[(1l-——-=

an by

whose right hand side is non-positive by the hypothesis.
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Ciy(fi(xy))

So it is obtained that —~~————"- is non-increasing for x € (0,a,]. This conclu-

X
sion is obvious for x > a, by the definition of C, ,. Hence the proof is completed. U

REMARK 1. The obtained results in this paper are valid for the m-variable Bernstein-
Chlodowsky operator which is not a tensor product construction.
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