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GENERALIZATION ON UNIQUENESS OF MEROMORPHIC
FUNCTIONS OF A CERTAIN DIFFERENTIAL POLYNOMIALS

HARINA P. WAGHAMORE AND HUSNA V.

Abstract. In this paper by introducing the notion of multiplicity we study the uniqueness of
meromorphic functions concerning differential polynomials and obtain some results. The results
of the paper improve and generalize some results due to Jin-Dong Li [7].

1. Introduction

In this paper, a meromorphic function means meromorphic in the open complex
plane. We shall adopt the standard notations in Nevanlinna’s value distribution the-
ory of meromorphic functions such as the characteristic function 7'(r, f), the counting
function of the poles N(r, f), and the proximity function m(r, f) (see [10], [4]).

Let f and g be two nonconstant meromorphic functions and let a € CU {0} . We
say that f and g share a CM if f —a and g — a have the same zeros, with the same
multiplicities. Similarly, we say that f and g share a IM if f —a and g —a have the
same zeros, ignoring multiplicities. When a = oo the zeros of f —a means the poles
of f. A meromorphic function a(z# o) is called a small function with respect to f
provided that T (r,a) = S(r, f).

Let p be a positive integer. We use N, )( - a) to denote the counting function

of the zeros of f —a whose multiplicities are not greater than p, N(p(r, ﬁ) to denote
the counting function of the zeros of f —a whose multiplicities are not less than p.
And N )( i ) N,(r, ﬁ) are their reduced functions, respectively. We also use
Ny (r, f
multiplicity m is counted m times if m < p and p times if m > p. Clearly, Ny (r, 7= a)

—) to denote the counting function of the zeros of f —a where a zero with

N(r,m).
Define
5,(a.f) =11 Ny(r, 7)
a,f)= —1msup7
r—ee T(V,f)
Obviously,

O(a,f) = 6y(a,f) =2 6(a,f) 20
Hayman [3] and Clunie[ 1] proved the following result:
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THEOREM A. Let f(z) be a transcendental entire function and let n > 1 be a
positive integer. Then f"f' = 1 has infinitely many solutions.

In 1997, Yang and Hua [9] obtained a unicity theorem corresponding to the above
result and proved the following result:

THEOREM B. Let f(z) and g(z) be two transcendental entire functions and let
n > 6 be a positive integer. If f'f' and g"g share 1 CM, then either f =tg for a
constant t such that t"™' =1 or f(z) = coe™ and g(z) = c1e% , where c,c1 and c;
are three constants satisfying (cic2)"*'c¢? = —1.

THEOREM C. Let f(z) and g(z) be two nonconstant meromorphic functions and
let n > 11 be a positive integer. If f"f' and g"g' share I CM, then either f =tg fora
constant t such that "' =1 or f(z) = ce™ and g(z) = c1e* , where c,c; and c;
are three constants satisfying (cic2)"'c? = —1.

In 2011, R. S. Dyavnal [2] have improved these results and obtained the following
results:

THEOREM D. Let f(z) and g(z) be two nonconstant meromorphic functions
whose zeros and poles have multiplicities not smaller than s, where s is a positive
integer. Let n > 2 be a positive integer satisfying the inequality (n+ 1)s > 12. If
ff" and g"g' share 1 CM, then either f =tg for a constant t such that t"*' =1 or
f(z) = coe™ and g(z) = c1€%, where c,cy and cy are three constants satisfying the
equality (cic2)"*1c? = —1.

THEOREM E. Let f(z) and g(z) be two transcendental entire functions whose
zeros have multiplicities not smaller than s, where s is a positive integer.Let n be a
positive integer satisfying the inequality (n+1)s > 7. If f"f’ and g"g' share 1 CM,
then either f =tg for a constant t such that t"*' =1 or f(z) = c2e™“ and g(z) =
c1e“, where c,c1 and cy are three constants satisfying the equality (clcz)”ch =—1.

In 2008, Li [6] proved the following result:

THEOREM F. Let f(z) and g(z) be two nonconstant meromorphic functions and
let n > 23 be a positive integer. If f'f and g"g' share 1 IM, then either f =tg fora
constant t such that "' =1 or f(z) = coe™ and g(z) = c1e%, where c,c| and c;
are three constants satisfying the equality (c1c;)" ' c? = —1.

In 2015, Jin Dong Li [7] proved the following two theorems.

THEOREM G. Let f(z) and g(z) be two nonconstant meromorphic functions
whose zeros and poles have multiplicities not smaller than s, where s is a positive
integer. Let n > 2 be a positive integer satisfying the inequality (n+ 1)s > 24. If
ff" and g"g' share 1 IM, then either f = tg for a constant t such that "' =1 or
f(z) = coe™ and g(z) = c1€%, where c,c) and cy are three constants satisfying the
equality (cjc2)"1e¢? = —1.
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THEOREM H. Let f(z) and g(z) be two transcendental entire functions whose
zeros have multiplicities not smaller than s, where s ia a positive integer. Let n be a
positive integer satisfying the inequality (n+1)s > 13. If f"f" and g"g' share 1 IM,
then either f =tg for a constantt such that t"*' =1 or f(z) = cye” and g(z) = 1€,
where c¢,c| and ¢, are three constants satisfying the equality (cic;)"™'c? = —1.

In this paper, we partially extend Theorem G and Theorem H to a certain differen-
tial polynomials and obtain the following results.

THEOREM 1. Let f and g be two nonconstant meromorphic functions and let n,k
and m be three positive integers with s(n+m) > 12k +2m+ 19 and max{x1, >} <0,
where

2m 2 2k+1
= 1-0,(1 (C) 1 1
i n—i—m—2k+ (n—i—m)s+2k+(n—Hn)s—l—k+ (L) + O (L) (D
and
2m 2 2k+1
= 1-0,(1 (C) 1 2
X2 n+m—2k+(n—i—m)s+2k+(n—Hn)s—i—k+ b(1:8)+ Ok (Lg) @

Let {f"P(f)}® and {g"P(g)}* share I IM, then
(i) when P(®) = @@+ ap_ 10" + ... +ag, one of the following two cases holds.
(i1) f =tg, for a constant t such that t* = 1, where d = {n+m,....,n+m—
Iy}, am—; #0 for some i =0,1,....;m.
(i2) f and g satisfy the algebraic equation R(f,g) =0, where R(w,w) =
o} (an o} —|—am_1a)i”_1 + ...+ ag) — 0F (a0} —|—a,,,_1a)£"_1 +...+ag).
(ii) when P(®) = co, f(z) =1tg(z) for a constant t such that " = 1.

THEOREM 2. Let [ and g be two nonconstant entire functions and let n,k and
m be three positive integers with s(n+m) > 1 and max{)1, )2} <0, where

m 1
- —0,(1 3
2 n—|—m—2k+(n—|—m)s+2k (L) )
and
=+ ~0y(1,9) 4)
= m—2k  (nmyst 2k P8

Let {f"P(f)}0 {g"P(g)} %) share I IM, then
(i) when P(®) = an@™ + ay_10™ ' + ... +ag, one of the following two cases holds.
(i1) f =tg, for a constant t such that t* =1, where d = {n+m,...,n+m—
Iy}, am—i # 0 for some i =0,1,...,m.
(i2) f and g satisfy the algebraic equation R(f,g) =0, where R(w;,w) =
o] (amo) —l—am,la)f”*l + ...+ ag) — 0} (a0} —l—am,la)é”’l + ...+ ap).
(if) when P(®) = co, f(z) =1g(z) for a constant t such that t" = 1.
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2. Some Lemmas
To prove our result, we need following lemmas:

LEMMA 1. [7] Let f(z) and g(z) be two meromorphuc functions and let k be a
positive integer. If f(k) and g(k) share the value 1 IM and

A = (2k+3)O(co, ) + (2k +4)O(e0,g) + (k+3)O(0, f) + (2k+3)O(0, g)
+6+1(0, f) + 8+1(0,8) > Tk + 13

then either f =lorf=g
LEMMA 2. [8] Let h be a nonconstant meromorphic function that is not a poly-
nomial with its degree < k—1.Then

1 1 —
No(r, W) < Ni(r, Z) +kN(r,h) +S(r,h)

where k(> 1) is a positive integer, and Ny(r, (L) denotes the counting function of those

zeros of h'®) that are not the zeros of h.
3. Proof of Theorem 1
Proof. Let
F=f"P(f) and G=g"P(g) (5)
Consider,
— 1 — 1 1 1 1
0 F) =N i) < sV F) < sy T F) (1)
then we have
) 2
. ' f
O(0,F)=1-1 — > — 6
(0.F) lirli:lpT(r,F) s(n+m) ©
and
. Nk-‘rl(r? %)
F)y=1-1 — Lt
%+1(0,F) imsup )
_ (k+m+1)N(r, )
=1 —limsup (7
oo T(r,F)
_k+m+1
s(n+m)
N(r,F 1
(0, F) = 1 — limsup ) )

zl-——
reo T (1 F) s(n+m)
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Similarly,

2
00,6G)>21— — 9
(0,6) s(n+m) ©)

k+m—+1

1) 0G)>1———— 10
k+l( ) ) s(n—|—m) ( )

1
O(e0,G) 21— —— 11
(o2, G) s(n+m) an

Next, we have from Lemma 1 ,(5)-(11) and the condition s(n+m) > 12k +2m+ 19,
we get

A > Tk+13. (12)

From (12), Lemma 1 and the condition that F®) and G( ) share 0 IM we know that F
and G are meromorphic functions such that F KGK =1 or F=G.

We discuss the following two cases.

Case 1. Suppose that F¥G®) = 1. Then it follows from (5) that

{rP(f)y P 1{g"P(g)}® =1 (13)

Let zo & {z: P(z) = 0} be a zero of f of order p. Then it follows from (13) that
Zo is a pole of g. Suppose that zg is a pole of g of order g, then we have np —k =
(n+m)q+k ,ie., n(p—q)=mg+ 2k which implies that p > ¢+ 1 and g > ”;nzlﬂ )
we have

—2k
p> mo 2k (14)
m

Let z; € {z: P(z) = 0} be a zero of P(f) of order p; > k+ 1, then it follows
from (13) that z; is a pole of g. Suppose that z; is a pole of g of order qi.

Then from (13) we have p; —k = (n+m)q; + k.

From this we get

p1 > (n+m)s+ 2 (s)

Let 2, & {z: P(z) =0} be a zero of {f"P(f)}*) of order p, that is not a zero of
SP(f). Then from (13) we see that z, is a pole of g. Suppose that z, is a pole of g of
order ¢, then py = (n+m)qs + k. Thus

p2 = (n+m)s+k. (16)
Let 23 ¢ {z: P(z) =0} U{z: f(z)P(f) =0} beazeroof {f"P(f)}*) =1 of multiplicity

p3. Then from (13) we deduce that z3 is a pole of g of multiplicity g3, say. Hence
p3=m+m)gs+k>=n+m)s+k.
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This together with (14)—(16) and Lemma 2 gives

N(rf) < <r1>+Nk N gi

1
N
+ (n+m)s+k o(r

G )+o(logr)

FRLEVA
Ly
1" pi g—1

{g"

<IN S+

X V,— — V,
p g TR e

)

1 1
T om0 g

< 1 1 —
< %—_MN(VE)‘*‘NICA)(V,&)_ 1)+ nt

1
+ (n+m)s+k

+o(logr)

1
—1

N(r, P )

m)s+ 2k

(KN (r,2) + KN (r, 1) N )} +ollogn) +S(re).

m 1 2k+1

— _ B
N f) < {n+m—2k+ (n+m)5—|—2k+ (n+m)s+k+1 On(l.g)

+e}T(rg)+S(rg)

7)

By (17), the above analysis and the second fundamental theorem we get

1, — 1
() <N ) + N 3+ W) +(1)
m 1 2k+1
n—|—m—2k+(n+m)s+2k+(n+m)s—|—k
m 1

—2kN<r7 ?)

L) +5(0:) +5(r8)

N
—_

(18)
1-0 1 T

+ k—l)( 7g)+£} (rvg)+n+

+ Ny ( ! N(
k) raf_l r7f

m . 1 . 2k+1

n+m—2k (n+m)s+2k (n+m)s+k

)+ (n+m)s+2k

T(r.f) <{

1— 1 T
+1-0_y)(1,8) +€}T(rg) +{ n+m— 2k (n+m)s—+2k

+1-0y(1,8) +&}T(r,g) +S(nf)+S(rg)
Similarly,

m 1 2k+1
+ +
n+m—2k (n+m)s+2k (n—|—m)s+k

+1-0, (1, /) +eIT(rnf)+{

T(rg) <{

n+m—2k (19)

Grmysrar L On(Lg) +ET(ng) +5(nf) +S(rg)
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from (18) and (19) we get

(_XI —28)T(7‘7f) + (—Xz —28)T(V,g> < S(I",f) +S(I",g> (20)

where ) and y, are defined as in and (2) respectively. From (20) and the condition
max{x1, 2} <0 we get a contradiction.
Case 2. Suppose that F = G. Then from (5) we get

f"P(f) =g"P(g)

ie.,
amf™+...+a0) = g"(amg™ + ... +ao) 21

Let h = g. If h is a constant, then substituting f = gh into (21) we deduce
g TR = 1) + a1 "N — 1) + Lagg™ (W — 1) = 0 which implies
h? =1, where d = (n+m,...n+m—i,...n), au—; # 0 for some i =0,1,..,m. Thus
f(z) = tg(z) for a constant t such that Y = 1, where d = (n+m,....n+m+1i,..n),
am—i # 0 for some i =0,1,..,m. If h is not a constant, then we know by (21) that
f and g satisfy the algebraic equation R(f,g) =0, where R(wi, ) = of (a,0f" +
am,la)i"’I +...+ao) — &} (an0) +am,1w§”*1 +...4ap).

This proves the Theorem 1.

4. Proof of Theorem 2

Proof. Since f and g are entire functions, we have N(r,f) = N(r,g) = 0. Pro-
ceeding as in the proof Theorem 1 and applying Lemma 1, we complete the proof of
Theorem 2.
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