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ON THE RATIO OF TWO SETS IN REAL LINE

D. K. GANGULY AND DHANANJOY HALDER

Abstract. In this paper, assuming Martin’s axiom we show that there exists a Lebesgue measur-
able subset A of the real line R such that the set {¢ € R : R(A,c+A) contains an interval } is
non-measurable. Here the set R(A,c+A) ={-%; :a,d’ € A,c+d #0}. Also other two results

ctd
on the ratio set of linear sets are presented.

1. Introduction

In 1920, H. Steinhaus [14] established that the sum set A+ B ={a+b:a €
A, b € B} of two linear sets A and B each of which having positive Lebesgue measure
contains an interval.

We recall the definition of the property of Baire of a linear set as follows:

DEFINITION 1. ( [12]) A set A is said to have the property of Baire if it can be
expressed as symmetric difference of an open set and a set of first category .

The category analogue of Steinhaus’s result was established by Piccard [13] in the
following way:

If both A and B are second category subsets of R, each having the property of
Baire, then the set A+B = {a+b:a € A,bec B} contains an interval.

Several authors ([3], [4], [5], [71, [8], [10], [11]) have generalized the results of
Steinhaus and Piccard in many directions. In 1962, N. C. Bose Majumder [2] intro-
duced the concept of Ratio set of A in R with non zero abscissa which is stated as
follows:

DEFINITION 2. ([2]) The Ratio set of a linear set A of non zero abscissa denoted
by R(A,A) is defined by R(A,A) = {4 or 2:a,b € A}.
Also we define R(A,c+A) ={-% :a,d €A,c+d #0}.

c+d

Bose Majumder [2] established that the Ratio set R(A,A) of a linear set A with
positive abscissa having positive Lebesgue measure contains an interval with left hand
end point 1. The category analogue of Bose Majumder result was established by Gan-
guly and Basu [0] in the following way:

If A is a second category subset of non zero reals with the property of Baire, then
the set R(A,A) contains an interval of the form [1,&£), (§ > 1).

Again we recall a definition of Bernstein set in R.
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DEFINITION 3. ([12]) A set B (C R) is said to be Bernstein set if both B and B¢
(B =R \B) have non empty intersection with every uncountable closed set in R .

If B is Bernstein set then it follows that B¢ is as well a Bernstein set. Such sets
are neither Lebesgue measurable nor have the property of Baire and as such are of
interest to analysists, topologists and descriptive set theorists alike. It follows from
the definition that a Bernstein set is everywhere full measure (outer) and everywhere
second category.

In 1970, D.A.Martin and R.M.Solovay [9] introduced the notion of Martin’s ax-
iom which is independent of the usual axioms of ZFC set theory. The consequences of
Martin’s axiom are as follows:

The union of any cardinal k& or fewer null sets on a Polish space (Complete and
Separable space) is null. In particular, the union of k or fewer subsets of R of Lebesgue
measure zero also has Lebesgue measure zero and union of k or fewer first category
subsets of R is also a first category subset of R.

In this paper, at first we show that for any given distinct real sequences {x,}_,

and {y,};_, with distinct members each, there exist subsets A and B of R such that

R(A,x,+B) =R* =R\ {0} forall n€ N and
R(A,yn+ B) contains no interval for all n € N,
where N is the set of natural numbers.

Next we show there exists a Gg-set A which is contained in a set of positive measure
but not contained in any Fg-set of measure zero such that the ratio set of A is empty
interior.

Finally with the help of Martin’s axiom, an attempt has been made to established
that there exists a measurable subset A of R such that the set {c € R : R(A,c+A)
contains an interval } is nonmeasurable.

2. Results

THEOREM 1. If {x,}_, and {y.};_, are any two sequences of real numbers
such that x, # X and y, 7 ym for all n #+ m and x, # y,, for all n,m € N, where N
is the set of natural numbers, then there exist subsets A and B of R such that

(a) R(A,x,+B)=R*=R \{0} forall n €N and

(b) R(A,yn+ B) contains no interval for all n € N.

Proof. Let {z4 : o < @} be well ordering of all non zero real numbers R* =R
\{0}, where @, is the first ordinal number having cardinal ¢ of the continuum. We will
use transfinite induction to construct two sequences {ugn};_; and {vg, )5, for each
o < @, such that the sets A = {ug, : 0 < @-,n € N} and B = {vg, : o0 < @,n € N}
satisfy the conditions of the theorem. At first we will construct the sequences {uy,};_,
and {vy,} | by ordinary induction.

For x;, y, forall n € N and z; we will show that there exist #;; € R* and vi; € R

such that =% = z; and —“1_ is an irrational number for all n € N. If we consider
X1+ Yntvil
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u11 = u an arbitrary nonzero real number, then in order to establish xlilé“ =z; we have
71 . u u .
vi1 =z, u—x. For this value of v{;, we have —1— = . From hypothesis
11 =27 1 11, (RTINS P, yp

of the sequences {x,}_; and {y,};_, the last expression is irrational for all fixed
n €N and for all u € R*\ D, where D is a denumerable subset of R. Thus, if u1; = u
and v = zflu—xl then mlfflwl»l =z an d ” is irrational for all » € N provided
u € R*\ D, where D is a denumerable subset 0f R.

Suppose there exist nonzero real numbers {u;,}*_, and real numbers {vy,}*_,

uj — . uy; o« s . s
such that T =2 for all n =1,2,3,...... ,k and yﬁ;” is irrational for all i,j €

{1,2,3,....... ,k} and n € N.
Let uy 1 = u be an arbitrary nonzero real number and vy 41 = zl_lu —Xg+1, then

by same argument as first step, we have ﬁ =z forall n=1,2,3,......;k+1 and
5 +v is irrational for all 7, j € {1,2,3,....... ,k+1} and for all n € N provided u € R*\

Dy, Where D is a denumerable subset of R.
So, by finite induction there exist sequence of nonzero real numbers {u,};_, and

sequence of real numbers {vy,};_; such that — ”1" =z forall n €N and ; 11;1_ is
Yn j

irrational for each i, j,n € N.
Now we apply transfinite induction. Let o < .. Suppose for each B < o the
sequence of nonzero real numbers {uﬁn ., and sequence of real numbers {vg, };_,

UBn
Xn +v

have been defined in such a way that
uﬁi

Yntvyj

same argument as before, for all o < @, there exist sequence of nonzero real numbers

oo o u _
{uan};_, and sequence of real numbers {vy,};_, such that T =g for every

ug; . . . .. .
n €N and ™ fvyj is irrational for every B,y < o and i, j,n € N. If we consider

=z forevery B < o, forevery n€ N and

is irrational for every 3,7 < ¢ and i, j,n € N. So, by transfinite induction and

A={ugy: 00 < w,n €N} and B={vgn:a < o,,n €N}

then R(A,x, +B) =R* =R \{0} forall n € N and ;% is irrational for each n € N,
a € A and b € B. Hence for each n € N the set R(A, yn + B) contains no interval.

COROLLARY 1. There exist two subsets A and B of R and real numbers ry,r)
and r with ry < r < ry such that R(A,r1 + B) and R(A,r, + B) both contain intervals,
but R(A,r+ B) contains no interval.

Proof of the Corollary is immediate.

THEOREM 2. If M C R \{0}(=R*) be a set of positive measure there exists a
Gg-set A C M not contained in any Fg -set of measure zero such that IntR(A,A) = 0.

Proof. Without loss of generality we assume that M is a compact nowhere dense
set. As M is compact we consider a sequence {x;},ey C M which is dense in M.

Then for each i € N the set x;M is nowhere dense and so the set P = Ux,-M is of first
i=1
category in R*. Therefore the set R* \P is residual set. Then we can find a sequence
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{yi} CR* \P which is dense in R*. For each i € N, we have {y;} N {x;M} = 0. Thus

the closed set A; = M Nx;M is a nowhere dense in M foreach i. Let A =M\ U A;. But
i=1

UA,- isan Fgs-setand hence A is a Gg set, residual in M. Since R is a complete metric
i=1

space with usual metric, hence M is a complete metric subspace of R*. Therefore A
is dense in M. It now follows from the category argument that A is not contained in
any Fg-set of measure zero (cf. Lemma 1.1 of [1]). Suppose IntR(A,A) # @. Then
for some i € N, we can find x; € R(A,A). Therefore x; = % for y € A and z € A. Then
z€M and y € M; 7z = x;y € x;M and therefore z € ANA; =0, a contradiction. Hence
IntR(A,A) =0 i.e. R(A,A) has empty interior.

3. Nonmeasurable Set

THEOREM 3. Assuming the Martin’s axiom, there exists a measurable subset A
of R such that the set {c € R : R(A,c+A) contains an interval } is a nonmeasurable
set.

Proof. Let {zq : &0 < @.} be well ordering of R*. Assume {Fy : ot < .} and
{Gq: 00 < @} are well ordering of all uncountable closed subsets of R* and collection
of all dense open sets in R* respectively. We will use transfinite induction to construct
two single indexed transfinite sequences of real numbers

{xg:a <o} and {yq:a < o}
and two double indexed transfinite sequences of real numbers
{ugp :0,B < o} and {vep: o, B < @}.

We will now proceed to construct four sequences with the desired properties. Pick
x| € Fi,y1 € Fi \ {x1}. Since G; is a dense open set in R, by similar argument of
existence of uy1,vy; in the proof of the Theorem 1, there exist

uri,vir € Gy \ {£x1, £y}

such that

Uil =z; and R(K17y1 +K1)ﬁ@ =0,

xX1+vyp

where K; = {u;1,vi1} and Q is the set of rational numbers. Next pick x; € F> \
{x1,y1}, y2 € o\ {x1,y1,x2}. Since the character of G, is same as Gy, there exist
distinct pairs

U12,V12;Ua1,V215U22,v20 € G1 NG \ {£x1, X0, £y, 30}

such that

up u up ) —0 -
Xt %2 vy Sl iy T 22 and R(K2,yi +K2)NQ=0,i=1,2,
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where

Ky = {u11,vi1,u12,vi2,u21,va1,u22,v22 } .
Suppose that & < @, and that {xg: B < o}, {yg: B <o}, {uy:7,6 <B <o} and

{v),g 7,6 < B < a} have been selected in such a way that the following conditions are
satisfied.

o xg € Fg\{xy,yy:v<B},yp € Fg\{xp,yy: ¥ <P}, forevery B < a.

e Foreach 8 < a, ujg,vig € ﬂ G;\ {£x;, Ly;} foreach i < 3 and

i<B
U, Vp; € n G;\ {%xi, £y} foreach i < 3.
i<B
X;nya =z for 7,6 <B <« and R(Kg,yi +Kg)NQ =0 foreach i < < a,

where Kg = {uys 17,0 <P <afU{vs: 7,6 <P <a}.
We will now pick, in order,
Ul Vi U2o, V2ors +eeeee Uio, Vies (forall 1< o), Xo, Yo Ul s Vol s Uo2s Vo2s oo sUoo Voo
with the desired properties. First we show that there exist

Ui, Ve € m G,-\{:I:xj7:|:yj : ] < OC}

<o

such that

XITSW =Zq and R(K/; U{ula,vla},yj+ (Kl; U{ula,vla})) nNQ=0

for each j < «.
Since o < @, therefore o has cardinality less than that of the continuum. By
Martin’s axiom ﬂ G; is a dense set in R*. If we consider uj, = u then from the

i<
relation —“%— = 7, we get Vg = zg'u —x;. Therefore —4&— = “ and
X1 +Vig <o g lo = 2o 1 YitVia y_,-+z;1u—x1
—1
Vi __ 2o =X H : . . ) . )
Vg = yra e irrational for all u € (] G\ {=£x;,+y; : j < &} (since y; # x; for

i<a
each j < a). So, there exist u such that

! —Xx]) € ﬂ Gi\{%xj,ty;:j <o} with ujq =u and vio = uzg' —xp.

i<a

u, (uzy

Clearly —=1%— =z, and R(Kg U{ui0,via},y;+ (Kg U{utia,via})) NQ = 0 for each

; X1tV X
j<a. By same argument, there exist

Ung,Vag € ﬂ Gi\{%xj,ty;:j<o}

<o

o
such that S = 2 and
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R(K[} U{M1a7vla7”2a7v2a}7yj+ (K[} U{u1a,Via, 420,20 1)) NQ =0

foreach j < a.
By above argument we pick, in order, the elements u3¢, V3¢ Usg,s Vags ------ SUja, Ve
(for all j < a) with the desired properties. That is there exist
Wja,Vie € [ Gi\ {#xj,£y;: j < &} such that - =z, forall j < o

Xj+Via

i<a
and

R(Kg | J{ujo,via}.vj+ (Kg | {ttjasvja})) NQ =0 for each j < c.

j<o j<o

Next we have to pick x4 and y. Since o has cardinality less than that of continuum,
R(He,yi+He) NQ = 0 forevery i < o (here Hy = Kg U{utio,vie 1 i < 0}), Fy has
cardinality of the continuum and @ is countable, there exist

Xo € Fo \{xg,yp : B < a}
and
Yo € Fo \ {xa,yp: B < @}
such that
R(He,yi+He) NQ =0

forevery i < «.
Now we proceed to pick, in order the elements uyq,Vg1;Ue2, Va2s - - Ugos Voo
with the desired properties. We first pick

Ua1, Va1 € () Gi\ {£xi, £y}

i<a
such that
Mgl
XtV 21
and

R(HaU{ual7Vocl}7yi+ (HaU{ualvval})) NQ=0

foreach i < o.
Such pair of elements exist by the similar argument of existence of u;, and vy, of
the proof of this theorem. Now using the above argument, the elements uy2,vg2; -..... Ugos Vao
with the desired properties are selected. Therefore, by transfinite induction, there exist
four transfinite sequences

oo <o}, {yo: <o}, {ugg: o, <o} and {vep : o, B < @}

satisfying the following properties:
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o xo € Fy\{xg,yp: B <o} and yq € Fo \ {xq,yp : B < &} foreach a < a.

e Foreach o < w., we have ujq,vig € ﬂ G;\ {%x;, £y} foreach i < o and

i<a
Ugi,Vai € m G,-\{:I:xi,:I:y,-} foreach i< o.
i<a
° xdbfﬁ‘faﬁ =zp for o, B < @ and R(A,y; +A)NQ = 0 forevery i < @,

where A = {ugp: o, < @} U{vgp: o, B < @}.

Let T ={ce€R: R(A,c+A) contains an interval }, where R(A,c+A) is defined. By
above, xo € T for each oo < @, and yy, ¢ T for each o < .. Since xq,yq € Fy for
each o < @, it follows that T is a Bernstein set and hence T is nonmeasurable [12].
By the above properties of the sequences {uqp : o, < @} and {vep : o, < @}
and by Martin’s axioms it follows that, if € > 0 and G = G, (for some o < @) is a
dense open set in R* and having measure less than €, then A = (ANGy)U (A\ Ggy)
has measure less than €, since A\ G, has cardinality less than that of the continuum
and hence has measure zero. Therefore m(A) < € for each € >0 and m(A) = 0. Hence
the result.

4. Question

QUESTION 1. It is unknown whether formulation of Theorem 3 is possible or not
without Martin’s Axiom (MA).
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