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GENERALIZED WEIGHTED COMPOSITION OPERATORS FROM
WEIGHTED BERGMAN SPACES INTO ZYGMUND-TYPE SPACES

XIANGLING ZHU

Abstract. The boundedness and the compactness of generalized weighted composition opera-
tors from weighted Bergman spaces into Zygmund-type spaces are investigated in this paper.
Moreover, we give some estimates for the essential norm of these operators.

1. Introduction

Let H(D) denote the space of analytic functions on the open unit disk D. Let
S(D) denote the set of all analytic self-maps of ID. The composition operator C, with
the symbol ¢ € S(D) is defined by (Cyf)(z) = f(¢(2)), f € H(D). See [3, 28] for
more information about the theory of composition operators. We denote the set of
nonnegative integers by Ny. Let ¢ € S(D), u € H(D) and n € Ny. The generalized
weighted composition operator Df, , is defined as follows (see [30]).

(Dguf)@) =u(z)- f"(0(2), fe€H(D), zeD.

If n =0, then D , is the weighted composition operator, which is frequently denoted
by uCy in the literature. When n =0 and u(z) = 1, then Dj, , is just the composition
operator Cy. If n=1, u(z) = ¢'(z), then Dy, = DCy. When u(z) =1, Dj, =
CoD". See [5, 11,12, 15, 16, 18, 20, 21, 22, 25] for the study of DCy and CyD". See
[6,9, 17, 23, 24, 26, 27, 29, 30, 31, 32] and the references therein for the study of the
operator Dy ,

Let v: DD — Ry be a continuous, strictly positive and bounded function, the, so
called, weight. The weight v is called radial, if v(z) = v(|z|) forall z € D. The weighted
space, denoted by H;”, is the set of all f € H(D) such that

[1f[lv = supv(2)|f(2)] < oo
zeD

Under the norm || - ||,,, H;® is a Banach space. The associated weight v of v is defined
by
7(z) = : eD
Vv(z , z€D.
sup{|f(2)| : f € H7, || fllv < 1}
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When v(z) = vg(z) = (1 — [2]*)%(0 < o < o), it is easy to check that Vg (z) = v (z).
In this case, we denote H;~ by H,'j:; .

Let i be a weight. The Zygmund-type space, denoted by %, is the set of all
f € H(D) such that

1£1l2, = [£(0)[+ 1£(0)] +Sg£u(2)|f”(Z)l <o

It is also easy to check that 2, is a Banach space under the norm || - ||z, . When
u(z) =1—z]>, 2y = Z is the Zygmund space. See [1, 10] for more information on
the Zygmund space on the unit disk. See [1, 4, 13, 14] for the study of composition
operators on the Zygmund space.

For 0 < p < = and y > —1, the weighted Bergman space, denoted by A%, is the
set of all functions f € H(DD) satisfying

1715 = (r+1) [ 7@ (1= [2P)7dA@) < =,

where dA is the normalized Lebesgue area measure in D such that A(D) = 1. When
p=2, A72, is a Hilbert space.

In [24] (see also [27]), Stevi¢ has studied the boundedness and compactness of
the operator D, : & — 2. Here & is the classical Bloch space. In [9], Li and
Fu gave a new characterization for the boundedness and compactness of the operator
D'q',# B — Z. In [6], motivated by [9, 24], the authors characterized the essential
norm of the operator D’é,’u B — 2. In [2], the authors studied the boundedness,
compactness and essential norms of weighted composition operators from some Hilbert
function spaces (including A?,) into Z,. Recall that the essential norm of a bounded
linear operator 7 : X — Y is defined as follows.

| T||ex—y =inf{||T — K||x—y : K is compact },

where X and Y are Banach spaces and || - ||x—y is the operator norm.

In [23], Stevi¢ studied the operator D, from mixed-norm spaces to the nth
weighted-type space. Among others, he proved the following result (in fact, he proved
a more general result, including the one).

THEOREM A. Let p be radial, non-increasing weight tending to zero at the
boundary of D. Let 1 <p <o, —1 <y<oe, uc HD), ¢ € S(D), and n € Ny.
Then the operator Dy, , : Ay — 2, is bounded if and only if

u(@)|u"(2)]

M :=sup 7] (1)
“P(1=leE)) 7"
My = sup PRI @O Q + )" Q)] _ | 2

2+y+p

€D (I-[p()) 7



GENERALIZED WEIGHTED COMPOSITION OPERATORS 29

and

/ 2
M; = sup H(z)|u(z)||<§+§le|)+n _ 3)

€D (1-le@)P) 7

Motivated by the above observations, in this work we give a new characteriza-
tion for the boundedness of the operator Dy, :A’; — Z,,. Moreover, we give some
characterizations for the essential norm of the operator Dj, , : A} — 2.

Throughout the paper, we denote by C a positive constant which may differ from
one occurrence to the next. In addition, we say that A < B if there exists a constant C
such that A < CB. The symbol A ~ B means that A < B S A.

2. Main results and proofs

In this section we formulate our main results in this paper. For this purpose, we
need some lemmas as follows.

LEMMA 1. [28] Assume that 0 < p <eo, —1 <y <eo, n €Ny and f € A}. Then
there is a positive constant C independent of f such that

Ifllay

£ () <o——
(1—[c) 7

LEMMA 2. [8] For o > 0, we have limy_..k*||71|,, = (2¢)*.

e

LEMMA 3. [19] Let v and w be radial, non-increasing weights tending to zero at
the boundary of . Then the following statements hold.
(a) The weighted composition operator uCy : H;® — H} is bounded if and only if

sup w(z)
ep V(9(2))
(b) Suppose uCy : Hy> — H; is bounded. Then

. w(z)
|uCo||e,rz—mz =lim sup =
¢ =1 1p(2)|>s V(9(2))

u(z)| <

u(z)]-

LEMMA 4. [7] Let v and w be radial, non-increasing weights tending to zero at
the boundary of . Then the following statements hold.

llu@* [l
[EdE

(a) uCy : Hy — H\7 is bounded if and only if sup;~

< oo, with the operator

norm comparable to the supermum.
(b) Suppose uCy : H® — H; is bounded. Then

k
. u )
||MC(pHe,H“7°—>H;? = llmsup ” (i ”w
koo 1260l
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The following lemma is proved similar to Lemma 2.3 in [2].

LEMMA 5. Let u be radial, non-increasing weight tending to zero at the bound-
aryof D. Let 1 < p < oo, —1 <7y < oo. Suppose that linear operator T :A? — 2y
is bounded. Then T is compact if and only if whenever {f,} is bounded in A? and
fu — 0 uniformly on compact subsets of D, nlgli T fall , = 0.

THEOREM 1. Let U be radial, non-increasing weight tending to zero at the bound-
aryof D. Let 1 <p<oo, —1<y<oo, uc HD), ¢ € S(D), and n € Ny. Then the
operator Dy, , :A? — 2y is bounded if and only if

24+
supj- 7 |(
j=1

20"+ u@" ) |y < oo,

A 24742 .
supj 7 iy <o and  supj P lugP@i Ny < oo,
J> /21

Proof. By Lemma 3, the inequality in (2) is equivalent to the weighted compo-

sition operator (2u'@’ +u@")Cy : H; 2+y+p — H,; is bounded, which is equivalent
+n
to ! ! M\ nj—1
=
12’ ¢ Tmp )9l _
j=1 ”Zj_ ||V2+I};+p+n
by Lemma 4. Hence, by Lemma 2
2+7+”+n ! ! M nj—1
- J 1o +ug") o ||
SuP] i +nH(2”§0 +ug”)p’ 1”/1 ~ sup 2P <
721 721 .] 4 HZJ?1||V2+7+[)
TJrn
Similarly, the inequality in (1) is equivalent to
2+y . .
P T 1 1 nj—1
24y u' @’ u" ¢’
Supj » +nHu (PJ IH Nsup .] H ¢ Hﬂ = sup ||17§P ||IJ < oo
1 B e g, P
p +n P
and the inequality in (3) is equivalent to
+7+ P p i1
2712 - J g |
Sup] 7 +nHu(p/2(pJ 1““ ~ Sup T ’+n I
izl N ||Zj_1||v2+y+2p+n
D
u 12 ~j—1
NN Gl PR

j=1 H217 HV2+7+2[)
P

+n

This completes the proof of Theorem 1.



GENERALIZED WEIGHTED COMPOSITION OPERATORS 31

THEOREM 2. Let U be radial, non-increasing weight tending to zero at the bound-

aryof D. Let 1 < p <oo, —1 <y<oeo, uc H(D), ¢ € S(D), and n € Ny such that
Dy, : Ay — 2 is bounded. Then

1D u”eAPA,QY Nmax{EFG}

where (e ,
E = limsup 1129 J;L;Ei)ﬁo @I
b= (1= o)) P
" ()2
F := limsup Rl )+|7 ; G := limsup H(@W(@H‘igﬁl .
loGI=1 (1= |o(z)2) 7 ™" lo@I=1 (1—|@()2) 7

Proof. First we prove that ||D’ZD7MHE.’AP_J < max{E,F,G}. For r € [0,1), set

K, :H(D) — H(D) by (K.f)(z) = f,(2) —f( z7), f€H(D). Itis clear that f, — f — 0

uniformly on compact subsets of D as » — 1. Moreover, the operator K, is compact on

Al and ||K| 4 4» < 1. Let {r;} C (0,1) be a sequence such that r; — 1 as j — oo.
Y Y ! !

Then for each positive integer j, the operator Dy ,K;; :A? — %), is compact. Hence

||D}(qp,u ||e7A$~>,ﬁ‘;‘ < lim sup ||D}(qp,u - D}(qp,uK”j HA';HQ;, . “)
J—eo

Therefore, we only need to show that

limsup [|D , — Dg (Ko || a7 , < max {E,F,G}.

J—e°

For any f € A} with || f]| ap < 1, from the facts that

lim |u(0) f (")(QD(O))_’?”(O)JC (rje(0))|=0

Jj—reo

and

Jim [/ (0)(f = £r)" (9(0)) + u(0) (f — £,)" D ((0))9' (0)| =0,
we have

limsup||(Dly,,, — Dlg . Kr;) 1| 2,

j—>o<)

= limsupu(z)|(u~(f—frj)(") O(P)//(Z)|

j—>o<)

<limsup sup  u(2)|(f = f) "V (0(2))| 126 (2) @' (2) + u(z) 9" (2)]

J=e ()<

+limsup sup  p(2)|(f — £:) "V (9(2))]126 (2) @' (z) + u(2) 9" (2)]

J=e lo(2)|>ry

+limsup sup  u(2)|(f — f,) " (9 (2))][u" (2)]

J=e ()<

+limsup sup H(Z)|(f—frj)(n)((p(z))||u”(z)|

J=e lo(2)|>ry
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+limsup sup  w(2)[(f = £,)""? (9(2))]1¢' (2)Plu(2)|

J=e fo(2)|<ry
. . (n+2) / 2
+limsup sup  u(2)[(f = fr,)" 7 (@)@ (2)]"[u(z)|
J=e o) >y
=P +P,+P3+Py+ Ps+ P, 5)

where N € N is large enough such that r; > 1 for all j > N. Since 7" f, — W =0,

Pt f,j"+1 — ) - 0 and P f,j"+2 - f("”) — 0 uniformly on compact subsets
of D as j — oo, we have

Py = ﬁmsup‘ (Sulp L@ = 1) (@)« (2)]
j=e o)<y

< Jlull 2, limsup sup | (w) =7} £ (rjw)| =0, (6)

J=ee wlsry

P =1imsup| sup RIS = 1) D ()26 (2)9' (&) +u(z)9" (2)]
J=e o)<y
<

) limsup sup [ (w) = D (rpw) [ =0 (7)

Joeo |wlsry

and
Ps zlimsup‘ (sulp w(@)|(f = £) "2 (@)l ()P u(z)|
J= |z <rN

< (lug?ll 5, + lupll 25, + ull ) limsup sup £+ (w) =372 52 ()|

Jj—oo |W|<"N

=0. t))

Now we estimate P,. Using the fact that || f|| ar <1 and Lemma 1, we have

Py =limsup sup p(2)|(f — fr)" "V (0(2)|12¢ ()9 () + u(2) 9" (2)]

J=e le@)[>ry

2)|2u (2) ' (z) + u(2) 9" (z

< limsup||f — fr]HAP sup p(z)2u'(z)¢'(2) ZHEP)(P ( )|
o e

Taking the limit as N — oo we obtain

P <E. 9)
Similarly, by Lemma 1 we have

Py =limsup sup  p(2)|(f — fr,) " (0(2)|[u” (2)]

= e(@)|>rn
2)|u’(z
Stimsup [~ fyly swp — L
e Tlo@>m (1- o)) 7 ™
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and
Po=limsup sup p(2)|(f — fr) "2 (0(2))]@ (2) Plu(z)]

J= o[>y

: 2|0 (2)]?|u(z
<timsup|[f— £,y sup LI

e @ (1— o)) 7 ™"

Taking the limits as N — o we obtain
P4 ,S F and P6 5 G, (10)
respectively. Hence, by (5), (6), (7), (8), (9) and (10) we get

limsup [|D ,, — Dy (Ko || 47— , < max {E,F,G}, (11)

J—oo
which with (4) implies the implication as desired.
Next, we prove that [|D, || 42 , 2 max {E,F,G}. Let {z;} jen be a sequence
in D such that [¢(z;)| — 1 as j — eo. Define

L—|o(z) 2+y+p)d+2y+5p+2np) (1-lo(z)]*)?

kj(z) = (l—w(Z,/)Z)H# 24 7+np)2+y+3p+np) (1_(,,(1./)2)@

2+y+p)2+v+2p) (1—|p(z;)?)?

1—|o(z))? (4+2y+2p)2+y+3p+np) (1—o(z))?)?

lj(z) =

2tytp 9,2
(1-9()2) 7 2p*+2+v+p+np)2+y+4p+np) (1-9@)2) 7

C+r+p)C+y+2p) (1-lo(z)*)?

22+ 2+ y+p+np)2+y+4p+np) (1— (p(z,')z)w

and
i) = IO Ax2ye2p  (1-lo)P)

J - 24+y+p
(=G 7 2HrErtmr -

(2+7y+p)2+7+2p) (1-lo(z)*)?
2+y+p+np)2+y+2p+np) (1-9@)) 7"

It is easy to check that all k;,/; and m; belong to A},

K(0(1)) =0, K" (0(z))) =0,

(n+1) Pqo lo(z)["!
k zi))| = ,
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1D (p()) =0, 17 (g(z7)) =0,

URCE 202+ 2+r+p ilig)o(Z +7y+4p+np) e iy’
(1=lp(z)?) 7 ™"
2q0|(z))|"*?
(1-lgley)) 7
where g = H’;;é(# + j). Moreover, it is easy to see that k;,/; and m; converge

to 0 uniformly on compact subsets of D as j — eo. Hence for any compact operator
K:AY — 2, by Lemma 5 we get

m (@) =0, m () =0,[m" ()] =

1D~ Kl ., 2 limsup||Diy, (k) 2, ~ limsup | K (k)

] J—o°

|2,

N2 ()0 (7 Neo! (. )| ntl
> limsup u(z;)|2u' (z;) @' (z5) +u(ZJZ)+(f+P(ZJ)H(p(ZJ>| ,

o (1= lp@)P) > "

. . p(zp)lu" (z;) || (z;)"
||D(P7M—K||A;ﬁ% thsup J J : Zﬂjﬂ,
Iz (T=le(zj)?) »

and
. . (2 ) |nt2
1D Kl thsupu(zj)lu(zj)H(P(Z;)ztlg(zj)\ .
5 Y 1% i_s00 2 Y p+n
j (I—lo(z)[*) 7
Therefore,
HDr(;),uHe,Aﬁﬂ.”};, = I%f”D}:Pv” _K||A§*>Q‘“
>0 1 (z)) 20 (z)) @' (z) + u(z) 9" ()|l () "
< msup 5 2474p
U (I=lo(z)[?) »
2 !/ / 1
_ limsup £ E@OE) tf;ﬁ?"’ @ _g
p@I=1 (1= p()) 7 ™"
" , 1@ (2)]
||D¢7u||e7A/;_>% = limsup "z =F
le@I=1 (1—|(2)]*) 7
and
. . L@@l (2)*
HD(p,uHe,Agﬂ.@h Z limsup 2Hy+2p =G

@I~ (1=lo()?) 7

Hence | Dy, HE’A;H% 2 max {E,F,G}. This completes the proof of Theorem 2.
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THEOREM 3. Let U be radial, non-increasing weight tending to zero at the bound-
aryof D. Let 1 < p <oo, —1 <y<oeo, uc H(D), ¢ € S(D), and n € Ny such that
Dy, : Ay — 2 is bounded. Then

HDZ),MHQA%;H.”X;I ~ maX{TlvT27T3}7

where
2+y+ i
T, :=limsupj » unH@“"P’+14(P//)<P171||ua
J—eo
. e (T : e N2epi—1
D= hmsup] P ||u (pj ||ﬂ7 ;= hmsup] P ||u((P ) (pj H“
j—)0<) j—)0<)

Proof. From Theorem 2, Lemmas 2 and 3, we have

W} "
HD'J)’MH&’A%% >E=|Qd¢ +up )@He,HTwﬂﬁHﬁ
2u/ /+u " nj—1 24y+p .
— timsup 240D pngup P EE '+ 9" = T,
joo 127 HV2+Y+1J+n Jeo
P

D" >F=1id"C =1 ||u”(pj71Hp
IDgulleny 2, 2 F =W Collenr,, gz =limsup Fp—"=

Sl Joee Iz Hvzﬁ'w

P
2+_y .
~ limsupj 7 "l =T

j—>o<)

and
lup @™,

2
1Dgullear .z, 2 G= [ug"Co|le, 1z

- —p= = limsup
Zepep,,H ;

J—1
J— ||Z HV 2+};}+2p +n

24742 .
~ limsupj_ 7 er"Hu(p/z(p’_lHu =1.

J—ree

Therefore [ D, [l az_. , 2 max {1,1,13}.
On the other hand, from Theorem A we known that the boundedness of D'q',# :

Al — 2, is equivalent to the boundedness of the operators (2u'¢’+u¢"”)Cy : H,

oo

V2+%+p+n
Hy, u'Cy tHY,  —H and up*Cy tHY, ., — Hp. From the above proof,
=t —p tn
we get
. 2y -
||u”C‘P||e’H5°2+y —Hy %hmsupj P Jr”Hu//(pj lHlU
’—,+n J—oo
. 2trtp i
12 @" +ug")Colle. 11 gy = limsup 7 |26+ ugp”) o |

“H#M, oo
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and
2+y+2p .
” _ PORT ITEED 4y 2 -1
lue C¢||e,H],2+¢2p+ﬁHu IITJFLSO‘.}PJ P ug el
Hence
1Dy ulons - ' Colless, .z + 1200+ " \Collee,
T+n TJrn
+[|ug"Coll.tr —H

" 2+y+2p H
T+n

ST+ D+ T Smax{T, D, T}

This completes the proof.

From Theorem 3, we get the following characterization of compactness of the

operator Dj, , : Ay — 2.

COROLLARY 1. Let u be radial, non-increasing weight tending to zero at the

boundary of D. Let 0 < p < oo, —1 <y<oo, uc H(D), ¢ € S(D), and n € Ny such
that D, :Aé; — %, is bounded. Then the operator Dy :A? — 2, is compact if and
only if
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s ; 24942 '
timsup /7" "¢ [y = limsup =7 lu(g 07|y
Jj—oo oo
24yt '
= limsup 7209+ ug”) oI = 0.

Jj—reo
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