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SOME PROPERTIES OF A FUNCTION CONNECTING TO
EXPONENT OF CONVERGENCE FOR DOUBLE SEQUENCES

D. K. GANGULY, B. BISWAS AND ALAUDDIN DAFADAR

Abstract. In this paper, we extend the notion of exponent of convergence for double sequences
and study some properties of a function connecting with a non-decreasing double sequence in a
Fréchet metric space.

1. Introduction

Let A = {a;}x be a non-decreasing sequence of positive real numbers with lim a,

Nn—00

= +4oo. It is well known [5] that there exists a unique number A = A(A), A(A) >0

oo

such that Y a; % = +oo foreach 0 >0, 0 <A and Y a; ° < + foreach o >0,
k=1 k=1
o> A.
The number A = A(A) is called the exponent of convergence of the sequence A.

It is represented by,
A(A) = inf{a >0: Y a0 < +oo}.
k=1

It is also known [4] that,

logk
A(A) = lim sup o8k
k—e  logay

Several authors (see [1], [2], [4], [5]) devoted their studies on exponent of convergence
from different points of view. In this context, Kostyrko and Salat [5] explored some
interesting results on exponent of convergence of real sequences. They investigated the
exponent of convergence as a real valued function defined on the set S of all real non-
decreasing sequence {x;}, of real numbers with the property x; > v > 0 endowed with
Fréchet metric defined by,

o | |xi—yil

p(x,)’) :;§—1+‘x1_yl|7

where x = {x;}; and y = {y;}; are any two elements of S.
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Our aim in this paper is to extend the concept of exponent of convergence for
double sequences of real numbers. During the last century, various problems connecting
to the convergence and divergence of double sequences were treated by a number of
mathematicians (see [6], [7], [8], [9], [10], [11]). Here first we give formulation for
the exponent of convergence of double sequences which is analogous to the case of
single sequences and then we prove some properties on exponent of convergence for
the double sequences.

DEFINITION 1. [3] A double sequence {a,,} is said to be monotonically increas-
ing (decreasing) if amy < apg (@mn = apg) holds if (m,n) < (p,q) <= m < p and
n < g under the partial ordering “<” on the set N x N, where N is the set of positive
integers.

DEFINITION 2. [3] A double sequence {ay,} of real numbers is said converge to
the number & if for each € > 0 there exists (p,q) € N x N such that |a,, — §| < € for
(m,n) > (p,q) and it is written as  lim a,,;, = €.

m,n—oo

DEFINITION 3. [3] A double series >, _ au, of real numbers is said to con-
m

verge to & in Pringsheim sense if lims,,, = &, where s, = 3, 2?:16%' ; is the partial
min i=1

sum of the double series.

Let S denotes the set of real non-decreasing double sequences {x,, } with x;; >1,
‘le ylj‘

endowed with Fréchet metric defined by p(x,y) = 2 277 THxij—yijl
ij

where x = {x;; }i j>1,

vy ={yij}ij=1 are points of S.

It is clear that, the set X of all real double sequences with Fréchet metric is a
complete metric space. The convergence in this space is taken as co-ordinate wise
convergence in Pringsheim sense.

In the following we establish some properties of the space (S,p).

THEOREM 1. If S| is the collection of all non-decreasing sequences {xun} of
real numbers diverging to +eo with x11 > 1 then the space (S1,p) is not a complete
metric space.

Proof. We consider a sequence {x()}2, of elements from S;, where

x(i) = {agrlgz}zmn}l and

O 1+4; when (m,n)=(1,1)
m-+n; otherwise.

If {x(0} | converges to x = {au,} then aj; = 1, since the space deals with the point
wise convergence. Clearly, x ¢ S; and consequently (S1,p) is not complete. [J
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THEOREM 2. If T is the collection of all non-decreasing sequences { X, } of real
numbers diverging to +oo with x1; = 1 then T is nowhere dense in S.

Proof. Clearly, T is a closed subset of §. It is sufficient to prove that the comple-
mentof 7 in § is densein S.

Let a = {aun} € S. We consider an open ball B(a,d), 6 > 0 with centre at a and
radius &.

If ajy > 1,thena € S—T and (S—T)NB(a,d) # ¢ and the result is proved.

Let aj; = 1. Since, {aun} is non-decreasing and diverges to +oo then there exists
positive integers k and [ for which [+ k is least such that a;; > 1.

For & > 0, we can choose a real number to > 0 such that

any ¢ with 0 <t <19, we have % < 1+ro <9.
We consider a sequence b = {by,,} such that

1+z < §. Again, for

b 1+1; when (m,n)< (k)
e amn;  otherwise.

Since, b;; > 1 then b€ S—T and

1 laij—bijl

Pl@b) = % 35 Tilag-by]

1
-y 1 |aij—bij|
= 27 THlai;—bi;
(1)< (k) B
0
< 1419 < 6

Then, clearly b € (S—T)NB(a,0) and thus S— T is dense in S. Therefore, T is
nowhere dense in §. [

THEOREM 3. The set (S,p) is a complete metric space and has the cardinality of
continuum.

Proof. To prove the theorem we show that the set S is a perfect subset in (X,p).

Let {x()};>| be any sequence in S, where x’ {xmn}m n>1 and i=1,2,3,..

If i — oo, x) — x= {Xmn } (say) and then, x € S. Tt readily follows from the pomt-
wise convergence in Pringheim sense for double sequence with respect to the Fréchet
metric. Hence, S is closed.

We now show that the set S is dense in it self.

We take any point x = {x,;,} € S. We have to find a sequence {x(")}@l from S
such that lim x() = x.

[—o0

We construct the sequence {x()};>| as follows:

(i) _ ) Xmn; for (m7n) < (i»i)
X = .
Xmn+ 1, otherwise.
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It is clear that lim x() = x.

[—00

Hence, S is a perfect set in (X,p) and thus, S has the cardinality of continuum
and consequently the space (S,p) is complete having cardinality of continuum. [J

2. Exponent of convergence

Let A = {amn}, amn > 1 be a non-decreasing double sequence of real numbers. If

o < 7 then the convergence of the series Y, a,,? implies the convergence of the series

m,n=1
Y. a,r. This simple observation leads us to define the exponent of convergence
m,n=1
A = A(A) of the double sequence A as follows:

A(A) :inf{a 00 Y a0 < oo}.
m,n=1
Then, A is a function from S to [0,e0].
The following result gives an alternative form for calculation of the exponent of
convergence of double sequences under certain assumptions and it can be verified eas-

ily.

RESULT 1. If {aun}, amn > 1 be a non-decreasing double sequence of real num-

bers, then the exponent of convergence of the double sequence {ay,} is equal to the
logmn
logamn *

number limsup

m,n—oo

We now examine some topological properties of the function A .

THEOREM 4. For any non-negative real number t there exists some x € S such
that A(x) =t1.

Proof. Case 1. Let t = 0. We choose x = {x,, } , where X, = (mn)™ . Then,

1 1
A(x) = limsup loog(mn) = limsup — = 0.

man—es lOg(mMA)™ s mn

Case 2. Let t > 0. Then, there exists a positive integer k such that ((m+k)(n+
k))/l > 1 for positive integers m and n. Here, we choose x = {x;, }, where X, =
((m+k)(n+¥k))7 . Then,

A(x) = lim sup —ogtom)
. log((mJlrk)(nJrk))

) ogmn
— t.thUplmg(m-;-gm

m,n—eo

=t. O

1
T

COROLLARY 1. The function A : S — [0,0| does not belong to Baire class one.
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Proof. 1tis well known that, the set of points of discontinuity of a function belong-
ing to the Baire class one is a set of first category ([12]). As the function A is totally
discontinuous on S, it can not belong to Baire class one. [

THEOREM 5. For each real number d, the sets A = {x € S;A(x) < d} and

Ay = {x € S;A(x) > d} belong to the third additive Borel class.

Proof. First we investigate for the set A?.
If d <0, then clearly Ad = ¢ (null set) and the above result is true.

Let d > 0. Then, we have A9 = {x €S Ax) < } So, there exists ¢ with
0 < 0 < d for which

Ad :{xes » Ea—0<oo}

nlml

= U {3 S an <,

k=kg n=1m=1

where k¢ is the smallest positive integer for which ¢ = d — % >0, forall k> k.

We set, H, = {xES: i E a,’ < —|—<>o}, where G:d—%, (k=ko, ko+1,
kO N 2 ) n=1m=1

Since, ¥ ¥ a;;% < 4o, for 6 =d— ¢, (k=ko, ko+1, ko+2,...), then by
Stolz’s theorleriljfolr convergence of double series of real terms, for each positive integer
1, there exists (m,n) € N x N such that

5 z a® <y, forl=123, .
j=n+li=m+1

Then,

n+p m+p

{xES 2 Za -

j=n+li=m+1

=
I
DX
Cs
s

=t
Cs 1
Cs i
Ds"ﬁjx

Hklmnpa

T
I
L

1m=1ln 1

Il

—_
S|

Il

where Higynp = {x es: Y X a;" < %
Jj=n+1li=m+1
For fixed k,l,m,n, p, we prove that Hy,, is a closed set.

This follows immediately from point-wise convergence of double sequence in
Pringheim sense.

n+p m+p }

We take a sequence {a(-" Yooy in Hygppp , Where als {alj Yijz1.5=1,2,... and
lim (a;;*)) = a, where a = {a;;}; j>1.-

§—r00
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Then, lim (a;;\*))~ = ;7 forall (i, j) € Nx N.
§—r00
Hence, a € Hyjymnp - Consequently, each of the sets Hklmnp is closed.
So, it follows that A4 = {x €S:A(x) < } ﬂ U U ﬂ Higmnp is an Fys6
[=1lm=1n=1p=1
setin S and therefore, AY belongs to the third additive Borel class.
We now investigate the set A, .
If d <0, then A; = S and the result is proved.
Let d > 0, then there exists a positive integer k such that

Ag={xes:aw >d} = U {xes: S S a, )—+oo}.

k=1 j=1li=1

n
We set, Lk—{xeS > 2a‘0—+°°} WhereG:d+%,k:1,2,....
j=li=1
n+qm+q
Thus, for each p € N there exists ¢ € N such that Y, ¥ a;; > p,forall (m,n) €
j=1i=1
NxN.

We can express the set L; as

0 ©0 o0 oo n+qgm+q o o0 oo oo

=N UNN{xes:3 3 a°>pp=N0U N N L.

p=1lg=1m=1n=1 j=1i= J p=1lg=1m=1n=1
n+qm+q }

where Lipgmn = {x es: 21 21 a” =p
J i

Analogously as in the foregoing part of the proof, we can verify that each of the
sets Lypgmn 18 closed.

Hence, the set A; = {x €S Alx)> d} =U N UN N Lipgmn is an Fgs4
k=1p=lg=1m=1n=1

set and therefore A; belongs to the third additive Borel class. [

COROLLARY 2. The function A : S — [0,0| is a measurable function.

THEOREM 6. For every real number d, each set A = {x €S:A(x) < d} is of
first category in S.

Proof. By virtue of the above theorem, we can write

© oo oo

Al = U ﬂ U U ﬂHklmnp— U ﬂsz,

k=kyl=1m=1n=1p=1 k=ko =1
© oo oo n+p m+p B 1
where Hy = U U N {x:xES: Yy oy a,.j“<7}.
m=1n=1p=1 jentli=m1

We first prove that, each of the sets Hy; is of first category in S. For this, it is
sufficient to show that, Hy; is an Fi; set whose complement is dense in S.
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Let z = {Zmn}mﬁ)] € S. For given € > 0, let r be smallest positive integer such
that Y, 12’i <. Take y = {(mn)*} =1 where o= 1

i=r+

We now construct a sequence x = {Xyu =1 € S as follows:

Let Xy =z form=1,2,...;r; n=1,2,...,r

If x, < (14r)%, then put X, = (mn)® for all (m,n) when (m,n) % (r,r).

If x> (14+7r)%, then put Xy, = x,r for m=r+1,r4+2,....s—l;n=r+1,r+
2,...,s—1, where s is the smallest positive integer for which s* > x,, and x,,,, = (mn)®
forall (m,n) when (m,n) £ (s—1,s—1).

Itis clear that p(x,z) < €.

Again, there is a positive integer ¢ for which

Xun = (mn)* form=tt+1,...;n=1,0+1,...

Then, there exist ¢ € N, such that for all (m,n) € Nx N with m >r and n >t we have

n+gm-+q n+qm+q _

Y Xx7=%X X (mn)°%

j=t i=t j=t i=t
n+qm+tq
=3 Y (mn)!
j=t i=t

Since, the series Y, ¥ (mn)~! is divergent, then x belong to the complement of Hj; .
m=1n=1
Therefore, the complement of Hy; is dense in S.

oo

Also each of the sets Hyjyp is closed. Hence, Hy = U U ) Himmp is an
m=1n=1p=1

Fy set. Thus, each of the sets Hy; is of first category in S and consequently A4 =

=

U [ Hy is of first category. [
k=ko 1=1

THEOREM 7. The set {x €S:Alx)= oo} is residual in S.

oo

Proof. By Theorem 6, the set {xeS:)L(x) <oo} =U {xeS:?L(x) <n} is of

n=1
first category in S and also the space S is complete. Hence, the set {x € §: A(x) = o}
isresidualin S. O

THEOREM 8. Fort >0, the set A = {xe S:A(x) zt} is dense in S.

Proof. Let y = {ymn}m »>1 be any point in S. Let us choose € > 0 and (k,]) €

N x N such that 2 227<8
i=k j=I

We choose, (u,v) € N x N such that for every (m,n) € Nx N with (m,n) > (k,I)
we have {(m+u)(n+v)}7 > max{ym : (m,n) < (k,)}.
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Define a sequence z = {Zyn }mnq>1 such that

Ymn; for  (m,n) < (k,1),
[((m+u)(n+v)]i; forall (m,n) where (m,n)< (ii).

Zmn =

Then, clearly z € B(y,€) and

logmn
10g Zmn

A(z) = limsup
m,n

= limsup ——&"™"_____

mn - log{(mtu)(ntv)}7

logmn

=1

So, z € B(y,&)(A and consequently B(y,e)(A # ¢ for arbitrary € > 0. Hence, A is
densein §. U

THEOREM 9. The function A : S — [0,00] is totally discontinuous in S.

Proof. Let x = {Xun }mn>1 be any point in S. We take a double sequence y =
{(mn)*} =1 with o >0 and A(x) # L. Then,

A() :nmsupl‘;gg(f—n";@ =Lie, A(0) #A0).

=

We now construct a sequence {x}* | in S as follows:

x;(ézz = Xmn for m= 1727~”7i; n= 1’2""’i'

If (144)% = Xy, then we take x!,, = (mn)® for all (m,n) when (m,n) £ (i,i).

If (14+0)% < Xpn, then we take X', = Xy for m =i+ 1,i+2,....j—1; n=
i+1,i4+2,...,j—1, where j is the least positive integer so that (j)* > x,,, and we set
xy = (mn)? forall (m,n) when (m,n) £ (j—1,j—1).

mn
It is clear that, the element of the sequence {x()}: | belongsto S and lim x(!) = x.

1—>00

Then, A(x)) = L fori=1,2,3,... and hence limA(x)) = L £ A (x). O
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