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ON THE LOGARITHMIC PROXIMATE ORDER OF ANALYTIC
FUNCTIONS OF SLOW GROWTH REPRESENTED
BY LAPLACE-STIELTJES’ TRANSFORMATIONS

CHHAYA SINGHAL AND GIRJA S. SRIVASTAVA

Abstract. In the present paper the characterizations of generalized type and generalized lower
type of analytic functions represented by Laplace-Stieltjes transformation have been obtained.
For this we introduce the concept of logarithmic proximate order.

1. Introduction

Consider Laplace-Stieltjes transformation

=

G(s)z/exp(—sx)da(x), (s=0+ir), (1.1)
0

where o/(x) is a function of bounded variation on any finite interval [0,X], (0 <X <
+o0), 0 and 7, are real variables. Let {4,} be a sequence of real numbers satisfying
the following conditions:

0=l <V <3<...<A; T +oo, (1.2)
Hinsup (A1~ An) < +ee,  limsup /11 =D < +oo. (1.3)
We put
K= sup /e*"’yda )|

A <xLApypp,—o0<t <00
n

Yu Jiarong [13] proved the following formula for the abscissa of uniform convergence
of the integral in (1.1):

THEOREM A. Suppose that the sequence {A,} satisfies the conditions

1
limsup (Ay+1 —Ay) < 4o and limsup % < oo,

n—0o0 n—oo
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and o denotes the abscissa of uniform convergence of Laplace-Stieltjes’ transforma-
tion G(s), given by (1.1). Then

* Inn

* InK
n < oF <limsup n/l % + lim sup—. (1.4)

n—oo n

limsup 7 I
Nn—soo n n—oo n

The result in (1.4) is known as Valiron-Knopp-Bohr formula. Suppose that

*

InkK
limsup 2 — (1.5)

noeo  An

Then by (1.3), (1.4) and (1.5), it follows that 6; =0 and G(s) is analytic in the
right half half plane Res > 0. Various workers have studied the growth properties of
these analytic L-S transformations (see e.g. [4], [5], [7], [9], [10], [11], [12]). Kong
and Yang [6] considered the growth of entire functions represented by L-S transforms.
In 2012, Luo and Kong [7] defined the Laplace-Stieltjes’ transformations by taking
positive exponent instead of negative ones in the integral term of (1.1). Thus they
defined Laplace-Stieltjes’ transformations as

+o0

F(s) = / exp(sy)da(y), (s=o+ir), (1.6)
0

where o (y) is again a function of bounded variation and the sequence {4,} satisfies
the conditions given in (1.2) and (1.3). We put

X

Al = sup / eVda(y)|.
A <x<Aypqp,—o0<t<+oo
The result of Theorem A can be proved easily for the abscissa of convergence
of F(s) also. If the integral (1.6) converge absolutely in the half plane Res < o
(—oo < @ < o0), then it represents an analytic function in the half plane Res < o and
since (1.3) holds, we have

limsup 28 — g, (1.7)
oo Ay
Following Luo and Kong [7], we give some definitions pertaining to F'(s).

DEFINITION 1. The maximum modulus M (o, F), the maximum term u (o,F)
and the index N (0, F) of maximum term of F(s) given by (1.6) are defined as:

M(o,F)= sup |F (o +ir),
—co<f< oo
X
My (0,F) = sup /esyda(y) , s=o+it, o>0.

0<x< o0, —colf < o0 0
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H(o.F) = max {Af;e’ln"} L 6>0, N(0,F)= max{)tn; U (c,F) :A;em} .
The growth parameters such as order and type of an analytic function represented by
Laplace-Stieltjes’ transformations are defined in a manner similar to those used for the
analytic functions represented by classical Dirichlet series. Let R}, denote the class of
all the functions F(s) of the form (1.6) which are analytic in the half plane Res < «
(—eo < @ < o), and are of zero order. We also call them as functions of slow growth.
Following Awasthi and Dixit [1], we define the logarithmic order p* of F(s) as

. InlnMy (o, F)
lim sup —
o—a " In[ln{l —exp(c—o)} ']

=p* (1.8)

Luo and Kong [7] have considered the order and type of entire functions of slow growth
represented by (1.6).Wanchun and Caifeng [11] defined the logarithmic order and log-
arithmic proximate order for analytic function represented by (1.1). In this paper, we
consider the analytic functions of slow growth represented by (1.6) and define their
proximate order. Our results are more explicit.

2. Preliminary results

Let F(s) € R;,. We say that F(s) € O}, C R}, if and only if there exists an € > 0
such that
p(o,F)

W_)w as o — (. 2.1

Following Awasthi and Dixit [2], we define the concept of logarithmic H -proximate
order and generalized logarithmic type of Laplace-Stieltjes’ transformations F(s) given
by (1.6).

DEFINITION 2. A real valued function p* (o) defined on (—eo,cx) is called a
logarithmic H -proximate order if it satisfies the following properties:

i) p*(o) is a positive, continuous and piecewise differentiable function for all o

such that — < 0, < 0 < «, 2.2)
i) ;in}xp* (o)=p", (1<p” <o), (2.3)

iii) ;in}xp*/ (6){1—exp(c—0a)} xIn{l —exp(c—o)} "
xInln {1 —exp(c— o)} ' =0, (2.4)
where p*' (o) denotes the derivative of p* (o) and is either the left or right derivative

of p* (o) where these are different.
We then have [2, Lemma 1]:
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LEMMA 1. Let p*(0) be a logarithmic H -proximate order. Then

{1 —exp(c— a)}*l}”*(“)

is monotonically increasing function of ¢ for 0, < ¢ < 0.

In view of above result, a single valued real function ¢(¢) of # can be defined for
t >t, such that
t={l—exp(c—a)} ", (2.5)
if and only if,
_11p"(0)
mn:DMJ—ama—a» . 2.6)

From [2, Lemma 2], we have

LEMMA 2. The function ¢(t) defined as above satisfies the following properties:

ding (1) _ .

th_>n.>1<, i P (2.7)
im 20 o <o 2.8)
o0

DEFINITION 3. The Laplace-Stieltjes” transformation F(s) € Qj, is said to be

of generalized logarithmic type T and generalized lower logarithmic type 7~ with
respect to a given logarithmic H -proximate order p* (o) if

. sup InM,(0,F) e )
- lim . o lr*(g), (0 <t T < (2.9)

In{1—exp(c—o)}"

DEFINITION 4. The function p* (o) is called a logarithmic H -proximate order
of F(s) € QL if0<T <o

The function F(s) € Q, is said to be of perfectly regular growth with respect to
its logarithmic H -proximate order p* (¢) if 0 < 7~ = T < oo

3. Main results

Now, first we show the existence of a logarithmic H -proximate order for every
function belonging to the class O, and of finite logarithmic order.

THEOREM 1. Let F(s) = ({exp (sy)da (y) belong to the class Q}, and be of loga-

rithmic order p* (1 < p* < o). Then for every T, 0<T < oo, there exist alogarith-
mic H -proximate order p* (o) satisfying (2.2) to (2.4) such that F(s) is of generalized
logarithmic type T" with respect to p* (o).

Proof. The proofis similar to that of Theorem 1 of [2], hence we omit the proof. [
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THEOREM 2. Let F(s) = [exp(sy)do(y) be a Laplace-Stieltjes’ transformation
0

belonging to the class Qj, and let p* (o) be its logarithmic proximate order. Let T
and 1 be the generalized logarithmic type and generalized lower logarithmic type of
F(s) with respect to p* (o). Then

1 F
L~ im 9P npoF) 3.1)
3 o—a inf _q11p*(0)
In{1—exp(c—a)} ]
Proof. Luo and Kong [7, p. 604] have shown that for € > 0,
1
FH(0.F) <My (o, F) <Cu((1+2€)0,F) 3.2)

where C is a finite constant. Consequently, for analytic function F'(s) of finite order,
Inyu(o,F)~InM,(c,F) as o—a.

From the above and (2.9), we get the desired result of Theorem 2. [J

. . . . . —*
We now obtain a coefficient characterization for the generalized type T . For x >0
we denote In"x = max(Inx,0). We now prove

THEOREM 3. Let F(s) belonging to the class Qj, be of logarithmic order p*,

1 < p* < oo, and let T" be the generalized logarithmic type F(s) with respect to the
logarithmic H -proximate order p* (c). Then

o In" {A%exp(0dy)}
T = limsu 1 (3.3)
e P T ()
where ¢(A,) is given by (2.6).
Proof. Let

) In" {A%exp(0d,)}

lim su n =W.

e P ()

Then for a given € > 0 we have for all n > n,(¢€),
Ayexp(od,) < exp Wi (An)],
where Wy =W + €. Hence for 0 < «,
Ay exp(oA,) <exp[Wio (A,) + (00— o) Ay
The above inequality holds for all o and n > ny. Hence we choose

Wlp*
A
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Then 6 — & as n — oo. Further, for 0 — o, 1 —exp(o — o) = oo — 6. Hence for o
sufficiently close to o, we have

Inp (0, F) < max (Wi (An) — (o~ )]

- Wip* px(0)
_Wl{1n<l—exp(6—a)) px o

Thus for o sufficiently close to o, we get
Inu(o,F)

[ln{l —exp(o— a)}_l}

e < Wi +o(1).

Passing to limits and using (3.1), this gives T < Wj. Since € > 0 is arbitrary, we have,

+ *
T" < W = lim sup n {A;e();p)(aln)}.

(3.4)

Now we obtain the reverse inequality. From (2.9), for a given € > 0 and for all
o > 0,(¢€), we have,

InM, (0,F) < <T_* +£> [ln{l —exp(c—oa)} ! p*(c).
From (3.2) we have
In" {Alexp(0d,)} <Inu(o,F) <InM,(o,F)+o(1).
Hence we have for all ¢ such that ¢, < 0 < «,
InT {AXexp(0d,)} < (T* + 8) {ln{l —exp(oc—0o)}~

Now choose ¢ such that

(T* + s) p*

(c—a)=In|1- p

Then for all n > ng, we have

InT {Aexp(ad,)} < (f*+£> [ln{l—exp(a—a)}flr (G)—knln 1—<7

_1}1?*(0)

= (T_*+s> {ln{l—exp(a—a)} +0(1).
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Since
a i »
Tu=(T"+2) p*{1—exp(o —a)} ",
_1\P*(0) An
<1n{1—exp(6—a)} 1) =0 | —~—
(7)o
Hence
+ fA* — A‘n
In {Anexp((xln)} < <T +8> ¢ 7 % N +0(1)
GEoE
Now using (3.2), since € > 0 is arbitrary, we obtain
ot areped)) e 0(M/ (T re)pY)
lim su - < (T +¢€)limsu
e P q)(ln) ( ) n—>°<>p ¢(zrn)

Using (2.8), since € > 0 is arbitrary, we get

+ *
lim sup In {A,;)e(ip gakn)} <7

On combining (3.4) and (3.5) we get (3.3) and Theorem 3 is proved. []

(3.5)

Next we obtain the characterization of generalized lower type. We have

THEOREM 4. Let F(s) = [exp(sy)do (y) belong to the class Q}, with logarith-
0

mic order p* (1 < p* <o), and logarithmic H -proximate order p* (o). If y(n) =
In(A%/A*
w is a non-decreasing function of n for n > n, then the generalized lower

logarithmic type © of F(s) satisfies the inequality
+ *
7 < lim inf {4 eXP(04n)}
n—e ¢ (An)

where §(t) is defined in (2.6). Further if ¢ (A,—1) =~ ¢ (A,) as n — oo then equality
holds in (3.6).

Proof. Since 1 < p* < oo, the maximum term p (0,F) is unbounded. It can be
seen easily that if 1 (o,F) = A%e*® is the maximum term for a given & then

(3.6)

y(n—1)<o<y(n)

Hence for infinitely many values of n, y(n) > w(n—1) and y(n) — o as n — oo.
Now, first let 0 < 7 < co. In view of (3.1), for a given € > 0 we have

Inu(o,F)> (1" —¢) [ln{l—exp(a—oz)}_1 p*(o).
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for all o such that —e < 0, < 0 < «, Let A;‘,lek"l‘7 and A;‘lzel"za be two consec-
utive maximum terms of F(s) so that ny <nmp—1 and yw(n)) =y +1)=... =
y(np—1) <o <y(n). Hence

. - _11P"(0)
InA; + 0, > (17 —¢) {ln{l —exp(o—a)} 1} fory(ny—1)<o<ym).
Let n; <n<ny— 1. Then for 6 = y(n), Ajexp(oA,) = A} exp(0Ay,). Hence

_1:|P (o(n)) n {(X— ll/(n)}ln’

In* {A%exp(ah,)} > (7 —¢) [1n{1 —exp(¢(n) — &)}
or, for y(n) close to a,

In" {A%exp (0th,)} -
¢ (An) ¢ (An)

Let us put

x(o)= [ln{l —exp(o— a)}fl}p*(c) + (t}i 8) {l1—exp(c—a)}.

N\
E)
[

exp(0— o) )

p*(o)

+(p*(0)) [ln{l —exp(o— a)}_l] Inln{l—exp(oc—a)}~
~ Auexp(c—a)
(F—e) =
On simplifying the right hand side of above expression and using the condition

(2.4) it follows that the minimum value of y (o) is attained at a point ¢ which is the
root of the equation
(i"—¢€)p*

(1—exp(o—a)} =

1

Now using (2.6), we thus have

In" {A}exp(0d,)} < (" —¢) l ( An >+P*
( .

¢ (4n) ¢ () r

1 —¢)p*
Now using (2.8) and proceeding to limits as n — oo, we obtain

4+ A%
In" {Aexp(0An)} 7. 3.7)

lim inf

n—ee ¢ ()
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The inequality obviously holds if 7~ = 0.
Now we prove the reverse inequality. Let

.. InT{Afexp(0d,)}
lim inf 1 = .
A Gy P

Let 3 > 0, then for every 31 such that B > f3; we have for n > n, (p;),

In" {A%exp(ad,)} > Bio (A1)

From (3.2) we have
InMy (1,F) > Inp(o,F)+0(1) > InA, + oA,

Now we choose a sequence {o0,} such that a — o, = B;p*/A,. Then o, — a as
n — oo, Hence

InMy (1, F) = B19 (Ansr) = Bip .

Let 0, < 0 < 0;+1. Then

InMj, (u,F) Bi9 (Ani1)

1 P*(©) > 1 P*(©) —oll)
{ln(l —exp(oc—a))” } {ln(l —exp(oc—a))” }
> ﬁlq) (A'nJrl) e _0(1)
{1n(1 — exp(Gy — oc))_l}
B¢ (Ani1) .
> ——————o0(1), onusing (2.6).
oo el g (26)
Now proceeding to limits as o — o, since € > 0 is arbitrary, we get
¢(An+l)

7" > Bliminf

3.8
S ) 68

Under the assumption ¢ (A,_1) ~ ¢ (A,) as n — oo we get 7 > . Combining this
with (3.7), we get the desired result of Theorem 4. [

REMARK 1. Ontaking p* (o) = p* we have the following corollary which gives
a formula for the logarithmic type T* and lower logarithmic type ¢* of F(s) belonging
to 0.

COROLLARY 1. Let F(s) = [exp(sy) da(y) belong to the class Q},. with loga-
0

rithmic order p* (1 < p* < o), logarithmic type T* (0 < T* < oo) and lower loga-
rithmic type t*. Then
In" {A} oy
n—oo (ln An)p
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In(A7/45:1)

Further, if w(n) = B W w is a non-decreasing function of n for n> n, and ¢(A,) ~

O (Ay+1) as n— oo then

-+ *
¢ — liming ™_Anexp (@A)}
n—ee (InA,)°

REMARK 2. In the integral (1.6), let us take

0 when 0<x< A

J— n
afx) = > ap when A, <x <A,
k=1

Then it is easily seen that F(s) = Y, ane’™ and Al =a,, n=1,2,3,... Using the

n=1
Corollary above, we get Theorem 2 of Awasthi and Dixit [3]. Further using the for-
mula for * above, we get the characterization of the lower logarithmic type of analytic
functions represented by the Dirichlet series.
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