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CLOSURE OF THE LINEAR SPAN OF AN EXPONENTIAL
SYSTEM IN A WEIGHTED BANACH SPACE

ELIAS ZIKKOS

Abstract. For a certain class of sequences with repeated terms,

sty = {0 A A A A, A A Ay A
—_— —
1y times o times My times

we prove that every function belonging to the closed span of the exponential system
e neN, k=0,1,2,... .1, — 1},

in some weighted Banach spaces on the real line, extends analytically as an entire function by
admitting a series representation of the form

o [tn—1
2 ( 2 cn#kzk> e}””z, ik €C, VzeC.

n=1 \ k=0

1. Introduction and the main result

Let w(x) be a non-negative real valued continuous function defined on the real
line R, not identically equal to zero, such that for some positive constants a and 3 we
have
ax®, x>0,

0<wk) <
® Blx|, x<0.

(D

Forany p > 1 we denote by LY, the Banach space of complex-valued measurable func-
tions f defined on R such that

[ 1r@e o ar <,

equipped with the norm

1

g o= ([ 1rwge )’

Similarly we denote by C,, the Banach space of complex-valued continuous functions
f defined on R, satisfying the condition

lim f(t)e ™" =0,

Jf] oo
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equipped with the norm

[1£1lc, = sup{|f(t)e™ V| :1 € R}.

Our main goal in this article is to describe the closure of the linear span of some ex-
ponential system in the above weighted Banach spaces. The system in consideration
is
Ai={Fe  neN, k=0,1,2,... 1, — 1},

where {A,};7_, is a sequence of distinct complex numbers diverging to infinity and
{u,}>_, is a sequence of positive integers so that

(A) sup,cy|argdn| < /4,

(B) there is a constant k¥ > 1 so that % > K forall n e N,

(C) there are positive constants o and ¢, with 0 < ¢ < 1 such that u, < ¢|A,|*
forall n € N.

The set with multiple terms

{A’mﬂn}::l = {2,1,2,1,...,A],AQ,A,L...,AL...,A,k,x,k,...,ﬁ,]ﬁ...}

Uy times o times Uy times

is called a multiplicity-sequence A, and we denote by U the class of multiplicity-
sequences whose terms satisfy conditions (A), (B),(C) as above.

EXAMPLE 1.1. Let {e/%}*_ be asequence of points on the arc {z: |z| = 1, | argz]
< /6}. Then the multiplicity-sequence

{S”eien,4"}:,°:1
belongs to the class U .

We now state a property of A € U. Consider the constants kK and ¢ in conditions
(B) and (C). Observe that from (B) one gets |A,| > k"~ !|4;|. Therefore we have

<y cw el
Zwsi 1

EKlanl « @

n=1 | n=1

since Kk >1and O <o < 1.

Next, for any A belonging to the class U, we denote by span(Ey,) the set of all
finite linear combinations of the system. We say that a function f : R +— C belongs to
the closed span of E, in LY, if for every € > 0 there is an exponential polynomial of

the form
m Ivlnfl X }L
x) = 2 2 Cmn kX | € nx7 Cmnk € C7
n=1 \ k=0

so that
f = gmllp <e.

Similarly for C,,.
We now state our main result.
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THEOREM 1.1. Let A be a multiplicity-sequence belonging to the class U. Let
f be a function which belongs to the closed span of Ex in C,, (or in L for some
p = 1). Then there is an entire function g(z) which admits a Taylor-Dirichlet series
representation

N ’Jnfl
g(z) =Y, ( D cn,kzk> M e €C, VzeC,
n=1 k=0

so that f(x) = g(x) for all x € R (or almost everywhere on the real line).

We note that similar results but with more general weights and with A satisfying
the condition

were deduced in [5, 7] whose work was motivated by articles [1, 2, 3, 4] on a version
of Bernstein’s weighted polynomial approximation problem on the real line. In these
papers the weight w is always a convex function. Observe that in our case the function
w in (1) does not have to be a convex function. We also point out that an interest-
ing paper which deals with complete and incomplete exponential systems in weighted
Banach spaces and does not assume convexity of w is [0].

In Sections 2 and 3 we state and prove several lemmas, needed for the proof of
Theorem 1.1 which is given in Section 4. The various lemmas and Theorem 1.1 are
then applied in Section 5 in order to derive a result concerning the Hilbert space L2 .

2. An infinite product

Let A belong to the class U and consider the positive constant 3 in (1). Then
construct the infinite product

oo l_% ﬂn
FO=1T{7==] - (3)

Tn+4P

Due to the convergence of the series (2), this infinite product converges uniformly on
every compact subset of the complex plane which does not contain the points {—l_n —
4B}, Thus it is a meromorphic function having its poles at these points and its zeros
at the points {A,}>>_,, both poles and zeros with respective multiplicity i, .

Consider then the infinite union of closed circles B :=J;,_, dB, where B, = {z:
|z— An| < 1|}. Then the following result holds.

LEMMA 2.1. There is a positive constant M such that
|F(z)| <M Vz: Rz>-2B. 4)
Moreover, for every € > 0 there is a positive constant mg so that

|F(z)| = mee €4, VzeB. (5)
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Proof. First we prove (4). It is easy to see that

A —2

— = 1< Vz: Rz>-20.
2fn"“"ﬂ‘f'Z

Also o I
44"

=7

because the series Y, | Un/|A| converges. Combining these two results gives (4).
Next we prove (5). First, for every z € C we write the sequence A as A =A;UA;
where

Ay ={A: |A] = 06]z},
={A: |A| <6]z|}.

Then, we write

1— )LL Hn 1— )LL Hn
AnEAI )Ln-‘r4ﬁ AnEAZ )Ln-‘r4ﬁ

Our goal is to find a lower bound for each one of these products.
Consider the first product with A, € A;. Then |1 — Ain‘ > %, thus we get

L

|z

[ Al

Since |A,| > 6]z| the above is less than 2/5 and we can now apply the inequality
[log(1+w)| < 3|w|/2 which holds when |w| < 1/2. We get

1+ _;_;_li
log <7lji4ﬁ>': log <1+7l”§4fi ")
n An

Combining this with (7) gives

D+ T +4B
An+4B

72
A48
1 _ _ ~

n

12 |
<= .
5|2l

6
5 (7

<
L
1— 2

}Ln

3
)

From the inequality |log|w|| < |logw|, we now get

+
log ( M +4[5 )
l}l

Recall however that 37| t,,/|A,| converges. Hence as |z] — eo the sum ¥, =gy %
1n
tends to zero.

18u,

< .
pmen, Sl

7Ln+4ﬁ

Zﬁmo

An €Ay

2 Hn

1
| ‘Z| SN

n
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Therefore, for every € > 0 there is ¢ > 0 so that

Zlo

)L,,EAI

Un Hn

z
1+}Tn+4ﬁ
Z

)L"+4I3 < gzl Vz:ilz] > re.

n

Hence, for every € > 0 there is a positive constant M, 1 so that

I1

)L,, EAI

l _ L I'l')'l
Ay > M, e %, vzecC. (8)

z
I+ Tn+4P

Consider now the second product with 4, € A, . Let z € B, thus there is a unique A; so
that |z — A¢| = 1. We easily get

—1
M -2 = =Dl and 4> S )

Thus

Ay — | > (K; Dl Vnstk

Hence we get

—_—
~—

=z > T Y1 vaen

Since |z— 4| =1 then |A;] > |z] — 1 > |z|/2 for all z such that |z| > 2. Thus for some
0 <7< 1 we have .
T(Kk —

> HE—)
x|

un> T(KK—UM I“l"_ 7(k—1) Hn
“\ 7 B 7K

Since u, < ¢|Ay|* (condition (C) for A) and |A,| < 6]z| then w, < 6¢|z|*. Therefore

n 6¢|z|*
. > (M) (10)
7K

4 VneN.
Then for all A, € A, we get

A —2
/1_n+4[5+z

A —2
/1_n+4[5+z

Next we find an upper bound for the number of A, € Ay. If K"|4;| = 6|z] then |A,11] >
6)z| as well. Since A4, € Ay then

6
log ‘}lz“

S logk
Combining this with (10) gives

6|z
A

M GC‘ZID! GC‘ZID! Tog
T(xk—1) T(xk—1)
> 11 ( 7K ) > (( 7K '
QLHEAQ

A —2
7L_n+4ﬂ+z

I1

)L,, €A2
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Next, we deduce that for every € > 0 there is Rg > 0 so that
6lz|
\ 7K

1
6 o
g log x T(k—1)

<elzl, Vz:l|Zg>Re.

Therefore, for every € > 0 there is a positive constant M > such that

n
> M, e Rl Vz:z€B.

_z
l’l

2
t 2

I1

An ey

Combining this with (8) gives (5). O

3. Some crucial lemmas

Throughout this section we let A = {A,, i, };_, belong to the class U, F is the
meromorphic function of the previous section, and a, B are the positive constants as in

(1)

LEMMA 3.1. Consider the meromorphic function

f(z2) =F(z)e%. (11)

Then there exists a continuous function h defined on R such that

Jroo
fl2)= \/E/ (t)e?dt, VzeC,:={z: Rz>0}. (12)
Moreover, for some 6 >0 we have
8 exp(— 34 r> 2B
ho)] < { P 5 (13)
5exp(5—a +2B1), < =

Proof. First observe that f is analytic in the open half-plane C_,p := {z: Rz >
—4f}, and vanishes exactly on the multiplicity sequence A = {4, 1, };;_,. We note
that the zeros and poles are symmetric with respect to the line Rz = —2f. Consider
also the closed right half-plane @—2/3 :={z: Rz > —2PB}. It then follows from (4) that

2

$2 y —
|f(z)] SMeSa-e5a, VzeCl_gg. (14)

Due to this estimate, it then follows by contour integration that for any fixed ¢ € R the
value of the integral

400
\/E/ fx+iy)e ”’y)dy
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is the same for all x > —23. We call this A(z), in other words we have

+oo
h(t) = / (et iy)e 0 @y x> 2. 5
Nt fx+iy)e Y, B (15)

Fix now x > —2f. Then ¢*h(z) is the Fourier Transform of f(x+iy). Our goal is to
prove that for any fixed x > 0, f(x+iy) is equal to the Inverse Fourier Transform of
" h(t). In other words, (12) holds.
For this, it suffices to show that for every fixed x > 0, one has [*_|e"h(t)|dt < eo.
Thus we need to obtain an upper bound for |A(¢)|. From (14) and (15) we get
P

y2
|h(t)| < M—= e Sady Vx>=-2B. (16)
V2T J—e

V2
Let 6 = \/%—n J= e~ 5 . We then deduce that
2 2 _
YR S G L £
x=-2B | Sa 4 Sa
and

2 2 _
O R G Y V.
Sa Sa

x=-2p S5a

Combining these with (16) gives (13). From the latter relation we see that for every
fixed x >0 one has [ |e"h(r)|dt <e. O

LEMMA 3.2. The exponential system E, is not complete in the various weighted
Banach spaces.

Proof. Let h be the continuous function of the previous lemma. For f € LY, let

- \/Lz_n/_:h(z)f(z)dz

Then from (13) and (1), we deduce by the Holder inequality that V defines a bounded
linear functional on L, with norm ||V||,. By differentiating f in (12) and since f
vanishes on A, gives

0:/ h(t)k ' dr VYneN, k=0,1,... 1, —1.

Thus V (t*e Ant ) = 0 for all elements of the exponential system. Suppose now that this
system is complete in L},. Then if f € Lf, and not equal to zero almost everywhere, for
an arbitrary € > 0 there is an exponential polynomial P in span of the system such that

f =Pl <e.
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Therefore,
V() =V(P) <elVIlp.

But V(P) =0, hence [[V(f)||z < €|[V|[,. Since the choice of € is arbitrary, this
means that f =0 a.e, a contradiction. Hence the system is not complete in L%, . With
similar arguments we prove the result for the space C,,. [

By the notation f()(zy) we mean the [ derivative of f at z.

LEMMA 3.3. There exist analytic functions {f,;(z) : k=0,1,...,u, — 1} in
the half-plane C_4g, so that

L j=nl=k
0 =30, j=n1e{0,1, ..oy — 11\ {k}, (17)
0, j£n le{0,1,....u—1}.

Furthermore, there are positive constants M and &, independent of n and k, so that
for every fixed n € N one has

[S]

2
k@) S Me EOM oS5 Vziz— =1 Vk=0,1,... . u,—1.  (18)

Proof. Consider the meromorphic function f of Lemma 3.1. Since 1/f(z) has a
pole of order L, at the point A,,, we write down its Laurent series representation

which is valid in the open punctured disk {z: 0 < |z— A,| < pn} where p, > 2 as
shown in (9). We note that

1 (z—An)/ !
Api=— = T dz, B,={z:|z— M| <1
T i /aB,, f(2) ¢ fz:lz <1

and gu(z) is the regular part.

2
It follows from (5) that | f(z)| > mge_g‘de?_i_"é_a for all z on the circle dB,,. Since
sup,cn |argA,| < m/4 then we deduce that there are positive constants M and &’ so
that
A j| < M8 ) (19)

We now construct the functions that satisfy (17). Fix some positive integer n and
some k € {0,1,2,...,u, — 1} and define

fu(2) = Z ”';‘L”) (20)
=1 n
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First suppose that k = 0, thus

Hn An,l
fn,O(Z) = f(Z)E{ (Z—An)l :

Then we get f,ff())(lj) =0for j#nand 1 =0,1,...,u;—1. Since f,(z) is continuous
at z=A,, then

hQ) = 1) [ 5= 00)| = 1= FDeae)  vzeB,
f(z)
Hence, f,0(4,) =1 and frgfg(kn) =0 forl € {1,...,u, — 1}. Thus, f,0(z) satisfies

(17).
Next, suppose that k € {1,2,...,u, — 1}. Since f,(z) is continuous at z = 4,,
we rewrite f,x(z) forall z in B, as

f(Z) (Z B 2'n)k & An,l

fn,k(z) = k! 1=kt 1 (Z—An)l
WA s
_ T m - gn(z) - le (2_7}\;)/
= (Z —klln)k B f(Z) (Z _kz!In)kgn(Z> - &UZ) ZAn/(Z - An)kij' (21)

From (20) we get frsflz(lj) =0for j#nand [ =0,1,...,u; — 1. From (21) we get
fn(];? (An) =1 and fn(.l,Z(l,,) =0 for I € {0,1,...,u, — 1} \ {k}. Thus, f,x(z) satisfies
(17) for k #0. '

Finally by combining (14), (19), (20) and the fact that u, < ¢|4,|* (Condition
(C)), shows that there exist positive constants M and & so that the upper bound (18)
holds outside the open disk [z—A,| < 1. O

LEMMA 3.4. For each positive integer n and each integer k € {0,1,2,... 1, —
1}, there exist non-trivial bounded linear functionals V', on L, for p € [1,0) and
Vax on Cy, so that

1, j=nl=k
VIt ) =20, j=n1e{0,1,.... 1~ 1}\ {k}, (22)
0, j#nle{0,1,. .., uj—1}.

Furthermore, there are positive constants M and &, independent of n and k, so that
VPl < Mexp{—& (RA,)*} (23)

where || || stands for the norms. Similarly for the functionals V, .
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Proof. Due to the upper bound (18), by contour integration one deduces that the
value of the integral

1 teo )
\/T_TE 8 fn,k(x+ iy)e_(X-Hy)t dya X > _2[37

does not depend on x, thus it is a function of 7 only. We denote this function by £, x(¢).
Repeating the steps as in Lemma 3.1 and using the bound (18) gives

i k<z><{MeXp{_§m Plew(3E). s,

Mexp{—& (R exp{ 2L + 21}, 1< 22 (24)

This relation implies that for every fixed x > 0 we have ¢, () € L'(R). As a result

Faz \/_/ hoa(t)é%dt, V€ Cy.

Differentiating with respect to z and applying (17) gives

I, j=n,l=k,
(O)f'ehtdr =140, j=n1€{0,1,....u;—1}\{k},  (25)

1 oo
—= [ Tt
7=l
& 0, j#n lef{0,1,... pu—1}
Next, for f € Lf, define

Vi (f) = t)dt.

7l

We then write

Vi == [ (me)®) (1070 .

Due to relations (24) and (1), applying the Holder inequality shows that the V", define

bounded linear functionals on L. Then relations (23) and (22) are derived from (24)
and (25) respectively. [

The next result shows that every element of the exponential system E lies outside
the closure of the span of the rest of the elements. In other words the system is minimal.

LEMMA 3.5. The exponential system Ex is minimal in the various weighted Ba-
nach spaces.

Proof. Suppose that an element p, (t) := tke?t of the system belongs to the
closed span of Ep \ {pux(t)} in L} for some p > 1. Then for an arbitrary &€ > 0
there is an exponential polynomial P in span of Ex \ {p, ()} so that

|Pnie— Pl <&
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Consider the functional Vn’? « of Lemma 3.4. Then
‘V,fk(Pn,k) - V,fk(P” < 8”‘/51{”-
By (22) we have V", (pux) =1 and V) (P) = 0. We then get
L<el[Vll.

The arbitrary choice of € leads to a contradiction. Similarly for the space C,,. U

LEMMA 3.6. Consider the linear functionals V}f o Let f€ L%, and associate to
f the series

i I*ln*l
g(a) =3 ( > V,f}(f)Z") e,
n=1

k=0

The series is an entire function.

Proof. Consider the sequence {Tjs(z)}3;_, of exponential polynomials of the form
M I*ln*l A
()= X V,fk(f)zk e,
n=1 \ k=0

Due to the upper bound (23) and since RA, > |3A,]|, this sequence converges uni-
formly on compact subsets of the complex plane, thus its limit is an entire function. [

4. Proof of Theorem 1.1
We prove the result for the L, spaces. The proof for C,, is similar. Hence, consider
the space Lf, for some p > 1 and suppose that f € Span(E,) in L. We will show
that f(x) = g(x) almost everywhere on R where g is the Taylor-Dirichlet series as in

Lemma 3.6.
By assumption, there exists a sequence {P;(x)};”, in span(E, ), where

n=1

() (a1 AN
Px) =Y, 2 Anjx" | e
k=0

such that [[f — Pi|[;p — 0 as [ — co. Choose an arbitrary closed interval [c,d]. It then
follows that [|f — P[[p . 4 — 0 as [ — o where

1
d iz
Wl = ([ 1reopa)”.

Then by the Minkowski inequality one gets

W =ellpieay < = Pllegiea) + 1B = 8llepje.a-
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We now claim that [P, — g||;p(. 4 — O as [ — co. This implies that the right hand-side
of the above inequality converges to zero as [ — co. Since the left hand-side does not
depend on [, then [|f —gl|p1. 4 = 0, hence f = g almost everywhere on [c,d]. The
arbitrary choice of this interval implies that f = g almost everywhere on R and our
proof is finished.

So let us justify our claim. Again by the Minkowski inequality we get

1P = gllepjea) ST+

where

— Z i |@nis = VE(F)] (/d (xkexm"e_w(")ydx)%

n=1

and .
oo - d L
= 3 Z ( / (le"e"m"e—W<X>)pdx)".

( c

We show below that / and II converge to zero as [ — eo, thus ||[P, —g||;p. 4 — O as
[ — oo as well.
First consider the integral

(/_d (‘X\keﬂl"efw(xvp dx) % .

Let T = max{1,[c|,|d|} and N = max,c|c 4 e ™) Then

1
J 1
(/ (\x\keﬂ’l”efw(x)y dx) ! < NTF e (d— C)l/p.

It follows from (23) that

_ 2
V2 = anil = V() = VI < Me™ SR £ — P .

Similarly we get
_ 2
VI () < Mems M ] .

Thus,
(1)
T<NM(d—c)/P||f = Billp Y, pTHre O ot (26)
n=1
and
1< NM(d —c)'7||f| |L,, 2 L1, THn =6 (Fn)? gd%thn, 27)

=r(l)+1

Next, observe that for every € > 0 there is a positive constant m, so that

,u,,T”” < mge‘gc‘m".
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Therefore
unT“"e"g(smn)zedm” < me z 675(9{/1,1)26(#5)9%1.

n=1 n=1

Obviously the series on the right hand-side of this inequality converges. Thus there is a
positive constant C so that

()
Y e SO R o i eN,
n=1

and the tail

Y e ERA R g e,
n=r(l)+1

These results together with the assumption ||f — P[|;p — 0 as [ — e shows that the
right hand-sides in (26) and (27) tend to zero as [ — . Hence both [ and /I tend to
zero as [ — eo. Our proof is now complete.

5. The Hilbert space L2,

Our second result, Theorem 5.1, concerns the weighted Lﬁ, space which is a
Hilbert space when endowed with the inner product

(f.g) = /_ Zf(t)@e*zw(’) dr.

We say that a doubly indexed sequence {r,x: n € N,k=0,1,...,u, — 1} is a biorthog-
onal sequence to the exponential system E, in L2, with A € U, if

8 I, j=n,l=k,
1At —2w(t) g, i
rax(t)t'e™e dt=40, j=n,1€{0,1,...,u,—1}\{k},
! 0, j#n 1e{01, . uj—1}.
Recall now that in Lemma 3.5 we proved that the system E is minimal in L2 . There-
fore, if we take an element p,, x(x) := x*e* and let E Ax i=EA \ {Pni(x)}, then there

is some € > 0, not necessarily the same for all elements of the system, so that

inf — > €.
gem(EAnvk)Hpn,k 8l

In fact this lower bound is even larger. Let

D = inf — .
2.k cespa(Ey, ,) \ |Pn.,k g\ |La,

Then the following result holds.
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LEMMA 5.1. There are positive constants M* and &, independent of n € N and
k=0,1,...,u,—1, so that

Dy i = M*exp{§ (R2,)*}. (28)

Proof. Suppose that f € Span(Ey ) in the space L2 . Hence for & >0 there is an
exponential polynomial P € span(Ej ) such that

If = Pllrz <e. (29)

Let £, be the function as in Lemma 3.4 with the upper bound (24). In combination
with (1) this yields a positive constant N so that

( / B hmk(z)eW(f)th) " < Nexp{—&(@A)2). (30)

—oo

Now since P € span(Ey, ;) by (25) we get

| _tnaopyan =o.
Thus by (29) and (30), applying the Cauchy-Schwartz inequality gives

< eNexp{—&(RA1,)%}).

/j;(hmk(l)ew(t) [(f(t) _P(t))e—w(t)} dt

[ mstorsy

Since ¢ is arbitrary we then have

| huaors @i =o.
By the above and (25) we get

V2r = /j:ohmk(l)fkelnt dr = /john,k(t) (lkel"t —f(f)> dr.

Thus .
Var= [ (mx@e®) (e = pape ) ar

By (30) and the Cauchy-Schwartz inequality we get
V2 <Nexp{—=E(RA)*} - Ipui— fllz,  where  pyu(t) =tk

Therefore, for any f € span(E,,,) in the space L%, we have the lower bound

V2r

(& (R2,)2).

| [Pk _fHLﬁ, >
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But then this is a lower bound for inf gz (g At) ||Pnx — 8ll12 as well. Our proof is
now complete. [

Next, from Hilbert space theory, we know that there exists a unique element in
span(Ey, ) in L2, that we denote by ¢, «, so that

Pnse = Gnkllz = D2

The function p, x — ¢, is orthogonal to all the elements of the closed span of E,,, in
Li, hence to ¢, itself. It then follows that

<pn,k - ¢n,kapn,k - ¢n,k> = <pn,k - ¢n,kapn,k>'

In other words, we have (Dg.’n,k)2 = (Pnk — Onik> Pni) - If we now define
Puj(x) — ni(x)

Fpk(x) (= —/——=——. 3D

#) (D2nk)?

it then follows that {r,x: n € N, k=0,1,...,u, — 1} is biorthogonal to the system
Ej, and since ¢, € span(Ey,,) in L? then Fnk € Span(Ey) in L2,. In fact, it is the
unique biorthogonal sequence to the system E,, which belongs to its closed span in
Lﬁ,. For, if there was another such biorthogonal sequence, call it {t,,7k}, then for all
neNand k€ {0,1,...,1, — 1} we would have
(Fng —tajs Pmi) =0 YmeN [=0,1,...4,—1 pml—xlel’”x

But this in turn implies that r,,  —1, x = O since the system E, is complete in the closed
span of Ey .

Next, we also claim that if {u, s} is any other sequence biorthogonal to the system
E\, then ||r, x| \Lz < ||t i |12 - Indeed, choose an element u,, ;. and write u,x = 7k +
(tn k — rnx) . We note that (umk Fak, f) =0 for every f which belongs to the closed
span of Ex, hence u,, ; — r,, x belongs to the orthogonal complement of the closed span
of Ex in L2,. Of course we also have (Unk — Tng>Tnk) = 0. Then we get

lunillfz = 17kl 72 4 g = rapl 72 >
Next, observe that it follows from Lemma 5.1 and (31) L =)
thus obtaining an upper bound for these norms.
And finally, from our first result, Theorem 1.1, we know that each 7, ; extends
analytically in the complex plane admitting a Taylor-Dirichlet series representation.
Overall, we proved the following result.

THEOREM 5.1. Suppose that A = {A,, U}, belongs to the class U. Suppose
also that

{rak: n€N, k=0,1,..., 1, — 1}
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is the unique biorthogonal sequence to the system Ex in L, belonging to its closed
span. Then there are positive constants Q and &, independent of n and k, so that

ruillz < Qe SCW7 WneN, k=0,1,..., 1, 1.

Moreover, for each 1,y there exists an entire function R,y so that 1, (x) = R, x(x) for
almost all x € R, with R, admitting a Taylor-Dirichlet series representation

) Up—1
Rux(@) =X, | 2 cnnjud |, cupji€C.
j=1 \ I=0
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