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VECTOR-STABILITY OF MULTIPLE VECTOR REFINABLE VECTORS

QINGYUE ZHANG

Abstract. The stability is an expected property for refinable vectors, which is widely considered
in the study of refinement equations. There are two types of stability for refinable vectors. One
is the ordinary-stability, the other is the vector-stability. The ordinary-stability considers the
stability of entries of refinable vectors, but the vector-stability considers the stability of refinable
vectors themselves where they are considered as elements of super Hilbert spaces. In this paper,
we give a necessary and sufficient condition for refinable vectors to be vector-stable. Our results
improve some known ones.

1. Introduction and the main result

In this paper, we study vector refinement equations of the following form

O(x) = Y P®(2x—k), xeR. (1)
kel

Here, ® = (®@y,---,®,), where ®; € L>(R)") 1 < j <n and {P;: k € Z} is the re-
finement mask such that each Py is an r x r (complex) matrix. A nonzero solution of
(1) is called a refinable vector.

Vector refinement equations are widely studied in the literature. Daubechies and
Cohen [4], Heil and Colella [12], and Long, Chen and Yan [26, 27] studied the exis-
tence of solutions of (1). And Daubechies, Jia, Jiang, Lau, Micchelli, Shen, Zhou etc.
discussed the regularity of refinable functions [1-3, 5-11, 16-19, 25, 28, 30-31]. In
particular, the stability of solutions of vector refinement equations was characterized
by Shen [29] and Jiang [22]. Hogan [14, 15] and Shen, Jiang and Lawton [23, 24]
gave some characterizations for the stability of solutions of multiple vector refinement
equations.

Recall that a vector ® = (¢y,---,¢,)7 € L*(R)"") is said to be stable [14] if there
exist constants 0 < B; < B < oo such thatforany a={a,;: 1<p<rnkecZ}e 2(7),

2

Billalng < | S X apatp-— || <Ballally,
keZ p=1 L2(R)

For convenience, we call the vector @ ordinarily stable whenever the above con-
ditions are satisfied.
In this paper, we study the stability of refinable vectors in the following sense.
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DEFINITION 1. Let ® = (®,---,®,), where ®; € >(R)") 1 < j<n. ®is
said to be vector-stable if there exist constants 0 < 8; < B2 < oo such that for any
a:{aj7k: l<j<n7kGZ} sz(Z),

2

i D ajk®@;(-—k)

j=1keZ

Bullalls s, <

< ﬁ2HaH?2(Z)
L2(R)(")

Before going further, we introduce some notations used in this paper. The Fourier
transform of a function in L' (R) is defined by

f(w) :/Rf(x)efixwdx.

For F = (f1,--,f)", G=(g1,---.g)" € L*(R)") the inner product of F and G is
given by

(F.G),z /2@

the norm of F is defined by || F|| 2z = (F. F)!/2 and [F,G](§) =X— e fi(E+

27k)g (& +2mk).
In the Fourier domain, the refinement equation (1) can be written as

oor($)a(2)

2 P —lkw

kEZ

where

and the Fourier transform of the vector-valued function @ is defined componentwise.
The symbols N and Z. denote the set of natural numbers and non-negative inte-
gers, respectively. We denote by T the quotient group R/27Z.
For a given integer m > 2, we say that a point ® € R is m-cyclicin T if 2”@ =
@ # 0 in T. It was shown in [13] that if @ is m-cyclic in T for some integer m > 2,
then for any k € Z,
o+2kr=2"w+2"""9vx 2)

forsome n € N, g € {0,---,m—1} and v € Z\2Z. Also, if o is cyclic, then @ + 7 is
acyclic, i.e., is not m-cyclic in T for any integer m.
Let

Zux()= T1 P(2") =P 1) P(22) P (241), Viner

n>0>k

For the vector-stability of refinable vectors, Zhang and Sun gave some necessary
and sufficient conditions [32, 33]. However, they considered only the case of single vec-
tor refinable vectors. In this paper, we extend their results to multiple vector refinable
vectors.
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Let ® = (®y,---,®,), where ®; € L>(R)("), 1 < j < n. We denote by So(®) the
linear span of {®;(-—k): 1< j<n,keZ} and by S(P) the closure of So(P) in
L*(R)") . Define

lenS(®) := min{g¥ : S(¥) = S(P)}.

Our main result is the following.

THEOREM 1. Assume that ® = (®y,---,®,) is a compactly supported solution
of the refinement equation (1) and lenS(®) = n. Then @ is vector-stable if and only if
forevery A € C"\{0},

(i) if A®(0) =0, then there exists n € Z so that AP"(0)P(x) # 0;
(i) if AP(w) =0 for some ® € R, then AP(w0+ 1) #0;

(iii) for any integer m > 2 and any ® € R which is m-cyclic in T, there exist n € N
and q € {0,---,m— 1} so that

A Pyng(@)P20+ 1) #0.
REMARK 1. Though Theorem 1 looks much like Theorem 1 in [13], they solve
different problems. One of them gives a necessary and sufficient condition for refin-
able vectors to be vector-stable, another one gives a necessary and sufficient condition

for refinable vectors to be ordinarily-stable. For the difference between two types of
stability see [32, Example 4.1].

2. Proof of the main result

In this section, we give the proof of the main result. We begin with some prelimi-
nary results.
Given a vector function F = (f1,---,f,)7 on R, we set

ZZ\fp (=4l

keZ p=

Then FO is a 1-periodic function. Define
LR = {F = (fi, o )T 5 1Py = IF 2oy < = -

If r=1, 2*R)Y is written as .Z*(R) for an abbreviation.
Given a function ¢ and a sequence a, the semi-convolution a *; ¢ is the sum

> a(k)g(- k).

keZ

Next we give a necessary and sufficient condition on the vector-stability of single
vector in .Z2(R)("),
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PROPOSITION 1. [32, Theorem 3.3] Let ¥ = (y1,---, y,)" € Z?*(R)"). Then ¥
is vector-stable if and only if

22|u/pa)+2kn >0, forall weR.
keZ p=

The following proposition shows that yx,; maps ¢'(Z) to Z?(R) and maps
(*(Z) to L*(R).

PROPOSITION 2. [16, Theorem 2.1] If y € .Z?(R), then

[v*sacll 22wy < Wl22m)llelloz)

and
v *sacllzmy < VI 2@ llellez)

The following lemma is the generalized form of Proposition 2.

LEMMA 1. If ¥ = (y1,---, )T € L2(R)"), then

¥ #sa €ll g2myir < VI g2y el z) 3)
and
¥ #sa cll pry) < I g2y llell 2z )
Proof. Since
¥ s cll oy = (¥ *a )2 gony = || X X (Wpsa ) (- —k)
keZ p=1 12([0,1))
2 > (Wpxsac)(-—k) =2 [[vpsacl| gz
p=1||keZ 12([0,1)) p=1
by Proposition 2, we have
r r
(R dC||gz 2 lvoll 22y llellozy = el az 2 (vp) ||L2 [0,1))

< el = V¥l g2 llelloz)
(R)

L2([0.1))

VS ()
p=1

This proves (3).
(4) follows from [32, Lemma 3.1]. [

Let F e *(R)"), Ge Z*(R)") and ¢(F,G) (k) = (F,G(- —k)) ;2 ) - We have
following lemma.
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LEMMA 2. The following inequality holds:

le(F,G)ll2(z) < NFll 2y 1G] 2 gy - (5)

Proof. For two sequences a and b, let

ab,z Za

keZ

For any finitely supported sequence b, we obtain
(c(F,G),b)p(z) = (F,G*a b) 2y
By Lemma 1, we have
[(c(F.G),b) 2zl < IF Il 2y G 5a bll 2y < NF Nl 2wy |Gl g2y 161l 2z

This proves (5). U

Now, we give a necessary and sufficient condition on the vector-stability of multi-
ple vectors in .Z2(R)(") .

THEOREM 2. Let ® = (®y,---,®,), where ®; € Z*(R)) 1< j <n. Then ®
is vector-stable if and only if for any & € R, the sequences {&)j(é 27rk) ke Z}
(j=1,---,n) are linearly independent.

Proof. (=). We prove this by contradiction. If, for some & € R, the sequences
{(/I\)j(é +27k): ke Z} (j=1,---,n)are linearly dependent, then there exist constants
rj (j=1,---,n), notall zero, such that

n
2 (E+2mk) =0 forallk € Z.

Let @ := Z;?: 1 7j®;. Then by Proposition 1, @ is not vector-stable, namely, ®y,---, D,

29

€ Z?(R)") are not vector-stable. This proves “(=)".
(«). Given a={ajx: 1< j<n,k€Z} € (*(Z), then by Lemma 1

2

sn 2 Ha, \dq)/HLZ
L2(R)(") J=1

n n
2 2 2
< YN g 5l2y <7Ca 3 Nl gz
J=1 J=1

LZ(R)(’)

= "C2HaH?2(Z)
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where C, = max{uoplu i ,\\d>n\@z<R)<,)} and a; = {a;(k) = aj; : k € Z}
(1<j<n).
Note that @y, ---,®, € Z*(R)"), we have {&)j(é +2mk): k € Z} e (z) (1<

Jj < n). Since the sequences {G)J(é +27k) ke Z} (1 < j < n) are linearly indepen-
]

dent, their Gram matrix ([@;,Dx](&)),
entries in % . Here

1<) k<n is nonsingular for £ € T and has its all

= { D are” ™S q = {a ke Zy e 1 (Z) isa sequence} .
kEZ

By Wiener’s lemma, the inverse matrix of ([®;,®]()),; <, also has its all entries
in . Take b € (' (Z) (j,k=1,---,n) such that the matrix (ij(’g')> is the

1<) k<n
inverse of ([®;,P](S)), <4<, For I <j<n, let

"Pj = 2 q)k *ed bj,k~
k=1

Then by Lemma 1, ¥; € #?(R)"") and for 1 < j,m <n

), D,)(E) = 3 bj4(E) [0k, B) (E) = 8y, forall £ €T,
k=1
Hence
(W), @i (- — ) = 8180,
and

n
ajr= < > > am,acl)m(-—oc)7‘I‘j(-—k)> foralll < j< n,keZ.

m=10€Z

Therewith, by Lemma 2

n
||a||fz(Z) = 2 ||ajH?2(Z)
=

2
< 2 2 z am,aq)m('_a) ”\Pj'Hng(R)(V)
j=1||m=1aecZ L2(R)(")
n 2 7
> > tna®ul(-— ) 2 ¥l gy
m=1aeZ [2(R)() J=1

where a; = {aj(k) = ajx k€ Z} (1< j<n). Let G =1/(T}_, \\‘I’jllfgzm,))-

Then C HaHﬁz(Z) <2 Saez amoaPm (- — O‘)”iZ(R)(r) . From the above argument, @
is vector-stable. [
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Denote by I1(C) the ring of polynomials over C. Let S be the linear space of all
sequences h: Z — C. For 6 € C\ {0}, the sequence given by

he:k— 6% ke,

is an element of S, which we shall denote by hg. We define th=h(-+1). If p €
T1(C), p(x) = =0 ax*, then p induces the linear partial difference operator p(7) :=
Sisoaxtr. Let P = (pij)i<i<m,1<j<n be a matrix with all its entries p;; € I1(C). For
(h1,-++,hy,) € S", consider the system of linear homogeneous partial difference equa-
tions

Zp,j T)hj=0, i=1,---,m.

All the solutions to this system of equations form a subspace of S§" which we shall
denote by 7(P). We have the following proposition.

PROPOSITION 3. [20, Theorem 2.1] Let P be an m X n matrix whose entries are
elements of TI(C). Then the following conditions are equivalent.

(i) ©(P)#0.
(ii) There exist some 6 € C\{0} and (ay,---,a,) € C"\{0} such that

(alhg,---7anh9) S ’L'(P).

Let Yy,---,Y, € L>(R) or Y,---,Y, € L*(R)(") . Assumption that Y,---,Y, are
compactly supported. We define

K(Th-'-,Tn) = {(hl,---7hn) est: i[TﬁhJ} :0}

j=1

and

™=

H(Yy, -, Y,) = { (Y, h]: (h1,~~~,h,,)€S"}.
J

Here, [Y'J',hj} = Dez Yj(~ — k)hj(k) .
Let @y, -, ®, € L? (R)(r) be compactly supported. The following lemma gives a
characterization for K(®y,---,®,).

1

LEMMA 3. There exists a matrix P with n columns whose entries are elements of
I1(C) such that K(®y,---,D,) = T(P).

Proof. Let G = (—1,1). Since R = Upez(G+k), we have that (hy,---,h,) €
K(®y,---,D,) if and only if
(2 ®@;.h; ) =0, YocZ.
Jj=1 G
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Observe that T*[F,h] = [F,t*h]. Hence, (hy,---,h,) € K(®y,---,D,) if and only if

iz (-—k)| =0, YacZ (6)
j=1keZ

G

Since @y,---,®, are compactly supported, there exists a positive integer N such that
|k| > N implies
q)j(-—k)|G=O, l<]<n

This shows that the restriction of the linear space H(®y,---,®,) to G is finite dimen-
sional. Choose a basis Wy,---,%¥,, forit. For k € Z, 1 < j <n, ®;(-—k)|c can be
uniquely represented as follows:

Q;(-—k)|g = aij(k)¥;, (7
i=1

where the coefficients a;;j(k) € C and are zero for |k| > N. In terms of (7), (6) is
equivalent to

a,-j(k)ro‘hj(k)> ¥, =0, VaclZ. (8)

Note that t%h(k) = h(k+ o) = t°h(at). Since Wy,---,'P,, are linearly independent,
(8) is equivalent to

Let P = (pij)i<i<m,1<j<n» Where

+N P -
plj Zatj xk l_la"'7m7 ]—17"',71.
[k|<N

Then we have K(®y,---,®,)=1t(P). O

The following proposition is a consequence of the Poisson summation formula.

PROPOSITION 4. [20, Lemma 3.2] Let ¢ be a compactly supported distribution
on R. Then for a given ® € C, the sequence {e*® : k € Z} lies in K(¢) if and only if

d(o+2km)=0, VkeZ
Based on Proposition 4, we give the following lemma.

LEMMA 4. Let ¥ = (y1,---,y,)T € L2(R)") be compactly supported. Then for
a given € C, the sequence {e*® : k € 7.} lies in K(W) if and only if

Y(w+2kn)=0, VkeZ
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Proof. (=) 1If {e*®: ke Z} € K(¥), then {*®: ke Z} e K(y;), 1< j<r.By

N

Proposition 4, we have V(w0 +2kn) =0, 1 < j<r, k€ Z, thatis ¥(w+ 2km) =0,
keZ.

(<) If Y(w+2kn) =0, k€ Z, then Jj(w+2kn)=0, 1< j<r, ke Z. By
Proposition 4, we have {e*® : k € Z} € K(y;), 1 < j <r, thatis {*?: ke Z} €
K(¥). O

Now, we give two equivalent conditions of K(®y,---,®,) #0.

LEMMA 5. Let ®@y,---,®, € L>(R)") be compactly supported. Then the follow-
ing conditions are equivalent.

(i) K(®y,--,D,) #0.
(ii) There exist some 6 € C\{0} and (ay,---,a,) € C"\{0} such that
(alhea"'aanhe)EK(¢17"'7q)n)' (9)

(iii) There exists some @ € C such that the sequences {&),»(w +2km): ke Z} (j=

L,---,n) are linearly dependent.
Proof. By Lemma 3, K(®,---,®,) = 7(P) for some matrix P of polynomials.

Hence, the equivalence between (i) and (ii) follows from Proposition 3.
Suppose (9) is true. Choose @ € C so that ¢'® = 6, and set

n
b= a;0;. (10)
Then (9) and (10) imply

Y okd(-—k) =Y, Okiajcl)j(-—k) = [®;,ajhe] =0.

keZ kez  j=1 i=1
In other words, hg € K (Cf)) . Hence, by Lemma 4,
d(w+2kn) =0, YkeZ.

It follows from (10) that

aj®;(w+2kn) =0, YkeZ an

-

1

J

Since (ay,--,a,) # 0, this proves that (ii) implies (iii).
Finally, suppose (iii) holds. Then there exists some (aj,---,a,) € C"\{0} such
that (11) is true. With @ = ¢/ and ® given by (10), we obtain

d(w+2kn) =0, YkeZ.
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Hence, hg € K(®). Thus (9) follows. [

A compactly supported ® = (@y,---,D,) (D; € LX(R)), 1< j<n)is said to
have linearly independent shifts if the map

(@ a) = 3 3 a0 -

is one-to-one on CZ. Sy(®) denotes the linear span of {®;(-—k): k€ Z,1 < j<n}.
Let [ro,se] be the smallest integer-bounded interval containing supp®. The length of
the interval [re,sq| is

E((I)) =S —Ip.

We call /(®) the length of ®. Let ® = (P, ---,P,) be a finite collection of compactly
supported vector functions on R. The length of @, denoted ¢(®), is defined by

= ig(q)j)
j=1

The following lemma shows that a compactly supported vector function is linear
combination of a collection of linearly independent compactly supported vector func-
tions.

LEMMA 6. Let ® = (®y,---,®,) (®; € L*(R)"), 1 < j < n) be compactly sup-
ported. Then there exists a compactly supported ¥ with the following properties:

(i) The shifts of the ¥ are linearly independent;
(ii) @ C So(P).

Proof. If K(®y,---,®,) =0, then we may take ¥ = ®.
Suppose K(®y,---,®,) # 0. By Lemma 5, there exist some 6 € C\{0} and
(ay,---,an) € C"\{0} such that

(alhea"'7anh9) S K(‘D17"',q)n),

that is .
22 05D, (-— k) =0. (12)
j=1keZ

After shifting the @; approprlately, we may assume thatall rg; = 0. Then s¢, = £(®D;).
Let ' '

¢ =max{{(D;) :a; #0}.
For simplicity, we assume that a; # 0 and ((®;) = (. Let p =3)_,a;®; and ¥ =
> 060%p (- — k). By our choice of p, we deduce from (12) that

> 6%(-—

keZ
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Let ¥ = (W, ®,, --,D,). We have
Y- 0¥(- 29" =Y 0 p(—k—1)=p= a;j®;.
k=0 =1

Since a; # 0, we have @; € Sp(¥), thatis @ C So(¥). Clearly, supp¥ C [0,c0). Note
that

29" (x—k) = 22619@ :ixajek@j(.—k)

j=1k=0 J=1keZ
= Zekp x—k)=0, x>{(®)—
kezZ
Consequently, supp¥ C [0,£— 1], that is £(¥) < £(®). Repeat the preceding process

until £(¥) achieves its minimum. The resulting vector function ¥ has the property
that the shifts of ¥ are linearly independent. [l

Proof of Theorem 1. Suppose that @ is vector-stable. Note that every element of
277\ {0} has the form 2""!(2k + 1)x for some n € Z, and k € Z. Then we have

(2" (2k + 1) 1) = P"(0)P(7)D((2k + 1) 7).

If the condition (i) is false, then {Mf)(2kn) ke Z} — 0. Also, if the condition (ii) is
false, then R
AD(2w +4kn) = AP(0)D (0 + 2kn) =0, YkeZ

and
AD(2w+ 27+ 4kn) = AP(0+ 1)D(0+2kn+7) =0, VkeLZ.

Therefore, we have {A®(2w+2kr) : k € Z} = 0.
Now, if P does not satisfy condition (iii), then we show that

AD(®+2kn) =0, VkeZ.

Suppose @ is m-cyclicin T for some integer m > 2, and let k € Z be given. Then by
(2), there exist n € N, g € {0,---,m— 1} and v € Z\2Z such that

AD(0 +2kn) = AD(2"M @ + 2" IVT) = A Py (@) P29 0 +2v 1)
= APmn q( ) (2q(0+ v7r)<D(2‘1(u+ VTE).

So, /l(f)((u + 2km) is zero if condition (iii) is not satisfied. By arbitrariness of k, we
have {A®(2w +2k7) : k € Z} = 0. This completes the proof of necessity.
To prove sufficiency, suppose that the shifts of @ is not vector-stable. Moreover,
assume that P satisfies conditions (i) and (ii). Then we show that (iii) is violated.
Since the shifts of @ is not vector-stable, by Theorem 2, there exists @y € R such
that R
AD(wy+2km) =0, VkeZ.
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Lemma 6 implies that @ is a finite linear combination of the shifts of the W. In the
Fourier domain, this implies the existence of a trigonometric polynomial matrix U
satisfying R R

D(w)=U(0)¥ (o). (13)

Note that the shifts of the W are linearly independent. Then by (13), we get AU (@) =
0. Since that lenS(®) = n, we have that detU is a non-trivial trigonometric poly-
nomial, which in turn implies that the rational trigonometric polynomials matrix B is
well-defined by the relation

UQRw)B(w)=P(0)U (o). (14)

Therewith, equation (14) implies that

wp(2)0 (%) a0t (2) o
and ;Lp<2 +n>U<%+n>:7LU(CUO)B(%+7T>=0~

By condition (ii), it follows that U is singular at either 2 or 22 + 7. Since detU is a
trigonometric polynomial, it has only finitely many zeros in T + /R and the arguments
used in the proof of [21, Lemma 1] imply that 2"y — ay € 27Z for some m > 2. If
wy =0, then A®(0) =0 and (i) implies that AP"(0)P(x) is not zero for some n € Z. .
Evidently,

AP (0)P(m)U(m) = U(0)B"(0)B(r) = 0.

But this is a contradiction, since 7 is acyctic, so detU(m) # 0.

Accepting the existence of the integer m > 2 and the my is m-cyclic, we proceed
to prove that this violates condition (iii).

Observe that

2"
2"y — wy) € 2nZ.

2mn _ —
W — o m ]

Then AU (wp) = 0 implies that AU (2™ @) = 0. Therefore, by (14) and the 27 peri-
odicity of U
AP mng(@0)P(29 a0 + m)U (2% + 1)
= A Py g(00)U (27 @y +2m)B(29ax + )
= AP q(@0)U (27" o) B(27n + 1)
= AU (2™ w0) Bnn,q(00)B(29 00 + 1)
= 07



VECTOR-STABILITY OF MULTIPLE VECTOR REFINABLE VECTORS 169

Since 29y + 7 is acyclic, detU (29wy + ) # 0, so

A Pryng(00)P2%w+m) =0

forevery ne Nand g€ {0,---,m—1}. O

3. Results and discussion

A wavelet system is generally derived from a refinable function via a multiresolu-

tion analysis. Stability is an important property of refinable function. In this paper, we
discuss the vector-stability of refinable vectors and we give a necessary and sufficient
condition for refinable vectors to be vector-stable. Our results improve some known
ones. Studying vector-stability of refinable vectors in LP(R)(r) is the goal of future
work.
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