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SOME RESULTS ON POROUS SET RELATING TO RATIO SETS

D. K. GANGULY AND DHANANJOY HALDER

Abstract. An attempt has been made in this paper is to show that every Lebesgue measurable
linear set with positive measure has a porous subset whose ratio set contains an interval. The
category analogue of this result is also established.

1. Introduction
First we recall the definition of porous set [3] as bellow:

DEFINITION 1. ([3]) Let A be a non-empty subset of real line R and x € A. A
is said to be porous at x, if there exists a constant ¢, 0 < ¢ < 1 and a sequence of
intervals {I,}, each containing x, whose length tends to zero as n tends to infinity,

such that each interval 1, contains an interval J,, that is disjoint from A and ﬁg")) >c,

where A(A) denotes the Lebesgue measure of A. The set A is called porous set if it is
porous at each of its points.
DEFINITION 2. ([2]) A set A C R is called p-porous fora p € (0,1) if for ev-
1
ery x € R, limsup,_,, — (the length of the longest interval in (x —y,x+y) which is
y

contiguous to A) > p.

Porous set possesses the following properties:

e Every porous set is of Lebesgue measure zero.

e Every porous set is of first category.

It is to be noted that the converse may not be true. For example, the set of rational
number Q.

DEFINITION 3. ([5]) A set A is said to have the property of Baire if it can be
expressed as symmetric difference of an open set and a set of first category.

H. I. Miller [3] established that every second category set A having the property
of Baire contains a porous subset P such that difference set of P written as D(P) =
{x—y:x,y € P} contains an interval. The measure theoretic analogue of this result was
shown by Z.Buczolich [2].

In 1962, N. C. Bose Majumder [ 1] introduced the notion of ratio set in the follow-
ing way:
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DEFINITION 4. The ratio set of a linear set A of non zero abscissa denoted by
R(A), is defined by R(A) = {% : a,b € A}. Also ratio of two linear sets A and B is
defined as R(A,B) = {; :acA,bc B\ {0}}.

Bose Majumder [1] established that ratio set R(A) of a linear set A with non zero
abscissa having positive Lebesgue measure contains an interval with left hand end point
1.

In this paper we will show that every Lebesgue measurable set A(C R) with pos-
itive measure contains a porous subset B whose ratio set R(B) contains an interval.
Also the category analogue of this result is proved.

2. Main results

Before going to establish main results we go through some lemmas.

LEMMA 1. ([2]) For every closed set A of positive Lebesgue measure, s € N
and t € (0,1) there exists a closed set A, C A with the following properties: The
set A, has positive Lebesgue measure and there exists a sequence of natural num-
bers ni,ny,...,nj,... suchthat s | n; for every j € N and, letting d; = ﬁ, we have
either [kd;,(k+1)d;)NA, =0 or A((kd;,(k+1)d;)NA,)) >t.d; for every j €N and
k€ Z. Here N and 7 are the sets of natural numbers and integers respectively.

LEMMA 2. For every p € (0, %) there exists a t(p) € (0,1) such that if Hy C
(0,1], H, C (0,1] and A(H,) > t(p), A(Ha) > t(p) then R(H;,H;) = R(Gy,G3),
where G| = Hl\(T,Tp)and G, = \(1 14 1;”’).

Proof. Consider t(p) =3p for p € (0, %) Suppose H; and H, are two subsets of
(0,1] with A(H;) > t(p) and A(H) > t(p). Clearly R(H,,H,) is non-empty subset
of (0,00). If m is an element of R(H;,H,) then there exist y € H; and x € H, such
that y = mx. From the unit square S = [0,1] x [0, 1], we obtained four squares each of
length % by deleting a horizontal strip and a vertical strip of breath p € (0, %) . These
four squares are of the form

Sy =10, %} X [#7 1] which is upper left square,

S, =0, 1;—”] x [0, %} which is lower left square,

Sy =[H2 1] x [1;—1’, 1] which is upper right square,

N‘Jr I\)‘
S]

Sy =[H21] %0, 1;—”] which is lower right square.

If we denote by I, the graph of the line y = mx then 1,, N (H; x Hy) # 0. Let Py (resp.
P,) be the projection of the line y = mx on x (resp. y) axis. For m € (0,00), clearly

AP(ln N (S1US2))) = 152 and A(Py(1, N (S1US2))) = 152
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Since A(H;) > t(p), A(Hz) >t(p) and also 7(p) = 3p we have
A(Pe(LnN(S1US2))\H2) <1—=3p and A(P,(l,,N(S1US2))\H;) <1—3p.

Therefore 1,, N (S1USy) N (Hy x Hy) =1, N (S1US2) N (Gy x Gp) # 0. Hence for m €
R(Hl,HQ) implies m € R(Gl,Gz). Thus R(Hl,Hz) :R(Gl,Gz). U

THEOREM 1. Forevery set A(C R) having nonzero abscissa with positive Lebes-
gue measure and p € (0, %) there exists a p-porous set B C A such that R(B) = {% :
a,b € B} contains an interval.

Proof. With out loss of generality we consider A to be a closed set. It is enough
to prove the theorem for rational p € (0, %) Let p=% < (0, %), where u,v € N. By
Lemma 2 we choose a suitable ¢(p) for p € (0, %) and then applying the Lemma 1
with s = 2v and r =1(p) we obtain a closed set A, C A and the sequences ny,no,.
(of natural numbers) and dy,d>,..., (d; = n1n2 e J € N) such that either [kd;, (k+

1)dj|NA, =0 or A((kdj,(k+1)d;j)NA,)) >td; forevery je€N and k € Z.
Consider By = A,. We put

Bi=8 0\ U ((k+ I_Tp).dj, (k+ HTP) ).

k€Z
Obviously B = ﬂ Bj is p-porous. Since By is of positive Lebesgue measure, accord-
j=1

ing to Bose Majumder’s result [1] the set R(By) contains an interval with 1 as left
hand end point. Again since all the sets B;, (j =0,1,2,3,...) are compact, R(B;)
are compact and hence closed. By Cantor Baire Stationary theorem [4], we have
R(B) = R(By). It is enough to prove R(By) = R(B1) = R(B;) = .... We have to show
that R(B;_1) = R(B;) forall j € N.

We say that the set B;_; possesses the property P;_; if for every integer k we
have either (k.dj,(k+1).dj)NBj_1 =0 or A((k.dj,(k+1).d;)NB;_1) >t.d;.

If the set B;_ possesses the property P;_i, then by p =% and s = 2v, we have

3 d B € N. So, in the definition of B; which is obtained from B; | by deleting a
subset of Bj_; which is a union of the intervals of the form (k.dj1,(k+1).dj.1).
According to Lemma 1, the set By = A, has the property Fy. Thus by induction B;

has P; property for every j € N. Let us take
Hij1 = [kd;,(k+1).d]]NB;_1 and Gy j—1 = Hy 1 \ (k+52).d;, (k+ 52).d;).
Then we have

R(Bj_) = U R(Hy j—1,Hpj-1),
k.meZ

(since the set B;_; has the property P;_;, the equality holds for those indices m,k € Z
for which (k.dj, (k+ 1).dj) NBj_4 # 0 and (m.dj, (m—+ l)d,) NBj_4 #£0).
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Also we get

R(Bj)= |J R(Gij-1,Gm,j-1).
k,meZ
By Lemma 2, R(Hy j—1,Hy,j—1) = R(Gy j—1,Gp, j—1) for the indices k,m € Z and j €
N. Therefore R(B;_1) = R(B;) forall j € N. Hence the result. [J

To establish the category analogue of the Theorem 1 we need following lemmas.

oo

LEMMA 3. Let 0<a<b and F = U F,, where F,’s are nowhere dense closed
n=1
subsets of R. Then the ratio set R((a,b) \ F) = (3, g) =R((a,b)), where (a,b) is an
open interval.

Proof Let 0 <a<b. Letxye(a b)and x<y. So,0<a<x<y<b=
3<3 :>O< <$<3 < <— Thus § is an mterrorporntof(b,a) Similarly

an mterror pornt of (3 u). So, R((a,b)) = (%, ) where 0 <a < b.
Since F;,’s are nowhere dense closed subset of R, the complement of each F,
is everywhere dense open subset of R. By Baire category theorem we have, (a,b)\

===

is

U F,= ﬂ a,b) \ F,] is dense in closed interval [a,b].

Therefore R((a,b)\ F)=R((a,b)). O

LEMMA 4. For any two open intervals 1,J(C R™), the ratio set R(1,J) = {§ X e
I,y € J} is an open set, where R" denotes the set of positive real numbers.

Proof. Let I = (¥',y") and J = (x”,y”) be two open intervals in R*. So, 0 <x’ <
y and 0 <x” <y". LetveR(I,J). So, v:Z i.e. p=vg, where pel,q<cJ. Since
p is an interior point of I, there exists 6’ > 0 such that ¥’ < p— 8’ < p<p+ o' <y
:>x<p 5’<vq<p+5’<y:>’d<v——<v<v+ % ’€/<—<
V— 7 <v<v+ 7 < ; < 7, since g € J. This shows that v is an interior point of
(;‘—,,,,)f—,l,) =R(I,J), where I = (¥',y"), 0 <x' <y and J = (x",y"), 0 <x” <y". So,
R(I,J) is an open interval and hence an open set. [J

THEOREM 2. If BC R™ has the property of Baire and is of second category then
there exists a porous set P C B such that R(P) = {‘;—’ ' p,q € P} contains an interval,

where Rt denotes the set of positive real numbers.

Proof. Suppose B be a second category subset of positive reals having the prop-
erty of Baire. So, there exist an open interval I = (b,c), 0 < b < ¢ and a sequence
{F.};_, of closed nowhere dense subsets of RY such that B= (I\F)UF,. ie,

BDI\FlDI\UF LetA—I\UF

n=1 n=1
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By Lemma 3 we have R(A) = (2,£). Clearly I\ F; is an open subset of R .

So, I\ F| = Ulil’ where {I;; : i € N} are pairwise disjoint open subintervals of 1.
i=1
Therefore R(I\ Fi) = (2,£). Again since

INF = Ulzh I\F)= Ulu U (I, 1) = (%),

where
R(Iilaljl) = {§ x E€l,y EIJ'I}.

By Lemma 4, R(I;1,1;1) are open sets for each i, j € N. So, {R( i, 1j1) 11, j € N} forms

an open cover for each closed subinterval of (L ,5)- Letre (L ,%)- Then {R(;1, 1) :

i,j € N} is an open cover of [2+ 5,£ — 5] and therefore by Heine Borel Covering

r

Theorem, the interval [% + 5,5 — 4] is covered by finitely many of {R([;1,;1) : i,j €
N}. So, there exists n; € N such that

].

(ST

U R, 1) 2 [2+5,5—
i,j=1

For each open interval [;;, i = 1,2,3,...,ny, there exists a natural number k; and a
closed interval J;; contained in [;;, i = 1,2,3,...,n1, with end points are of the form
(where k € N) such that

3k1
Rint(|JJn)) 2 1245, —5].
i—1

Now each of the intervals J;; is subdivided into closed sub-intervals of length 3%1
Remove open middle ninth of each of these intervals of length 3%1 , obtaining intervals
of length 3,{%. The union of the interiors of these closed intervals (of length 3,{%)
is an open set, call it G,. By argument of Utz [6], we can verify that R(G») 2 [lg’ +

%£,%—£%]. Since G, is a non-empty open subset of R* and F, is nowhere dense and

closed, it follows that R(G» \Fz) 2 [é + 5,5 —5]. Again G, \ F» is an open set as

F, is closed. So, G, \ F> = UI,Q, where {I;}7* , are pairwise disjoint countable open

i=1
interval. Therefore

oo

R(G\B) = UIzZ U R, 112).

ij=1

Again by Heine Borel Covering Theorem, [% + 5,4 — 5] is covered by finitely many of

{R(Ip,Ij2) : i, j € N}. So, there exists a natural number 75, such that
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ny
U RUn 1) 2 [2+5,6—
i,j=1

I.

NI~

Thus, there exist a sequence of closed intervals {J,-z}?i | and a natural number k; with
ky > ki + 2 having the following properties.

Each Jj, is contained in [;>, with end points are of the form
that

3k , k € N and such

r c r

6 b
R(int(( JJn)) 2| —|— -]
e 2’b 2

Proceeding as before, we subdivide each of the intervals I;; into closed subintervals
of length 3%2 Remove open mlddle ninth of each of these intervals of length 3A2

obtaining intervals of length W . The union of the interiors of these closed intervals
(of length 3,;%) is an open set, call it G3. Again by same argument of Utz [6], we can

verify that R(G3) 2 [ + %, % — 5]. Continuing this process by finite induction, obtain

(it kb {{Ilj}z i1 {{JIJ} 71 and {Gi}72,
that satisfy the following conditions:
kiy1 > ki +2 for each i.

For each j, {I J};Z | 1s sequence of pair wise disjoint open intervals such that
U[R(Iijvlkj):ivk€{17273v nj}] [ 27}7-_%]'

For each j, {J; 1}7; | is a sequence of closed intervals satisfying the following proper-
ties:
e The end points of J;; are of the form 3% , Jij € I;j and

R(int(|JJij) 2 (245,65
i=1
Additionally, the formation of each G; is as follows:
e Each of the closed intervals J; ;_; is divided into closed sub-intervals of length

L Remove the open middle ninth of each of these intervals of length k — > Ob-

-1
taining closed intervals of length k—1+2 The union of the interiors of these inter-
vals of length 3,(/_71 — is defined as G;. Clearly G, is open for each j and R(G;) D
[+5.5-5)
Finally we have
ny
BDI\F D Ulll D U‘]ll 202G, DG \F D

i=1 i=1
np na

UIQ D UJ,Q D Gs DGg\F3 D...
i=1 i=1
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oo nj nj
Let P = ()(|JJij). Clearly P is a compact subset of B. Also, since P C | JJ;;
j=1 i=1 i=1
for each j > 2, P is porous. Finally, if s € [% + 5,5 — 5], for each j, there exist
nj

Xj,yj € UJi ; such that x; = sy;. By Bolzano-Weierstrass theorem, there exists a se-
i=1
quence {j} of natural numbers such that klim Xj, =x and gim vj, =Y. Clearly x = sy.

Furthermore by definition of P, x,y € P and therefore R(P) 2 [2+ 5,£ — £]. This
completes the proof. [

QUESTION. [t is unknown whether the Theorem 2 is valid with out the property
of Baire.
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