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DERIVATIVE FORMULAS FOR BESSEL,
STRUVE AND ANGER—WEBER FUNCTIONS

ROBERT E. GAUNT

Abstract. 'We derive formulas for the derivatives of general order for the functions z~Vhy (z) and
2"hy(z), where hy(z) is a Bessel, Struve or Anger—Weber function.

1. Introduction and preliminary results

Formulas for the derivatives of general order for the functions z~Vhy(z) and zVhy(z),
where z and v are complex numbers and 5y (z) is a Bessel, Struve or Anger—Weber
function are established. In particular, the functions, %,(z), that we obtain formulas for
are the Bessel functions Jy(z), Yv(z), Iv(z) and K, (z); the Hankel functions H\(,l)(z)
and H\(,z) (z); the Struve functions Hy(z) and Ly (z); the Anger—Weber functions Jy(z)
and E,(z). For definitions and properties of these functions see, for example, [4, 5].

The pair of simultaneous equations

Fy_1(2) + Frr1(2) = 2F)(2) + fv(2), (1)

Fy1(2) = Fyy1(2) = 27vFv (z) +gv(2), (2)

where fy(z) and gy(z) are arbitrary functions of the complex numbers v and z, form
a generalisation of the recurrence identities that are satisfied by the modified Bessel
functions I,(z) and Ky(z), and the modified Struve function Ly (z). These identities
can be found in [4, 5]. Also, the pair of simultaneous equations

Gy-1(2) = Gy11(2) =26, (2) + fv(2), 3)

2
Gy 1(2)+Gyi1(2) = {Gv (2) + 8v(2), @)

where f(z) and gy (z) are, again, arbitrary functions of v and z, form a generalisation
of the recurrence identities that are satisfied by the Bessel functions Jy(z) and Yy(z),

the Hankel functions H\(,l)(z) and H‘(,z)(z), the Struve function Hy(z), and the Anger—
Weber functions Jy(z) and E(z). Again, these identities can be found in [4, 5].
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The simultaneous equations (3) and (4) were studied by [3], in which it was shown
that the functions fy,(z) and gy(z) must satisfy the relation

Fo1@) + Fot(@) = 2 fole) = 8010~ gy (2) — 2 e 2)'s

and it has been shown by [6] that, if this relation is satisfied, the system can be reduced
to a pair of soluble difference equations of the first order. We may apply similar argu-
ments to the simultaneous equations (1) and (2) to show that the functions fy(z) and
gv(z) must satisfy the relation

2
2z

Fr1@) = st = 2 @) = 80100+ gv1(2) — = a2

and that, if this relation is satisfied, the system can be reduced to a pair of soluble
difference equations of the first order.

From equations (1) and (2), one can easily deduce the following formulas:

d (Fv2)\ Flz) | gv@—H(z)
d_z< Fad )_ ZV + 2zY ' ©)
R =R ()~ 52 (D) + 8v(2) ©

Similarly, from equations (3) and (4), we have:

d (Gv(@)) _ Gviild)  gv@—H(2)
d_z< Fad )__ ZV + 2zY ' ™
= (Gu(@) =2 Gu1(2) ~ 2 (D) +84(2). ®

Again, formulas (5)—(8) form a generalisation of the well-known formulas (see
[4, 5]) for the first-order derivatives of Bessel, Struve and Anger—Weber functions.
However, as far as this author is aware, there do not exist simple formulas in the liter-
ature for the n-th order derivatives of the functions z*VF,(z) and zVGy(z). This gap
in the literature is filled in by this paper, and we apply these general formulas to obtain
formulas for the n-th order derivatives of z*Vhy(z), where hy(z) is a Bessel, Struve
or Anger—Weber function. It should be noted that the proofs of our results rely heavily
on the fact that the Bessel, Struve and Anger-Weber functions satisfy the simultaneous
equations (1), (2) and (3), (4), and therefore analogous results for the generalized hy-
pergeometric function and other general special functions are beyond the scope of this
paper. This investigation was motivated by occurrence of the n-th order derivatives of
7z VI,(z) and z7VKy(z) in the study of Stein’s method for variance-gamma approxi-
mation (see [, 2]), for which the simple formulas obtained in this paper proved to be
particularly useful.
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2. Ancillary results

Before stating our main results, we establish a result for the coefficients that are
present in the formulas. The coefficients A}(v) and Bj(v) are defined, for n € N =
{0,1,2...}, k=0,1,...,n, and all complex numbers v, expect the integers —(k +

1),—(k+2),...,—(2k—1),—(2k+1),—(2k+2),...,—(k+n—1),and —(k+2),—(k+
3),...,—2k,—(2k+2),—(2k+3),...,—(k+n), respectively, as follows:
v (V20T (2v +2j+ 1)
Ak(v) - 22n—k(2k)!(n_k)'H;L:O(v+k+])7 (9)
2n+ 1)\ (v+2k+1 n’f—l 2v+2j+1
BI(v) = (2n+ 1)) )= ( J+1) (10)

22k (2k + 1)1 (n — k) Tj_o(v +k+j+ 1)
where we set H;=10(2v+2j+ 1)=1.

REMARK 1. The coefficients A}(v) and B}(v) are equal to zero if and only if
k>1and v=—1—1 where ] =0,1,....k—1.

REMARK 2. Let (x), denote the Pochhammer symbol (x), =x(x+1)--- (x+n—
1). Then straightforward calculations yield the following alternative expressions for
the coefficients A}(v) and B}(v):

(D (U Emv+ D2
VHDn (De(Eu(v+n+ ikt

2
_ (3 (DA=n)e(v+ eV + D% )i
(V+2), G (v +n+2)k! ’

Ap(v) =

b

We shall not make further use of these expressions, but we do note that the Pochham-
mer symbol is one of the main tools for complex analysis of generalized hypergeometric
functions, such as the Bessel functions, meaning that these representations may be use-
ful in future applications of the differentiation formulas that are derived in this paper.

LEMMA 1. Let n € N. Then A}(v) and Bj(v) are related as follows

v+k k+1
Bl(v) = Al — A" 0<k<n—1, 11
" v+n .,
By(v) = 575, A4n(v); (12)
1
At (v) = mBg(v), (13)
2v+42k+1 2k+3
An+1 _ Bn 7Bn O<k< —1 14
w1 V)= 30k 1 W 3 ek e (V) n—l, (4
. 2v42n+1
Anti(v) = Bi(v), (15)

2(v+2n+1) "
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and satisfy

Y AIv) = Y BI(v) = 1. (16)
k=0

k=0

Proof. Identities (11)—(15) can be verified by simply substituting the definitions
of A%(v) and B!T!(v), as given by (9) and (10), into both sides of the identities.

k+1
We now prove identity (16). From (13), (14) and (15), we have that
S 1 S 2v42k+1 2t 3
An+1 73’1 Vv 73}’1 v _ ERTO o v
2 A1) >+k§0 v T kg ) B (V)
2v+2n+1
73"
2(vt2n+1) n(v)

v+ 2k+1 2k+1 n
- B!(v) = 3 Bl(v).
Z{ v+2k+1)+2(v+2k+1)} cv) k§0 ev)

A similar calculation shows that 3}_ Bi(v) = ¥¢_,A?(v). Since A(v) =Bj(v) =1,
the result follows. [J

3. Main results

We are now able to prove our main results. To simplify the formulas, we define
the functions p ;(z) and ¢, ;(z), for / € N and v € C, by

v gvu(@  funlz) _ v v 1,
2vil) 2 - 2 v,l(Z) = —l)z gv-1(z) — EZ fo—1(2).

2(v
We use the convention § := 1, so that po,o(z) = 3(g0(z) — fo(2)) and qo,0(z) = — 3 (fo(2)
+g0(z)). Also, for N > 1, we write [N] for the set {1,2,...,N}, and write —[N] for
the set {—1,-2,...,—N}. We take [0], [—1], —[0] and —[—1] to be the empty set.
Finally, we let 1(")(z) denote the n-th derivative of h(z).

Pv. (z) =

THEOREM 1. Suppose that F,(z) satisfies the simultaneous equations (1) and (2),
and that Gy(z) satisfies the simultaneous equations (3) and (4). Also, suppose that
pvi(2), qvi(z) € C*(C), forall 1 € {0,1,...,2n}. Then for n € N,

2n .
(5 - > DS S Awpl e

Jj=0k=0

+ZEW Wi @), veC\(~Pn-1]), (17

Jj=0k=0
d2n+l F V+2k+1 2 2
dZ2n+1 ( v ) EBk +22AJ v;k j )
’ Jj=0k=0
2 2j—1
+ZZW Wi V@), veT\ (—[2a)), (18)

Jj=0k=0
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d2n

dz? " SR
d2n+ 1 v
dz2n+ l FV

& (Gu()
dz2n 7V

d2n
d Z2n

(2"Gy(2))

d2n+1
FpTESY (2"Gv(2))

Jj=0k=0

73

ZAk VR a4 33 Al Vavs V(@)
Jj=0k=0
LY S B Vigosid D), veC\[n-1], (19)
Jj=0k=0
B (=)' S N A7 ()22
Z V) Fyoa-1(2)+ X D AU (=V)dy (@)
i=0k=0
55 ZB Vabad V@), veC\ [, (20)
Jj=0k=0
= > (g Gzl
k=0 Z
R k (2n72'71)
+2 2 ﬂAJ )Py o ")
Jj=0k=0
L Jeritt (2n—2j-2)
+ X X DHTB(v)py (@), v e C\ (~2n - 1)),
Jj=0k=0
(2D
_ 2(_1)n+k+182(v) GV+2/;+1(Z)
k=0 <
noJ
2n—2j
+X (= k+jAJ pg/,2k j)(Z)
Jj=0k=0
(e k 1 (2n—2j-1)
+ 3 Y ()B(vp (@), veC\ (—2n]), (22)
Jj=0k=0
= 2 (1) A (=) Gy (2)
k=0
R k (2n—2j-1)
+ 2 2 ﬂAJ )qv,zk 2
Jj=0k=0
. I B (—y)gi2iD
+ Z (= Bi(—V)ay 11 (2), veEC\[2n—1], (23)
Jj=0k=0
= 2 ()" Bi (=)' Gy a1 ()
k=0
n 2n—2
4 Z Z k+JAJ )qE/ 2% J)(Z)
Jj=0k=0
[ (2n-2j-1)
+ X Y (—DFIBl(—v)gya il V), veC\[2n], (4
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where we use the convention that 3., :10 a, =0.

Proof. We begin by proving formulas (17) and (18) and do so by induction on 7.
It is certainly true that (17) holds for n = 0 and (18) holds for n = 0 by (5). Suppose
now that (18) holds for n = m, where m > 0. We therefore have

gzl - v+2k+1 J( (2m—2)
dZ2m+l ( zv ) ZB +JZE)I<26A v2k ()

+ZZB’ Cn V@,  veC\(-P2m). (25

v2k+1
Jj=0k=0

Our inductive argument will involve differentiating both sides of (25) and to do so will
shall need a formula for the first derivative of the function z 7V F, 1 (z), where o € N.

Applying (5) and (2) we have, for all v # —«,

d (Fria@\ _ d [ o Frial?)
d_z< z¥ ) dz (Z Ve )
_ Fian(@) | 0Fvie(2) | gvral(?) = frial?)

ZV ZV+1 + 22\;
F I(Z) o z
B V+Zt vl ' 2(v+a) (Fyvta-1(2) = Frrat1(2)
- gv+a(Z)) + ngrOt( )ZZVfVJrOC( )
_ vto Fvia+1(2) o Fyia-1(2)
2(vta) 2 2vta) 2
vV gv+a(@)  frtal?)
2(V—|— OC) zv 2zv
2v+a Fyigi1(2) o  Frig1(2)
- . (26
2(v+o)  zv 2vt+a) 2V +rv.al(?) (26)

With this formula we may differentiate both sides of (25) to obtain
g2m+2 (Fv ) i B ( 2v+2k+1 Fyiokin (Z)

2(v+2k+1) Fad
2k+1  Frin(z)
2(v—|—2k+ 1) <z

(@m-2j+1 R - m—2
133 Al ¢ > ];E)Bﬁ(V)P(vngj)(Z)
J= =

2m+2
dz k=0

Jj=0k=0
& v+2k (2m—2j+1)
e m—
= ZAkm "'EZAJ v2k ()
k=0 J=0k=0

v,2k+1

m j ) )
+3 Y Bpin @), vec\(-m+1),
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where
- 2v+2m+1
Am+1 _ B" Am+1 _
2v+2k+1 2k+3
Aril(yy=""""—""_ pgm — BT k=0,1,....m—1.
e W)= 3k 0 2 W s oy Ben (V) et

We see from Lemma 1 that A7"*!(v) = AP (v), forall k=0,1,...,m+ 1. It therefore
follows that if (18) holds for n = m then (17) holds for n =m+ 1.

We now suppose that (17) holds for n = m, where m > 1. If we can show that it
then follows that (18) holds for n = m then the proof will be complete. Our inductive
hypothesis is therefore that

d*" (Fy(z Fv+2k nl 2=
O

+EEB’ P, vec\(~m-1)).
j=0 k=0

We may use the formula (26) to differentiate the functions z~VF, ;2 (z), for k >0, and
thus use a similar argument to the first part to obtain

& Rz Fv+2k+1(Z) &y amo2))
dz2m+1 ( ) ZBm =Y +2 ZA}Z(V)pv,Zk (z)

j=0k=0
mol J (2m—2j-1)
+ 2 ZBJ v2k+lj (2), veC\ (=[2m]),
=0 k=0
where
- V+m - v+k k+1
m(v) V+2m m(v)7 k(v) V+2k k(v) V+2k+2 k+l(v)7

and k=0,1,...,m— 1. We see from lemma | that By'(v) = By*(v), forall k=0,1,...,m
It therefore follows that if (17) holds for n = m then (18) holds for n = m, which com-
pletes the proof of formulas (17) and (18).

We now prove formulas (19) and (20). Using (6) and (2) and a similar calculation
to the one used to obtain (26), we have, for all v # «,

d —2v+o o
— F.,_ = " SVYFE, - -
dZ(Z v O((Z)) 2(—V+(X)Z V—o 1(Z)+2(_v+a)

ZvFv—a+l(Z)+fIV,a(Z)- 27)
Comparing (27) with (26), we can see that the formula for dz;,, (zYFy) will be similar
to formula (17), with the only difference being that we replace the terms z~VF,1(z)
by z'Fy_q(z), the terms Af(v) and BL(v) by Al(—v) and Bi(—v), and the terms

pg,{)a( ) by qs, )a( ). Formulas (21), (22), (23) and (24) can be verified using similar
calculations. [J
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We now apply Theorem 1 to obtain formulas for the derivatives of any order for
the functions z~Vhy(z) and zVhy(z), where hy(z) is a Bessel, Struve, or Anger—Weber
function. The formulas for Bessel functions are particularly simple:

COROLLARY 1. Let 6,(z) denote Jy(z), Yv(2), H\(,l)(z), H\(,z) (2) or any linear

combination of these functions, in which the coefficients are independent of v and z.
Then for n € N,

> (6,(2)
dZ2n zv

d2n+1 cgv ( Z)
dz2n+l zv

Cv421(2)

(—1)"*AL(v) v VEC\(=zn—1]),

I
M=

=~
Il
=]

(-1y g Sty ey (),

Il
M=

=0
2n n
(izn (2" 6v(2)) = kzz)(_1)n+kAZ(_V)ZV<5v72k(Z), veC\[2n—1],
d2n+l ;
Gz @6 @) = ()™ BU(=V) G2 (),  veC\[2]

=~
Il
=]

Now let £,(z) denote 1,(z), e"™Ky(z) or any linear combination of these functions,
in which the coefficients are independent of v and z. Then for n € N,

d N v+2k( )
dz2n < ) EAZ ) veC\(—[2n—-1]),
d2n+1 gv n n v+2k+1(Z)
A2+ ( ) ZBk — v VEC\ (=[],
d2n n
dZ2n (2" (2) EAZ ZLy-u(z), veC\[2n—1],
d2n+l
dZ2n+1 (2" (2) 2 By(—Vv)z"Zynu-1(z),  veC\[2n].

Proof. We have that €, (z) satisfies the system of equations (3) and (4), with
fv(2) = gv(z) = 0 (see [4], Section 10.6). Hence, the formulas involving L, (z) fol-
low immediately from taking py ;(z) = gy ;(z) = 0 in formulas (21)—(24) of Theorem
1. The formulas involving %) (z) are derived similarly. O

COROLLARY 2. The n-th derivatives of the functions z~VH,(z) and z"Hy(z)
satisfy formulas similar to (21)—(24), with the only difference being that the terms

pi,ml) (z) and q(m) (z) are replaced by t7),(z) and u},(z), respectively, functions t])',(z)

v,l



DERIVATIVE FORMULAS FOR BESSEL, STRUVE AND ANGER—WEBER FUNCTIONS 77
and u)) (z) are defined, for l,m € N, by

B (2V+l)( )v+l+l
- V/a(v+DT (V+i1+3)

l(%)vflﬂ
T /ml—vT(v—1+3)

where (x), denotes the Pochhammer symbol (x), =x(x+1)--- (x+n—1).
Similarly, the n-th derivatives of the functions 7~ 'Ly (z) and 7Ly (z) satisfy for-

mulas similar to (17)—(20), with the only difference being that the terms ps"fl) (2) and

qi,”;) (z) are replaced by 17/,(z) and uy(z).

The n-th derivatives of the functions z~"Jy(z) and zVJ\(z) satisfy formulas sim-
ilar to (21)—~(24), with the only difference being that the terms p(m)( ) and q(m)( ) are

v, vl
replaced by 1 (z) and u,(z), respectively, where the functions v',(z) and wy(z)
are defined, for I,m € N, by

(l)le_m,

(2\/ o l)mz2v—l—m7

ﬁ sin(ﬂ?(v + l))(—v — l)mzfvfmfl’

wyi(2) = n(vv—l) sin(m(v—1))(v—1),z" 1

The formulas for the Weber function Ey(z) are similar, with the only difference being
that sin(rt(v +k)) is replaced by 1 —cos(n(v +k)), for k € Z.

Proof. We first establish the formulas for the n-th derivatives involving Struve
functions. The function Hv( ) satisfies the system of equations (3) and (4), with

Fol(z) = —gu(z) = — f<r "oy (see [4] Section 11.4). Therefore

(m) _ﬁ \4 gv+l(Z)_fv+l(z) B (2v+l)(l)\’+l+1 am
o (Z)_dzm< 2(v+1)  2¥ 27" )_\/_(v+l) (2V+l+ 2) dzm

B (2V—|—l)( )v+l+1
CVAWVAHDT(vHI+3)

(@)

(Dmd ™" =131(2)-

Similarly, we can show that qs,nfl) (z) = uy',(z). We then apply formulas (21)~(24) of
Theorem 1, and this gives the desired formulas for the derivatives of the functions
z YHy(z) and zH, (z). The formulas involving Ly (z) are derived similarly.

The Anger—Weber functions J,(z) and E,(z) satisfy the system of equations
(3) and (4), with f,(z) =0, gy(z) = —=sin(nv), and f,(z) =0, gy(z) = —=(1 —
cos(mv)), respectively (see [4], Section 11.10). We then apply Theorem | and some
simple calculations, as we did in the proof of formulas for the #n-th derivatives involving
Struve functions, to obtain the desired formulas. [
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