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ON A SUBCLASS OF ANALYTIC CLOSE-TO-CONVEX FUNCTIONS
IN ¢g—~ANALOGUE ASSOCIATED WITH JANOWSKI FUNCTIONS

BAKHTIAR AHMAD, MUHAMMAD FAROOQ AND RAEES KHAN

Abstract. In this article we define a new subclass of analytic multivalent close-to-convex func-
tions in g-calculus associated with Janowski functions. We investigate some geometric prop-
erties such as sufficiency criteria, distortion problem, growth theorem, radii of starlikeness and
convexity and coefficient estimates for this class.

1. Introduction and definitions

The g-calculus, which is calculus without limits, has attracted the mathematicians
due to its numerous physical and mathematical applications. The generalization of
derivative and integral in g-calculus which are known as g-analogue of derivative and
integral were introduced and studied by Jackson [1 1, 12]. Aral and Gupta [4, 5, 6] used
this concept and defined the g-Baskakov Durrmeyer operator using g-beta function.
Similarly, the authors in [3, 7] gave the generalization of some complex operators called
q-Picard and g-Gauss-Weierstrass singular integral operators. Srivastava and Bansal
[19, pp. 62] used this concept in Geometric function theory and introduced the g-
generalization of starlike functions for the first time, see also [18, pp. 347 et seq.]. In
2014, the g-analogue of Ruscheweyh operators were studied by Kanas and Raducanu
[14], and investigated their properties. Later Mohammed and Darus [2] and Mahmood
and Sokoét [15] studied this differential operator.

In this article we introduce the g-analogue of a subclass of close-to-convex multi-
valent functions in association with Janowski functions and study its geometric proper-
ties like sufficiency criteria, coefficient bounds, radii problems and distortion theorem.

Let A, denote the class of all analytic multivalent functions f that are analytic in
the open unit disc D = {z € C: |z| < 1} and satisfying the normalization

fl@)=2"+ iak+pzk+”, (zeD), (1)
k=1

where p is a positive integer.
The g-derivative of a function f is defined by

f(qz) — f(2)
z(g—1)
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where 0 < g < 1. It can easily be seen that for n € N and z € D

aq{ianz"} > ©)
n=1

8

where

[l’l,q} =

_qn n ;
; =1+> 4, [0,q=0
-4 I=1

For any non-negative integer n the g-number shift factorial is defined by

1, n=0,
“”“:{mﬂpmwﬂywmﬂmeN.

Consequently the g-generalized Pochhammer symbol for x > 0 is

[, gl = I,n=0
T )bt gl frtn— Ll n €N,
and for x > 0, let the g-gamma function

Fg(x+1)=[x,q]Tq(x); Ty(1) =1.

Motivated by the previous discussion above and having in mind [8, 10, 13, 17, 20, 22],
we define a new subclass %), 4 (ct,0,A,B) of A, as follows.

DEFINITION 1. Let -1 <B<A<1,0<a<1and 0<g< 1. Then afunction
f €A, belongs to the class %), 4 (a,8,A,B) if

tPzP 19, F5 (2) Dy +[pB+(p—a)(A—B)]z

[p.qlg (2) g (12) p(1+Bz) ) )

where g(z) is in the class of p-valent starlike functions of order 3 denoted by S5 (1/2)

and
1-9)[p, + 620,
Fs(0) = (1-8)[p,qlf(z) + 82z uf ).
.4
with < denotes subordination.
‘We note that
1. ForA=1,B=—1,0 =0 and g — 1~ we get the class of multivalent close-to-

convex functions order .

2. ForA=1,B=-1,0=0, o« =0 and g — 1~ the class of multivalent close-
to-convex functions occurs.

3. ForA=1,B=—1,6 =0, p=1 and g — 1~ the class of close-to-convex
functions of order « is covered.
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Equivalently, a function f(z) € A, is in the class %), 4 (a,8,A,B) if and only if

172719, F5(2)

TaEGsi) ! <1 5)

1PzP+19,F5(2)
B+ (1~ %)(A ~B)-B [M]g(zgg(fZ)

For our main results we will need the following Lemma.

LEMMA 1. [21] Let h(z) = 1+ S dp?" < k(2) = 1 + 3 k" in D. If k(2) is
n=1 n=1
univalent in D and k(D) is convex, then

|da| < k1], foralln € N.

2. The main results and their consequences
THEOREM 1. Let gi(z) € 7 (i), i=1,2. Then

g1(112)g2(122) .
ot e ,
tidzr )

where y=04+0p— 1 and 0 < |t;] < 1.
Proof. Let gi(z) € -, (0;). Then by definition

. 12g;(tiz)

R
pgi(tiz)

> o,

forall i = 1,2. Now writing

g1(t12)g2(12)

G(z) =
) ihzr

)

we obtain that
:G'(z)  nzg)(hz) | high(tz)

G(z) g1(t12) §2(12)

N 2G'(z) _ nzg(1z) N high(hz) L
pG(z)  pgi(hiz)  pganz)

It follows that

. 2G'(2) Re t1z¢) (t12) 12285 (tr2)

pG(z) pgi1(tiz) pga(tz)
>u+om—1=y,

R

which implies that G(z) € . (), which completes the proof. [J

Now for 1y =1, 1 =t and g;(z) = g2(z) = g(z) we get the following corollary.
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COROLLARY 1. If g(z) € 7 (1/2) then G(z) = £ ¢ 7+(0) .= 7.

THEOREM 2. Let f € A, be of the form (1) . Then the function f€, 4(o,0,A,B)
if and only if the following inequality holds

w1 (p(1+B) [n+p,ql (1= 8)[p,q) + 8[p+n,q])[ansp)|
+(p(1+A4) —a(A=B))(p+n)[p,q)*) < (p— @) (A—B)[p,q]*. (6)

Proof. Suppose that the inequality (6) holds. Then to show that fe.%), ,(ct, 8,A,B)
we only need to prove (5). For this consider

H:= D! 0y F(2)~|palGL2) N
B+(1-%)(A-B)— B[I‘f"‘ﬁ; (B+(1—%)(A—B))[paq]G(Z)—BzaqFa(Z)

Now with the help of (2), (3),(1) and

Glz) ="+ i brip? 1P, (z€D), (8)

where p is a positive integer and with

(1-9)[p,ql +6[p+n,q]

A =
! [p,d]
we get that the expression in (7) equals
H— [P:9)2P+ 3 Anlntpoglans p2 P —[p.qlzl =[P S5y bup?™ P

(BJF(I*%)(A*B))([P7¢1]Z”+[P751] S buip? P ) =B([p.qlsP+ S5y Anlntpoglans pztP)

St Anlntp.glans p2" P = [p.a] 57 ) b patP
(1=2)(A=B) p.al? 57 BAaln-+palans pn P+ (B+(1=2) (A=B) ) [p.q) S bt p

> Anlntp.glans p"—[p.al iy bugp?"
(1-2)(A=B) p.a)—S;r_, BAalr+p.lans 2+ (B+(1-2)(A=B) ) [p.a S b p2"
21 M
(1=F)(A=B)[p.q| =% BA,

""‘P‘I]Z: 1|bn+p|
~(B+(1-2)(A=B)) [p.a 57 [bu |

< €)

Since g(z) € .7, (1/2), by the Corrolary 1 G(z) is in the class . having representa-
tion (8); then
|bpa| < ptn (10)

and H < 1, where we have used (6) which completes the direct part.
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Conversely, let f € %, 4(0,8,A,B) be given by (1). Then from (5) we have for
z€ D, that

20qF5(2)
[p.4]G(z)

204F5(2)
B+(1-3)(A=B) =B asn

-1

Z;qzl An [n+17~,q]an+pzn_[l7~,q] 2::1 bn+pZn
(1=9)(A-B)[p.a] =35 BAnln+p.glan+pa"+ (B+(1— %)(A—B)> (P 5 bt p?"

Since |Rez| < [z|, we have

Re Yot M [n+p,q]an+,,z”— [p.q] Sy bnyp?" <1 (1 1)
(1- %)(A—B)[P,q]—Z:,":l BA, [n+p,q]an+,,z”+ (B+(l_ %)(A_B)> (P4l Z:,o:l bnp7"
Now choose values of z on the real axis so, that [zj‘ﬁg((zz)) is real. Upon clearing the

denominator in (11) and letting z — 1~ through real values, we obtain (6). [

THEOREM 3. Let f € %, (ct,0,A,B) and be of the form (1). Then

[p.q)?
[p+n,q] ((1-8)[p,q]+5[p+n,q])

ap] < p-a)4=8) o aptn)

<p+n+ 2

Proof. The f € A, belonging to the class %), , (c,0,A, B) satisfies

P9 Fs(z) 1+ [B+(1-3)(A-B)lz

P
[p.qlg(z) g (tz) 1+ Bz
If
G(Z) _ g(jz)gZI(fZ)
and 0uFs (4
_ 204F5(z
") = 4 g6 12

and it is of the form
h(Z) = 1 + 2 dnzn7

n=1
since
I+[B+(1-3)(A=B) —~0a)(A-B
h(z) < P :1+Mz+...-
1+ Bz )4
Then by Lemma 1 we get
(p—)(A-B)

|dy| < T 13)
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Now putting the series expansions of (z),G(z) and f(z) in (12), simplify and com-
pare the coefficients of z7*" on both sides

(1-68)[p,q]+6[p+n,q]
[p.q

[p+n.q| Aptn=bpint+bpin-1d1+bpin2dr+...+bpi1dy-1.

Taking modulus on both sides, using the triangle’s inequality and then by (13) and
(10) we obtain

(1-90)[p,ql +6[p+n,q]

5 [p+n,q)|apn| <n+p+ p+i),
p,q|

_ _ n—1
(p—a)A B)E (
p i=2
which implies that
p.q’
[p+n,q] ((1-6)[p,q]+6[p+n,q))

lapin] < p-a)4=8) o aptn)

<p+n+ 2

where |a;|=1. O
THEOREM 4. Assume [ € %), 4(0,8,A,B) has the form (1). Then for |z| =r

[p.q] (1+Cr)rr~!
(1+Br)(1—r)*

[p.q] (1—Cr)r"~!
(1—Br)(1+r)*

< |0,F5 (2)] <

where C =B+ (1— %)(A—B).

Proof. Suppose that f € %), ,(a,8,A,B). Then we can write

20,Fs(z)  1+4+Cz
[p.qlG(z) ~ 1+Bz

Accordingly with |z] =

20,F5(z) 1-CBr*| _ (C—B)r
[p,q|G(z) 1—B%2%| " 1-B%2’
routine simplifications give us
1—-Cr | z94Fs(2) L+Cr (14)
1-Br " |[p,q)G(z)| = 1+Br
Because G(z) € .7, thus
—— < |G()| < ——=3. (15)
(1+7)* 1G4 (1—r)?

Now by replacing (15) in (14) we obtain the required result. [J
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THEOREM 5. Let f € %) 4(ct,0,A,B) has the form (1). Then for |z| =r

P(1—m) <|f@I <P (1+1),

where

[p,a)” ((p— @)(A—B) — (p(1+A) — (A B))(p+ D)

oo p(L+B)[1+p,ql((1-0)[p,q] +S[p+1,9])

Proof. Consider

Zp + 2 an+p Zner

n=1

[f (@) =

<[P+ X |anp| |27
n=1

=75 3 faweg| 7
n=1

As |z] =r<1,s0 7/""P < rP and

If) <P <1+Z |an+p}> (16)
n=1
Similarly
1f(@)] =P (1 - }an+p|> (17)
n=1

Since (6), this implies that

3 (0 (-+B) it ] (1= 8)[p.a)+ lp-+.0) s
+(p(1+A4) — a(A—=B))(p+n)[p,q]*) < (p— o) (A-B)[p,q].
But

(P(1+A) —a(A=B))(p+1)[p.q]* + p(1+B)[1+p,q] (1 = §)[p.q]

+8[p+1,q]) il |ansp]

< 3 (p(+ Bt pa (1=)p.a) +8lp-+n.a)ancy

+(p(1+A)— a(A—B))(p+n)[p.q]*)
< (p—a)(A—B)[p.q]’,
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which gives

2 }a | (. (p—a)(A—B)—(p(1+A) —a(A—B))(p+1))
ntp 1+B )1+p,q)(1-0)[p,q]+0[p+1.q])

By putting the right hand side expression value in (16) and (17) we conclude the
assertion. []

Here, and in what follows, we denote by %), () the class of p-valent convex
functions of order 3 where 0 < 8 < 1.
THEOREM 6. Let f € #) (0, 8,A,B). Then f € €, () for |z| < ry, where

1

( p*(p—B)(1+B)[n+p.ql((1-8)[p.q] +8[p+n,q]) )
(p+n)(ntp—B)((p—a)(A=B)— (p(1+A) —a(A—B))(p+1))[p.q]

and n € N.

ry =

Proof. Let f € %, 4(ct,0,A,B). To prove that f € €, () we only have to show:

2f"(2) = (p—1)f'(2)
zf"(2) +(1-2B+p)f'(2)

Using (1) along with some simplifications

< (p+n)(n+p—B)
,Z‘l p(p—B)

From (6), we obtain that

|antpl2l" < 1. (18)

S P (L+B) [n+p,q) (1= 8)[p.q] + 8[p +n,q]) |an+y|

<((p—a)(A=B)—(p(1+A)—a(A—B))(p+1))[p,q)*

S ___p(LiB)ntpa(1-8)[palt+3[ping)
= X G ala-B -1+ 4-ata B gt [90+o] <1

The inequality (18) will be satisfied if the following holds

i p(1+B)[n+p,ql((1-6)[p.ql+8[p+n,q]) |
Z(p—a)(A—B)—(p(1+A)—a(A—B))(p+ 1)) [p.q2 """

which implies that

o < p*(p—B)(1+B)[n+p,q(1—8)[p,ql+ 8[p+n,q])
(p+n)(n+p—B)((p—a)(A=B)—(p(1+A) —a(A=B))(p+1))[p,q]*’
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and so

< p* (p—B) (14+B) [n+p,q] (1-8)[p,q]+8[p+n,q)) )
(p4n) (n+p—PB) ((p—a) (A-B) — (p(1+A)—a(A—B)) (p+1)) [p,q)?

|Z‘< =ri.

O

We denote by .7, (B) the class of p-valent Starlike functions of order 3 where
0<B <L

THEOREM 7. Let f € ) 4(0t,08,A,B). Then f € 75 (B) for |z| < ra, where

:< (p=B)p(1+B)[n+p,ql((1-8)p.ql+[p+nq)) )’l’
T \+p=B)(p—0)(A—B) = (p(1+A) — a(A=B)) (p+ 1)) [p.qP

and n € N.

Proof. We know that f € . (B) if and only if

zf'(z) — pf(2)
zf'(2)+(p—2B)f(2)

Using (1) upon reducing the material we conclude

i <”+fgﬁ> |anip| 2" < 1. (19)

n=1 p

<1

Now from (6) we obtain that

i 1+B)[ +p,4) (1= 8)[p,q] +8[p+n.,9))

L lanp| < 1.
—B)—(p(1+A)—a(A-B))(p+ 1) [p.g? """

Inequality (19) is valid if

;( +p— ﬁ)|an+p|z|n
=

1+B)[n+pq}((1—5)[p,q]+5[p+n7q}) |
)(A—B)— (p(1+A) — a(A—B))(p+1))[p,q? """

This gives

(p—=B)p(1+B)[n+p,q((1-35)p,q]+6[p+n,q])
(n+tp—B)((p—a)(A=B)— (p(1+A)—a(A—B))(p+1))[p,q]*

2" <
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and hence

=nr,

|Z|<< (p—B)p(1+B)[n+p,ql((1-98)[p,q] +8[p+n,q]) )%
(n+p—B)((p—a)(A=B)—(p(1+A) —a(A—B))(p+1))[p,q?

Thus we obtain the required result. [
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